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ADVERT! SEMEN T. 


Having prefixed my name to the present edition 
of Euler’s Algebra, it may be pioper to give some 
account of the Translation ; which I shall do with 
the greater pleasure, because it furnishes a fa¬ 
vorable opportunity of associating my own labors, 
with those of my lUstinguished pupil, and most 
excellent friend, the late Fiiancis Hounek, M. P. 

When first placed uniler my tuition, at the cri¬ 
tical and interesting age of seventeen, he soon 
discovi’red uncommon powers oi‘ intellect, and the 
most ardent thirst for knowledge, united with a 
iloctlity of temper, and a sweetness of disposition, 
which rendered instructioji, indeed, a “delightful 
task.” His diligence and attention were such, as 
to retptire the frequent interposition of some ra¬ 
tional amusement, in older to prevent the in¬ 
tenseness of’ his application from injuring a con¬ 
stitution, which, though not delicate, had never 
been robust. 

Perceiving that the natural tendency of his 
mind led to the exercise of reason, rather than to 
the indulgence of fancy ; that he was particularly 
interested in discussing the merits of some specious 
tlieory, in exposing fallacies, a«id in forming legi¬ 
timate inductions, from any premises, that were 
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supposed to of truth : hut tindiug 

also, that, from imifation aiui habit, he hail been 
led to think too highly of tliose metaphysical 
speculations, whicli abound in terms to 'whieh we 
annex no distinct ideas, and which often require 
the admission of princi])les, that are either unintel¬ 
ligible, or incapable of proof; I recommended to 
his notice Kuler’s Algebra, as atfording an ad¬ 
mirable exercise of his reasoning j)owers, and the 
best means of cultivating that talent lor analysis, 
close investigation, and logical inference, which 
he possessed at an early period, and which he after¬ 
wards displayed in so eminent a degree. At the 
same time, I was of opinion, that to translate a 
part of that excellent work from the French into 
Fnglish, when he wished to vary hi^ stuilies, wouhl 
improve his knowledge of both languages, and be 
the best introduction for him to the mathematics. 

He w’as soon delighted with this occasional em¬ 
ployment, which seemed to siipj)ly his mind with 
food, tiiat W'as both solid and nutricioiis ; and he 
generally produced, two or three times a wi‘ek, as 
much as I could find time to re\ise anti correct. 
In the course of‘ the first twelvemonth, he had 
translated so large a portion of the two volumes, 
that it w^as determined to conijilete the w’hole, and 
to publish it for the benefit of* English students: 
but he returned to Scotland before the manuscript 
w^as ready for the press; and, therefore, the labor 
of editing it necessarily devolved on me. 

I wished to give this short history of the Trans- 
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lation at first, without any eulogium on his cha- 
riu.*ter and talents, while living, of course; but he 
modestly, though, at the same time, resolutely 
op})osed it, saying that whatever merit or emolu¬ 
ment might be attached to the work, it belonged 
to me. The same j)roj)osal was made to him, 
on j)ublishing the second edition * ; but he still 
jiersisted in his former determination. 

From the ])leasiire and instruction which he re¬ 
ceived from ICider’s Algebra, it was natural for 
him to wish to know something more of the life 
and cliaraeter of that profound mathematician. 
Having therefore in some measure satisfied in's 
curiosity, and collected the necessary materials, 
by consulting the ordinary sources of information, 
J advised him, bv wav of literary exercise, to draw' 
uj) a biogra])lucal Memoir on the subject. He 
readily com])iie».l with my wishes; and this may 
be consiiltM’ed as one of his earliest productions. 
Its merits would do credit, in my oj>inion,vto any 
writer; and therefore in ajipreciating them, the 
leader will not deem any apology necessary on 

account of the author’s vouth. 

* 

I have been led into this short detail of circum¬ 
stances, first, because I disdain the contemptible 
vanity of shining in what may be thought bor¬ 
rowed plumes, and because I feel a melancholy 
pleasure in speaking of my highly valued, and 

• The care of correcting the press for this edition was en¬ 
trusted to Mr. P. Barlow, being engaged myself, at that time, 
in tlic laborious eniploynient of editing the Bible. 
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much lamented ^end. The English nation will 
long remember, and ever estimate, as they ought, 
his manly eloquence in the senate; his lofty spirit 
of independence, which had no mixture of pride, 
or affectation; his enlarged views and inflexi¬ 
ble integrity; his vigilance and activity in the 
discharge of public duties; his fairness and li¬ 
berality, his temperance and firmness in debate; 
his accurate, various, and extensive knowledge; 
the soundness of his argumentation, and the sa¬ 
gacity witli which he unveiled decejHion, without 
coveting any triumph, or wishing to inflict dis¬ 
grace ; and his calm, but dignified ojqmsition, 
which often confuted the errors, and exposed tin* 
misapprehensions of his opponents; but without 
ever provoking resentment, or making an enemy. 

All these qualities, however rare when united, 
it is well known, he possessed; and, on this subject, 
many members on both sides of the House of C'om- 
mons have borne the most amj)le testimony: hut 
those only who enjoyed the happiness of being num¬ 
bered among his intimate friends, could form any 
adequate idea of the uncommon afJectio7iate7iess ol’ 
his character; his lasting, disinterested, and sincere 
attachments; his gentle, unassuming manners; 
and his readiness, at all times, to do good, and to 
relieve the distressed, without the slightest tincture 
of vanity, or ostentation. In the discharge of his 
duties as a son and a brother, it is almost needless 
to add, that his conduct was most exemplary. 

His loss as a public character will be long felt. 
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and deplored; and, in private life, it has produced a 
chasm, that can never be filled up. To have had 
some share in directing the studies, cultivating the 
talents, and forming the taste of such a man, will 
always be to me a source of the greatest satisfac¬ 
tion. That he should have fallen a victim to 
lingering disease, in the prime of manhood, and 
before he had reached tlie meridian of his bril¬ 
liant and uselul career, is truly deplorable; yet 
\vc should be llianktul for what we once possessed. 
He is indeed gone; but “ though dead he still 
liveth.*' All regret for his premature deatli is vain; 
and it should be remembered, that humble re¬ 
signation to the Divine Will is one of the first 
duties of every human being. 

His saltern accumulem donis, et fimgar inani 
** Munere.'* 

In this third edition, the two \ oluines have been 
compressed into one; the wliole has been very 
cai efully revised and corrected; the Notes will be 
found at the foot of the pages, to which Uiey 
respectively belong; the Questions for Practice, 
which were omitted in tlie last edition, have been 
restored; and though it is scarcely possible to 
print a mathematical work, of any extent, without 
some errata; yet it is hoped, that few can be 
named, which will be found more correct than the 
present. 

JOHN HEWLETT. 


Hunter-street^ March, 1822. 
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OF THE 


LIFE AND CHARACTER OF EULER, 


BY THE LATE 


FRANCIS HORNER, ESQ., M. P 


Leonard Ei leu was the son of a clererviTian in 
tlie neighbourhood of Basil, and was born on the 
15th of April, 1707* His natural turn for mathe¬ 
matics soon appeared, from tlm eagerness and I’a- 
cility with which he became master of the elements 
under the instructions of his father, by whom he 
was sent to the university ol* Basil at an earlvage. 
There, his abilities and his aj)])lication were so 
distinguished, that he attracted the })articular no¬ 
tice of John Bernoulli. That excellent mathe- 
matician seemed to look forward to the youth’s 
future achievements in science, Mhile his own 
kind care strengthened the powers by which they 
were to be accomplished. In order to superintend 
his studies, which far outstripped the usual routine 
of the public lecture, he gave him a j)rivate lesson 
regularly once a w'eek; when they conversed- to¬ 
gether on the acquisitions, which the j)upil had 
been making since their last interview, considered 
whatever difficulties might have occurred in his 
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progress, and arranged the reading and exercises 
for the ensuing week. 

Under such eminent advantages, the capacity 
of Kuler did not fail to make rapid improvements; 
and in his seventeenth year, the degree of Master 
of Arts was conferred on him. On this occasion, 
he received high applause for his probationary 
iliscourse, the subject of wliich was a comparison 
between the Cartesian and Newtonian systems. 

H is father, having all along intended him for 
his successor, enjoined him now to relinquish his 
mathematical studies,'an<i to prepare himself by 
those of theology, and general erudition, for the 
ministerial functions. After some time, however, 
had been consumed, this plan was given up. The 
tUthor, himself a man of learning and liberality, 
abandoned his own \iews for those, to which the 
inclination and talents of his son were of them¬ 
selves so j)owerfully directed ; persuaded, that in 
thwai ting the propensities of genius, there is a 
sort of impiety against nature, and that there 
would be real injustice to mankind in smothering 
those aliilities, which were evidently destined to 
extend the boundaries of science. Leonard was 
permitted, therefore, to resume his favorite pur¬ 
suits ; and, at the age of nineteen, transmitting 
two dissertations to the Academy of Sciences at 
Paris, one on the masting of ships, and the other 
on the philosophy of sound, he commenced that 
splendid career, which continued, for so long a 
period, the admiration and the glory of Europe. 

About the same time, he stood candidate for a 
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vacjuit professorship in the university oi‘ Basil; 
but having lost the election, he resolved, in con¬ 
sequence of this disappointment, to leave his na¬ 
tive country j and in I727 he set out for Peters¬ 
burg, where Jiis friends, the young liernuuliis, liad 
settled about two years before, and uliere lie 
flattered himself with prospects of literary success 
under the patronage of Catherine I. Those pro¬ 
spects, however, were not inunediately realised ; 
nor was it till after he hail been frequently and 
long disappointed, that he obtainetl an\ prefer¬ 
ment. Mis first appointment appears to ha\ e been 
to the chair of natural philosophy; and when 
Daniel Ijcrnoiilii removed from Peter'^l^uig, Kuler 
succeeded him as [irofcs-iir of tualheinatics. 

In this situation lie remained i’or several years, 
engaged in the most laborious researches, enrich¬ 
ing the academical collections of the continent 
wdth papers ol' the highest value, anil jmnlucing 
almost daily improvements in the various branches 
of physical, and, more j»articularly, analytical 
science. In 1711, he complied w ith a very press¬ 
ing invitation from Frederic the Great, and re¬ 
sided at lierliii till 'riiroughout this pe¬ 

riod, he continued the same literary labors, di¬ 
rected by the same wonderful sagacity and com¬ 
prehension of intellect. As he advanced with his 
own discoveries and inventions, the field of knov*’- 
ledge seemed to widen before his view, and new 
subjects still multiplied on him for further specula¬ 
tion. The toils of intense study, with him, seemed 
only to invigorate his future exertions. Nor did 
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the energies of Euler's mind give way, even when 
the organs of the body were overpowered: for in 
the year 173.5, having completed, in three days, 
certain astronomical calculations, which the aca¬ 
demy called for in haste; but wliich several ma- 
tliematicinns of eminence had declared could not 
be performed within a shorter period than some 
months, tlic intense application threw him into a 
fever, in which he hist the sight of one eye. 

Shortly after liis return to Petersburg, in 17156, 
he became totally blind. His passion for science, 
however, suifered no decline ; the powers of his 
mind were not impaired, and he continued as in¬ 
defatigable as ever. Though the distresses of age 
likewise were now crowding fast upon him, for he 
had passed his sixtieth year; yet it w'as in this 
latter ]>eriod of his life, under infirmity, bodily 
pain, and loss of sight, that he produced some of 
his most valuable works; such as command our 
astonishment, independently of the situation of 
the author, from the labor and originality which 
they display. In fact, his habits of study and 
composition, his inventions and discoveries, closed 
only with his life. The very day on which he 
died, he had been engaged in calculating the orbit 
of IlerschePs planet, and the motions of aerostatic 
machines. His death happened suddenly in Sep¬ 
tember 1783, from a fit of apoplexy, when he was 
in the seventy-sixth year of his age. 

Such is the short history of this illustrious man. 
The incidents of his life, like that of most other 
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laborious students, afford very scanty materials for 
biography; little more than a journal of studies 
and a catalogue of publications : but curiosity may 
find ample compensation in surveying the charac¬ 
ter of his mind. An object of such magnitude, 
so far elevated above the ordinary range of human 
intellect, cannot be approached without reverence, 
nor nearly inspected, perhaps, without some de¬ 
gree of presuin[)tion. Should an apology be ne¬ 
cessary, therefore, for attempting the following 
estimate of' Euler’s cliaracter, let it be considered, 
that we can neither feel that admiration, nor ofler 
that homage, which is worthy of genius, unless, 
aiming at something more than the dazzled sensa¬ 
tions of mere wonder, we subject it to actual ex¬ 
amination, and compare it with the stamlanls of 
human nature in general. 

Wlioever is acquainteil with the memoirs of 
those great men, to whom the human race is in¬ 
debted for the progress of knowledge, must has e 
perceived, that, while mathematical genius is di¬ 
stinct from the other departments of intellectual 
excellence, it likewise admits in itself of much di¬ 
versity. The subjects of its sjieculation are become 
so exteiisiv’e and so various, esjiecially in modern 
timc.s, and present so many intcre.sting aspects, that 
it is natural for a person, whose talents are of this 
cast, to devote his principal curiosity and attention 
to particular views of the science. When this hap¬ 
pens, the faculties of the mind acquire a superior 
facility of operation, with respect to the objects 
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towards w'liich they arc most frequently directed, 
and tlie invention becomes habitually most active 
and most acute in that channel of inquiry. 

Tlie truth of these observations is strikingly 
illustrated by the character of Euler. His studies 
and discoveries lay not among the lines and figures 
of geometry, those characters, to use an expres¬ 
sion of Galileo, in which the great book of* the 
universe is written ; nor docs he appear to have 
had a turn for philosophising by experiment, and 
advancing to discovery through the rules of in¬ 
ductive investigation. The region, in which he 
delighted to speculate, was that of pure intellect. 
He surveyed the properties and affections of 
quantity under their most abstracted forms. With 
the same rapidity of percej)tion, as a geometrician 
ascertains the relative position of portions of exten¬ 
sion, Euler ranges among those of abstract quan¬ 
tity, unfolding their most involved combinations, 
and tracing their most intricate proportions. That 
admirable s> stem of mathematical logic and Ian- 
guage, which at once teaches the rules of just 
inference, and furnishes an instrument for prose¬ 
cuting deductions, free from the defects which 
obscure and often falsify our reasonings on other 
subjects ; the different species of quantity, whether 
formed in the understanding by its own abstrac¬ 
tions, or derived from modifications of the repre¬ 
sentative system of signs; the investigation of the 
various properties of these, their laws of genesis, 
the limits of comparison among the different 
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species, and the method of applying all this to the 
solution of physical problems; these were the re¬ 
searches on which the mind of Euler delighted to 
dwell, and in which he never engaged without 
finding new objects of curiosity, detecting sources 
of intpiiry, which had passed unobserved, and ex¬ 
ploring fields of speculation and discovery, which 
before were unknown. 

The subjects, which we have here slightly enu¬ 
merated, fonn, wl\en taken together, what is called 
the Modern Analysis: a science eminent for the 
profound discoveries which it has revealed j for 
the refined artifices that have been doised, in 
order to bring the most abstruse jiarts of mathe¬ 
matics within the com})ass ol oiir reasoning pow ers, 
and for applying them to the solution of actual 
phaiuomcna, as well as for the remarkable degree 
oi' systematic siinplieity, with whieh the various 
methods of investigation are employed and com¬ 
bined, so as to confirm and throw light ou one 
another. The materials, indeed, had been col¬ 
lecting for years, from about the middle of the 
seventeenth century j the foundations had been 
laid bv Newton, Leibnitz, the elder Bernoullis, 
and a few others ; but Euler raised the superstruc¬ 
ture : it was reserved for him to work upon the 
materials, and to arrange this noble monument of 
human industry and genius in its present sym¬ 
metry. Through the whole course of liis scientific 
labors, the ultimate and the constant aim on which 
be set bis mind, was the perfection of Calculus 
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and Analysis. Whatever physical inquiry he be¬ 
gan with, this always came in view, and very fre- 
(^uently received more of his attention than that^ 
which was professedly the main subject. His 
ideas ran so naturally in this train, that even in 
the perusal of Virgil’s poetry, he met with images 
that would recall the associations of his more fa¬ 
miliar studies, and lead him back, from the fairy 
scenes of' fiction, to mathematical abstraction, as 
to the element, more congenial to his nature. 

That the sources of analysis might be ascertained 
in their full extent, as well as the various modifica¬ 
tions of form and restrictions of rule that become 
necessary in applying it to different views of 
nature; he appears to have nearly gone through a 
comjdete course of philosophy. The theory of 
rational mechanics, the whole range of physical 
astronomy, the vibrations of elastic fluids, as well 
as the movements of those which are incom¬ 
pressible, naval architecture and tactics, the doc¬ 
trine of chances, probabilities, and political arith¬ 
metic, were successively subjected to the analytical 
method ; and all these sciences received from him 
fresh confirmation and further improvement 

It cannot be denied that, in general, his at¬ 
tention is more occupied with the analysis itself, 

* A complete edition of his works, comprising the numerous 
papers which he sent to the academies of St. Petersburg, 
Berlin, Paris, and other public societies, his separate Treatises 
on Curves, the ^Analysis of Infinites, the differential and integral 
Calculus, Jrc. would 6ccupy, at least, forty quarto volume. 
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than with the subject to which he is applying it; 
and that he seems more taken up with his instru- 
tnents, than with the work, whicli they are to assist 
him in executing. But this can hardly be made a 
ground of censure, or regret, since it is the very 
circumstance to which we owe the present per¬ 
fection of those instruments ; a perfection to which 
h^ could never have brought them, but by the un- 
remilted attention and enthusiastic preference 
which he gave to his favorite object. If he now 
and then exercised his ingenuity on a physical, or 
perhaps metaphysical, hypothesis, he must have 
been aware, as well as any one, that his conclusions 
would of course perish with that from which they 
were derived. What he regarded, was the proper 
means of arriving at those cojiclusions; tlie new 
views of analysis, which the investigation might 
open ; and the new expedients of calculus, to which 
it might eventually give birth. This was his uni¬ 
form pursuit; ail other inquiries were prosecuted 
with reference to it; and in this consisted the 
peculiar character of his mathematical genius. 

The faculties that are subservient to invention 
he possessed in a v'ery remarkable degree. His 
memory was at once so retentive and so ready, 
that he had perfectly at command all those nu¬ 
merous and complex formula?, which enunciate 
the rules and more important theorems of analysis. 
As is reported of Leibnitz, he could also repeat 
the .^Eneid from beginning to ^end ^ and could 
trust his recollection for the first and last lines in 
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every page of the edition, which he had been ac¬ 
customed to use. These are instances of a kind 
of memory, more frequently to be found where 
the capacity is inferior to the ordinary standard, 
than accompanying original, scientific genius. 
But in Euler, they seem to have been not so much 
the result of natural constitution, as of his most 
wonderful attention ; a faculty, which, if wo con- 
sitler the testimony of Newton • sufficient evi¬ 
dence, is the great constituent of inventive power. 
It is that complete retirement of the mind within 
itself, during which the senses are locked up ; 
that intense meditation, on which no extraneous 
idea can intrude; that firm, straight-forward pro¬ 
gress of' thought, deviating into no irregular sally, 
which can alone place mathematical objects in a 
liglit sufficiently strong to illuminate them fully, 
and })reserve the perceptions of “ the mind’s eye” 
in the same order that it moves along. 

Two of Euler’s pupils (we are told by M. Fuss, 
a pupil himself) had calculated a converging 
senes as far as the seventeenth term; but found, 
on comparing the written results, that they dif¬ 
fered one unit at the fiftieth figure: they com¬ 
municated this difference to their master, who 
went over the whole calculation by head, and his 
decision was found to be the true one.—For the 
purpose of exercising his little grandson in the 
extraction of roots, he has been known to form to 

• This opinion of Sir Isaac Xewlon is recorded by Dr. 
I’cinbcrton. 
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hiipself the table of the six first powers of all num¬ 
bers, from 1 to KX), and to have preserved it 
actually in his memory. 

The dexterity which he had acquired in analysis 
and calculation, is remarkably exemplified by 
the manner in which he manages formulm of the 
greatest length and intricacy. He perceives, 
almost at a glance, the factors from which they 
may have been composed; the particular system 
of factors belonging to the question under present 
consideration ; the various artifices bv which that 
system may be simplified and reduced; and the 
relation of the several factors to the conditions of 
the hypothesis. His expertness in this particular 
probably resulted, in a great measure, from the 
ease with which he performed mathematical in¬ 
vestigations by head. He had always accustomed 
himself to that exercise; and having practised it 
with assiduity, even before the loss of sight, which 
afterwards rendered it a matter of nccessitv, he is 

•r 

an instance to what an astonishing degree of per¬ 
fection that talent may be cultivated, and how 
much it improves the intellectual powers. No 
other discipline is so effectual in strengthening 
the faculty of attention ; it gives a facility of ap¬ 
prehension, an accuracy and steadiness to the 
conceptions; and, what is a still more valuable 
acquisition, it habituates the mind to arrangement 
in its reasonings and reflections. 

If the reader wants a further commentary on 
its advantages, let him proceed to the work of 
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Euler, of which we here offer a Translation; and 
if he has any taste for the beauties of method, 
and of what is properly called composition^ we 
venture to promise him the highest satisfaction 
and pleasure. The subject is so aptly divided, 
the order is so luminous, the connected parts 
seem so truly to grow one out of the other, and 
are disposed altogether in a manner so suitable to 
their relative importance, and so conducive to 
their mutual illustration, tliat, when added to the 
precision, as well as clearness with which every 
thing is explained, and the judicious selection of 
examples, we do not hesitate to consider it, next 
to Euclid’s Geometry, the most perfect model of 
elementarv writinjr, of which the scientific world 
is in possession. ^ 

When our reader shall have studied so much 
of these volumes as to relish their admirable style, 
he will be the better qualified to reflect on the 
circumstances under W'hich they were composed. 
They were drawn up soon after our author was 
deprived of sight, and were dictated to his ser¬ 
vant, who had originally been a tailor’s apprentice; 
and, without being distinguished for more than 
ordinary parts, was completely ignorant of mathe¬ 
matics. But Euler, blind as he wras, had a mind 
to teach his amanuensis, as he w^ent on with the 
subject. Perhaps, he undertook this task by way 
of exercise, with the view of conforming the 
operation of his faculties to the change, which the 
loss of sight had produced. Whatever was the 

b 2 
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motive, his Treatise had the advantage of being 
composed under an immediate experience of the 
method best adapted to the natural progress of a 
learner’s ideas: from the want of which, men of 
the most profound knowledge are often awkward 
and unsatisfactory, when they attempt elementary 
instruction. It is not iiii])robable, that we may 
be farther indebted to the circumstance of our 


Author’s blindness; for the loss of this sense is 
generally succeeded by the improvement of other 
faculties. As the surviving organs, in particular, 
acquire a degree of sensibility, which they did not 
previoush' possess ; so tlie most charming visions 
of poetical fancy have been the offspring of minds, 
on which external scenes had long been closed. 
And perhaj)s a philosopher, familiarly acquainted 
with Euler’s writings, might trace some improve¬ 
ment in perspicuity of method, and in the flowing 
progress of his deductions, after tiiis calamity had 
befallen him ; which, leaving “ an universal blank 
of nature’s works,” fav ors that entire seclusion of 
the mind, whicli concentrates attention, and gives 
liveliness and vigor to the conceptions. 

In men devoted to stndv, we arc not to look lor 

» 

those strong, complicated passions, which arc con¬ 
tracted amidst the vicissitudes and tumult of public 
life. To delineate the character of Euler, requires 
no contrasts of coloring. Sweetness of dis]>osition, 
moderation in the passions, and simplicity of man¬ 
ners, were his leading features. Susceptible of the 
domestic affections, he was open to all their amiable 
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impressions, and was remarkably fond of children. 
His manners were simple, without being singular, 
and seemed to flow naturally from a heart that 
could dispense with those habits, by which many 
must be trained to artificial mildness, and with the 
forms that are often necessary for concealment. 
Nor did the equability and calmness of his temper 
indicate any defect of energy, but tlie serenity of a 
soul that overlooked the frivolous ])rovocations, 
the petulant caprices, and jarring humours of 
ordinary mortals. 

Possessing a mind of such wonderful compre¬ 
hension, and dispositions so admirably formed to 
virtue and to hap})iness, Imler found no difficulty 


in being a Christian 


accordingly, “ his faith was 


unfeigned,” and his love 


‘‘ was that of a pure and 


undefilcil heart.” 


"I'he advocates for the truth of 


re\ ealed religion, theref ore, may rejoice to add to 
the bright catalogue, which already claims a Bacon* 
a Newton, a Locke, and a Hale, the illustrious 
name of Kulcr. But, on this subject, we shall 
permit one of his learned and grateful puj)ils* to 
sum up the character of his venerable master. 
“ His piety was rational and sincere; his devotion 
“was fervent, lie was 1‘ully })ersuaded of the 
“ truth of Christianity ; he felt its im]>ortauce to 
“‘the dignity anti happiness of luiman nature; 
“ and looked u])on its dt'tractors, and opposers, as 
the most pernicious enemies ol'man.” 

The length to which this account has been ex- 


• M. Fuss, Eulogy of M. I-. Euler. 
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tended may require some apology; but the cha¬ 
racter of Euler is an object so interesting, that* 
when reflections are once indulged, it is diiflcult 
to prescribe limits to them. One is attracted by 
a sentiment of admiration, that rises almost to the 
emotion of sublimity ; and curiosity becomes eager 
to examine what talents and qualities and habits 
belonged to a mind of such superior power. We 
hope, therefore, the student will not deem this an 
improper introduction to the w'ork w'hich he is 
about to peruse ; as W’C trust lie is prepared to 
enter on it wdth that temper and disposition, w'hich 
w’ill open his mind both to the perception of ex¬ 
cellence, and to the ambition of emulating what 
he cannot but admire. 



ADVERTISEMENT BY THE EDITORS OP 
THE ORIGINAL, IN GERMAN. 


Wp. present to tlie lovers of Algebra a work, of which a 
Russian translation ap|K‘areil two years ago. The object 
of* the eelebralt‘(i author Mas to comjiose an Elementary 
TreatiM’, by Mliieh a l)eginner, without any other assistance, 
might make himself complete master of Algebra. The loss 
of sight had suggested tlie itlea to him, and his activity of 
mind did not suffer him to defer the exc‘Cution of it. For 
this purpose M. Euler ))itched on a young man, whom he 
had engaged as a stTvanl on his departure from Berlin, suf¬ 
ficiently master of arithmetic, but in other resiKHits without 
the least knowledge of mathematics. He had learned the 
trade of a tailor; and, with regard to his capacity, was not 
alH)ve mediocritv. This young man, however, has not only 
retained what his illustrious master taught and dictated 
to him, but in a short time was able to peifonn the most 
difficult algebraic calculations, and to resolve with readiness 
whatever analytical (|uestions were jiroposed to him. 

'rhis fact must he a strong reconmiendation of the man¬ 
ner in which this work is comjxm'd, as the young man who 
wrote it down, who performed the calculations, and w’hose 
proficiency was so striking, received no instructions whatever 
but from this master, a superior one indeed, but deprived of 
sight. 

Independently of so great an advantage, men of science 
will jKjrceive, with pleasure and admiration, the manner in 
which the doc trine of logarithms is explained, and its con¬ 
nexion with other branches of calculus pointed out, as well 
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as the methods which arc given fur resolving equations of 
the third and fourth degrees. 

O 

Lastly, those who are fond of Diophantine problems will 
be pleased to find, in the last Section of the Second Part, all 
these problems reduced to a system, and all the processes of 
calculation, which arc necessary for the solution of them, 
fully explained. 



ADVERTISEMENT BY M. BERNOULLI, THE 
FRENCH TRANSLATOR. 


Tiif. Treatise of Algebra, which I have undertaken to 
translate, was published in German, 1770, by the Royal 
Academy of Sciences at Petersburg. To praise its merits, 
would almost Ihj injurious to the celebrated name of its 
author; it is sufficient to read a few pages, to perceive, from 
the j)er.spicuity with w’hich every thing is explained, what 
aclvantage bc*ginncrs may derive from it. Other subjects 
arc the purjK)sc of this advertisement. 

I have departed from the division which is followed in 
the original, by introducing, in the first volume of the 
French translation, the first Section of the Second Volume 
of the original, liecause it completes the analysis of de¬ 
terminate quantities. The reason for this change is obvious: 
it not only favours the natural division of Algebra into de¬ 
terminate and indeterminate analysis; but it was necessary 
to preserve some eijuality in the size of the two volumes, on 
account of the additions which are subjoined to the Second 
Part. 

The reader will easily perceive that those additions come 
from the pen of M. De la Grange; indeed, they formed one 
of the princifxil reasons that engaged me in this translation. 
I am happy in l)eing the first to shew more generally to 
mathematicians, to what a pitch of perfection two of our 
most illustrious mathematicians have lately carried a branch 
of analysis but little known, the researches of which are at¬ 
tended with many difficulties, and, on the confesrion even of 
these great men, present the most difficult problems that 
they have ever resolved. 
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1 have endeavoured to translate this algebra in the style 
best suited to works of tlie kind. My chief anxiety was to 
enter into the sense of the original, and to render it with the 
greatest perspicuity. Perhaps 1 may presume to give my 
translation some sufjcriority over the original, because that 
work having been dictated, and admitting of no revision from 
the author himself, it is easy to conceive that in many j>as- 
sages it would stand in need of correction. If I have not 
submitted to translate literally, I have not failed to follow 
my author step by step; I have prestTved the same divisions 
in the articles, and it is only in so few places that I have 
taken the liberty of suppressing some details of calculation, 
and inserting one or two lines of illustration in the text, that 
I believe it unnecessary to enter into an explanation of the 
reasons by which I was justifietl in doing so. 

Nor shall I take any more notice of the notes which I 
have added to the first jwirt. They are not so numerous as tt> 
make me fear the reproach of having unnecessarily in¬ 
creased tlie volume; and they may throw light on several 
points of mathematical history, as well as make known a 
great number of Tables tliat are of subsidiary utility. 

With respect to the correctness of’ the press, I believe it 
will not 3 ’ield to that of the t>rlginal. I have carefully com¬ 
pared all the calculations, and having repeated a great num¬ 
ber of them myself, have by those means been enabled to 
correct several faults beside tliose which arc indicated in the 
Errata. 
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SECTION I. 

OJ'ihe different Methods calculating Simple Quaiuitit's. 


CHAP. I. 

ry* Mathematics in general. 

ARTICLE I. 

W HATP'VPIR is capable of increase or diminution, is 
calU'd magnitndCf or quantity. 

A sum of money tnereforc is a quantity, since we may 
increast' it or diminish it. It is the same with a weight, and 
other things of this nature. 

a. From this definition, it is evident, that the diderent 
kinds of magnitude must be so various, as to render it dif¬ 
ficult to enumerate tliem: and this is the origin of the dif¬ 
ferent branches of the Mathematics, each being employed 
on a particular kind of magnitude. Mathematics, in general, 
is the science of quantity; or, die science which investigates 
the means of measuring quantity. 

3. Now, we cannot measure or determine any quantity, 
except by considering some other quantity of the same kind 
as known, and pointing out their mutual relation. If it 
ivere proposed, fur example, to determine the quantity of a 
sum of money, we shoula take some known piece of money, 
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flrii, a ducat, or some otlicr coin, and shew 
so piei^es arc contained in the given sum. 
ncr, it' it were nr(>|X)setl to determine the 
ht. \vi should take a certain knoMn weiirlit: 
outul, an ounce, \’c. and then shew how 
ol' these weiglas is eonlalned in that, whieli 
\pww^«wiravi)nv!ng to ascertain. If we wis!a‘d to measure 
:niv ’ nglh or e\ten>ion, we should make use of some known 
ieneoli, such a^ a ti>ot. 

4 S») that tile determination, or tiie measure of mail- 
tjitiule (‘l ail kiinis, i.s ii-diuad to llii-.; fi\ at ])leasuri' ujM»n 
auv one known magnitvule uf l)ie s.iiue sjKVies with that 
wliieh is to Iv determined, and eonsider it as the moisuir ov 
unit, th-.n, determine llie projKirlloij ol' the |irojH»sed mag¬ 
nitude to this known measure. This jiro|»orta>n is alwii\s 
e\])ressed bv nuinl)ers; so tliat a numher is notliing l)ut the 
|»i oju)rtion of one uiiigiiitudo to another arbitrarily assumed 
as the unit. 

0 . From this it apj)c*ars, that all magnitudes mav be ex¬ 
pressed by numbers; and that tlie I’oumlation of all tla- 
Mathematical Sciences must Ih' laitl in a complete treatise 
on the science of Numbers, and in an accurate e.Viimination 
of ibe different |Kissiblc metluKls of cali nlallon. 

This fundamental j>art of inalhemaiics is called AnaKsis, 
hra *. 

(). In Algebra then wc eonsiiler only lunnlHTs, which 
represent quantities, without regarding the tldfercnt kinds 
of(|iiantitv. These are the subjects ol‘other branches of 
the mathemulics. 

7. Aritlnnelic treats of mnniRTs in particular, and is the 
science of numbers pr(*j)crl^ so called; litil this sciejjce ex¬ 
tends only to certain mctluxl.s of ciileulatioii which <x-cur in 
common practice: Algebra, on the contrary, ctMiiprehcjids 
in general all the cases that can exist in the dixarine and 
calculation of numbers. 


or Alge 


* Several mathematical writers make a distinction between 
Anahfsis and Algebra. By the term Analt/sts-, they understand 
the method of determining lliose general rules, which assist the 
understanding in all mathematical iiiv estigations; and by Algebra, 
the instrument which this methixl employs for accomplishing 
that end. Tliis is the definition given by M. Bezout in tiie 
preface to his Algebra. F. T. 
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CHAP. II. 

m 

K,vpla nation of the Siffnjt 4- I’lus and — Minus. 

iS. Wlu*n wo have to a<id one jjiven number to another, 
this is imiicated by the siiyii which is placed before the 
second number, and is read pins. Thus 5 + 3 signifies 
that we must add 3 to the number 5, in which case, every 
one kmnvv, that tlie result is 8; in the same manner 12 + I 
make 10; 25 + 10 make 41 ; the sum of 25+41 GO, &c. 

0 . We also make use of the same sign + pIvSt to con¬ 
nect several numbers together; for example, 7 + 5+9 
'-i'_:nifies that To the mimber 7 we must add 5, and also 9, 
uhieh make 21. 'i’he reader will therefore understand what 
1 '. meant hv 

H p 5 + 13 1 11+1+3 + 10, 

V'k'.. the sum oi'all the>-e minjhers, which is 51. 

10. All this is evident; and we have only to mention, 
that in Algebra, in order to generalise numbers, we re¬ 
present them by letters, xis (/, by c, d, &c. Thus, the ex¬ 
pression a + hy signilies tlie sum of two numbers, which w’c 
ex})ress hy a and 5, and these numbers may be either very 
great, or very small. In the same manner, /'4 fa + 6 + x, 
signlties the sum of the iiumlKTS represented by these four 

lei 1 ITS. 

If we know thereiore the numbers that are represented by 
li Iters, we shall at all times be able to find, by arithmetic, 
the sum or value of such expressions. 

11. When it is recjuired, on the contrary, to subtract one 
given luimhcT from another, this ojicration is denoted hy the 
sign —, which .signifies minuSy and is placed before the 
number to be subtracted : thus, 8 — 5 signifies that the 
numlKT 5 is to be taken from tJie numl>er 8; which l)eing 
done, there remain tl. In like manner 12 — 7 is tlie same 
as 5; and 20 — 14 is the same as Q, &c. 

12. Sometimes also we may have several numbers to 
subtract from a .single one ; as, for instance, 50 — 1 — 3 — 
5 — 7 — 9. 'I'his signifies, first, take 1 from 50, and there 
remain 49; take 3 from that remainder, and there will re¬ 
main 46; take away 5, and 41 remain; take aw'ay 7, and 
31 remain; lastly, irom that take 9, and there remain 25: 
this last remainder is tlie value of the expression. But as 
the numbers 1, 3, 5, 7, 9, are all to be suutracted, it is the 
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same thing if we subtract their sum, which is 25, at once 
firom 50, and the remainder will be 25 as before. 

id. It is also easy to determine the value of similar ex> 
pres^ons, in which both the vjtm 4* and — minus are 
found. For example; ^ 

12 — d — 5-f“2 — lis the same as 5. 

We have only to colU'ct separately the sum of the numbers 
that have the sign 4* before them, and subtract from it the 
sum of thcMe tlmt have the sign —. Thus, the sum of 12 
and 2 is 14; and that of d, 5, and 1, is 1); hence 9 being 
taken from 14, there remain 5. 

14. It will be perceivetl, fioiii these examples, that the 
carder in which we write the numbers is |)erfectly indifferent 
and arbitrary, |Movided the proper si^i of each be prcsen,'od. 
We might with equal propnety have arranged the expression 
in the preceding article thus; 12 P 2 — 5 — 3 — 1, or 
2 — 1—3 — 54* 12, or2-|-12 — 3 — 1 — 5, orin still 
dilFeretit orders; where it must be observt'd, that in the ar¬ 
rangement first proposed, the sign 4~ hi supposed to 1)e placed 
before the number 12. 

15. It will not be attended with any more difficulty if, in 
order to generalise these operations, we make use of letters 
instead of real numlx^rs. It is evident, for example, that 

a — h — c 4~ d — c, 

signifies that we liave numbers expressed by a and d, and 
that from these numbers, or from their sum, we must 8iil>- 
tract the niimliers expressed by the letters by c, r, which 
have before them the sign —. 

16. Hence it is alisoluteiy necessary to e<msider what sign 
is prefixed to each number: for in Algebra, simple quan¬ 
tities are numlicrs considered with regard to the signs which 
precede, or affect them. Farther, wc call those posith'c 
quantities^ before which the sign h is found; and those* 
are cad led negative quantities, which xurc affected by the 
Mgn —. 

17- The manner in whicli we generally calculate a j>cr- 
son*s property, is an apt illustration of what has just been 
said. For wc denote what a man really possesses by ptisitive 
numbers, using, or understanding the sign 4" i whereas his 
debts arc represented by negative numbers, or by using the 
Mgn —. Thus, when it is said of any one that he has 100 
crowns, but owes 50, this means that his real possession 
amounts to 100 — 50; or, which is the same thing, 4* 100 
— 50, that is to say, 50. 

18. Since n^ativc numbers rttity be considered m debts, 
because positive numbers represent real {lossessiona, wc 
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way say that negative numbers are Jess than nothing. Thus, 
when a man has nothing of his own, and owes 50 crowns, it 
is certain that he has 50 crowns less than nothing; for if 
any one were to make him a present of 50 crowns to pay his 
debts, he would still be onlyaat the point nothing, though 
really ri<^ier than before. 

10. In the same manner, therefore, as positive numbers 
are incontestably greater than nothing, n^ative numbers 
are less than nothing. Now^ we obtain positive numbers by 
adding 1 to 0, that is to say, 1 to noiJiiDg4 and by con¬ 
tinuing always to increase thus from unity. This is the 
tirimn of the scries of nutiibcrs called naiurcd numbers ; the 
fuliow'ing iKnng the leading terms of this scries: 

0, +0* +5, ri-O, +7, -1-8, +9, +10, 

and so on to infinity. 

Hut if, instead of continuing this series by successive ad¬ 
ditions, we continued it in the opposite direction, by per¬ 
petually subtracting unity, we should harve the following 
series of negative numbers: 

0, —1, —2, —3, —4, —5, -6, —7, —8, —9, —10, 
and so on to infinity. 

20. All these numbers, whether |Xteitivc or negative, 

have the known appellation of whole numbers, or inteff^Sj 
which consequently are eitlier greater or less than nothing. 
We call them to distinguish them from fractions, 

and fn)m several other kinds of numbers, of which we shall 
hereafter speak. For instance, 50 beii^ greater by an entire 
unit than 49, it is easy to comprehend that there may be, 
between 49 anti 50, an infinity of intermediate numbers, all 
greater than 49, and yet all less than 50. We need only 
imagine two lines, one 50 feet, the other 49 feet lon^ and it 
is evident that an infinite number of lines may be drawn, all 
longer than 49 feet, and yet shorter than 50. 

21. It is of the utmost ini[X>rtance through the whole of 
Algebra, that a precise idea should be formed of those ne¬ 
gative quantities, about which we have lieen speaking. I 
sliall, however, content myself w’ith remarking here, that all 
such expressions as 

+ I — 1 , + 2 — 52, -h ^ - 3, -H 4 - 4, &c. 
arc cqud to 0, or nothing. And that 

+ 2 — 6 is equal to — 3: 

for if a person has 2 crowns, and owes 5, he has not only 
nothing, but still owes 3 crowns. In the same manner, 

7 — 12 is equal to — 5, and 25 — 40 is equal to — 15. 

22. The same observations hold true, when, to make the 
expression more general, letters are used instead of numbers; 
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thus 0, or Bothine, will always be the value of 4- a ~ a; 
but if we wish to know the value of 4* « two cases are 
to be considered. 

The first is when a is greater than 2>; ^ must then be 
subtracted front a, and the remainder (before which is 
placed, or understood to be placed, the sign -f-) shews the 
value sought. 

The second case is that in which a is less tlian h : here a 
is’ to be subtracted from If, and the remainder being mode 
itegative, by placing before it the sign , will be tlie value 
sought. 


CHAP. III. 

Of the Multiplication Simple Quantities. 

23. When there are two or more c<{iutl miinl)crR to Ik* 
added together, the expression of tlieir sum may be abridged ; 
for example, 

a -p a is the same will) 2 x 0 , 

a a a ~ 3x0, 

fl-l-a+o-pa- 4xa, and so on; \vl»erc x is the 

sign of multiplication. In this manner we may form an idea 
or multiplication; and it is to be observed that, 

2 X a signifies 2 times, or twice a 

3xa----3 times, or thrice a 

4 X a — - -4 times a, &c. 

24. If therefore a number expressed by a letter is to Ih* 
multiplied by any other number, we simply put diat number 
before the letter, thus; 

a multiplied by 20 is expressed by 20», and 
h multiplied by 30 is expressed by 30^, &c. 

It is evident, also, that c taken once, or Ir, is the same as c. 

25. Farther, it is extremely easy to multiply such pro¬ 
ducts again by other numbers ; for example: 

2 times, or twice 3a, makes 

3 times, or thrice 4A, makes 126 

5 times 7-r makes 35x. 

and these products may be still multiplied by oilier numbers 
at pleasure. 

26 . When the number by which we are to multiply is 
also represented by a letter, we place it unmediately before 
the other letter; thus, in multiplying 0 by a, the product is 
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written ab ; and pq will be the product of the multiplication 
of the number q by p» Also, if we multiply this pq again 
by a, we shall obtain apq, 

27. It may be farther remarked here, that the order in 
which the letters are joined together is indifferent; thus ab 
is the same thing as ba ; for h multiplied by a is the same 
as a multiplied by b. To understancl tliis, we have only to 
substitute, for a and b, known numbers, as 3 and 4; and 
the truth will be self-evident; for 5 times 4 is the same as 

4 times 3. 

28. It will not l>e difficult to perceive, that when we sub¬ 

stitute numbers for letters joiniMi together, in the manner we 
have described, they cannot tie written in the same w'ay by 
putting them one after tlie other. For if wc were to write 
34 for 3 times 4, wc should have 34 and not 12. When 
therefore it is rcc|uired to multiply common numbers, w'e 
imist separate them by the sign x, or by a point: thus, 
3 X 4, or 3.4, signifies 3 timc.s 4; that is, 12. So, 1 x 2 is 

equal to 2; and 1x2x3 makes 6. In like manner, 

1 X 2 X 3 X 4 X 5f) make.s 1341; and Ix2x8x4x 

5 x () X 7 X 8 X X 10 is equal to 3628800, &c, 

2i). Ill the same manner we may discover the value of an 
expres.siuii of this form, 5.7J8.abcd. It shews that 5 must 
be multipliofl by 7, and that this product is to be again 
iniihiplicd by 8; that wc arc then to multiply this protluct 
of the three numlicrs by a, next by A, then by c, and lastly 
by d. It may lie observed, also, that instead of 5.7.8, we 
may write its value, 280; for we obtain this number when 
wc multiply the product of 5 by 7, or 35, by 8. 

30. ^liic results which arise from the multiplication of 
two or more numbers arc called products; and the numbers, 
or individual letters, arc coWiidfactors. 

31. Hitherto wc have considered only positive numbers, 

and there can be no doubt, but that the products wliicli wc 
iiavo scon arise are ]K>sitive also: viz. -f-a by must 
necessarily give But wc must separately examine 

what the multiplication of -}-a by —6, and of —o by —6, 
will produce. 

32. Let us begin by multiplying —a by 3 or +3. Now, 
since —a may be considered as a debt, it is evident that if 
we take that debt three times, it must thus become three 
times greater, and consequently the required product is 
— iitt. So if wo multiply —a by \ b, w'c shall obtain —ba, 
or, which is the same thing, —nb. Hence wc conclude, 
that if a positive quantity be multiplied by a negative (pian- 
tily, the product w'iil be negative; and it may be laid down 
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ss a rale, Uiat by 4* makes 4 or plus i and that, on the 
contrary, 4 by —, or — by 4» gives —, or minu4t. 

33. It remains to resolve the -case in which — is mul¬ 
tiplied bv — ; or, for example, —a by —A. It is evident, 
at 6rsl sight, with regard to the letters, that the product will 
be ab ; but it is doubtful whether the sign •4» or the sign —, 
is to be placiid before it; all we know’ is, that it must be one 
or the other of these signs. ' Now, 1 my that it cannot be 
the sign — : for —a by + A gives -^ab, and — « by —A can¬ 
not produce the same result as — « by 4A; but must pni- 
duce a contrary result, that is to say, 4 ab ; consequently, 
we have the following rule: — nuiitiplit'd by — prcxluces 
-P, that is, the same as 4 multiplied by 4 *• 

* A further illustration of tins rule is general!}' given by 
algebraists as follows: 

First, we know that 4« multiplied by -fA gives the product 
4 aA y and if 4 a be multiplied by a quantity less than A, us A—c. 
the product must necessarily be less than ab; in short, from ab 
wc must subtract the product of a, multiidicd by c-, lietice 
a X (A —c) must be expressed by aA— ac; therefore it follows 
that a X — c gives the product — oc. 

If now' w'c consider the product arising from the multiplication 
of the two quantities (a—A), and (r—r/), we know that it is less 
than that of (a — A) x c, or of ac — Ar; in yliort, from this pro¬ 
duct we must subtract that of (o — A) x d; but the pnaiuct 
(fl — b) X (c — d) becomes ac — Ac — ad, together with the 
product of —A X —d annexed ; and the question is only w'hut 
sign we must employ for this purpose, whether 4 or —. Now 
we have seen that troni the product ac — be we must svibtract 
the product of (a — A) x d, that is, w'emust subtract a quantity 
Ic;ss tlian ad ; we have therefore subtracted already too much 
by the quantity Ld ; this product must therefore be added ; 
that is, it must have the sign -f prefixed j hence we see that 
—A X —d gives -^bd for a product; or — minus multiplied by 
— minus gives -p plus. See Art. 273, 274. 

Multiplication has beeh erroneously called a compendious 
method of performing addition: whereas it is the taking, or re¬ 
peating of one given number as many times, as the number by 
which it is to be multiplied, contains units. Thus, x 3 means 
tliat 9 is to be taken 3 times, or that tlie measure of multiplica¬ 
tion is 3; again, 9x4 means that 9 is to be taken half a time, 
or that the measure of multiplication is In multiplication 
there are two factors, which are sometimes called Uic mul¬ 
tiplicand and the multiplier. These, it is evident, may re¬ 
ciprocally change places, and the product will be still the same: 
for 5) X 3 = 3 X 9, and 9 x -i = t X 9- Hence it appears, that 
numbers may be diminished by multiplication, as well as in¬ 
creased, in any given ratio, wfiich is wholly inconsistent with 
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34. The which we have explained arc expressed 

more briefly as follows: 

Like signs, multiplied together, give +; unlike or con¬ 
trary signs give —. Thus, when it is required to multiply 
the following numbers; —A, —r, +d; we have first 
+ G multiplied by — which makes — 06 ; this by —c, 
gives -f and this by gives +abcd. 

S5. The difliculties with respect to the signs being re¬ 
moved, we have only to shew liow to multiply numbers that 
are themselves products. If vre were, for instance, to mul¬ 
tiply the iiiinilM;r ah by the numlier cd^ the product would 
Ih‘ afK'd, ami it is obtained by multiplying first ab by c, and 
then the result of that multiplication by d. Or, if we had 
to multiply 3G by iJi; since 12 is equal to 3 times 4, we 

the nature of Addition } for 9 x | = 9 Xt = L9x 

i-ao^ The same will be found true with respect to algebraic 

ijuantities; a X b = ab, —U x 3 = —27, that is, 9 negative in¬ 
tegers multiplied by 3, or taken 3 times, are equal to —27, be¬ 
cause the measure of multiplication is 3. In the same manner, 
hy inverting the factors, 3 positive integers multiplied by —9, 
or taken 9 times negatively, must give the aanic result. There- 
fiire a positive quantity taken negatively, or a negative quantity 
taken positively, gives a negative product. 

rrom tlie.se considerations, we may illustrate the present sub¬ 
ject in a <lirterent way, and shew, that the product of two ne¬ 
gative quantities must be positive. First, algebraic quantities 
mu\ be- considered as a series of numbers increasing in any 
ratio, on each side of nothing, to infinity. Let us assume a 
small part only of such a series for the present purpose, in 
which the ratio is unity, and let us multiply every term of it by 



— JO, -8, -G, -4-, -2, 0, +2. +4, -1-6. +8, -1-10. 


Here, of course, we find the series inverted, and the ratio dou¬ 
bled, Farther, in order to illustrate the subject, we may con¬ 
sider the ratio of a series of fractions between 1 and 0, as 
indefinitely small, till the last term being multiplied by —2, the 
product would be equal to 0. If, after this, the multiplier 
having passed the middle term, O, be multiplied into any negative 
tlrrin, however small, between 0 and — 1, on the other side of the 
series, the product, it is evident, must be positive, otlierwisc the 
series could not go on. Hence it appears, that the taking of a 
negative quantity negatively destroys the very property of ne¬ 
gation, and is the conversion of negative into positive numbers. 
So that if -J. X — = it necosanly follows tnat — x — must 
give a contrary product, that is, -f. See Art. 176, 177. 



IQ 


KLBMENTS 


SECT. 1. 


sliould onl^ nuiltiply 36 first by 3, and then the product 
108 by 4, in order to have the mIioIc product of the mul¬ 
tiplication of 12 by 36, wliich is consequently 432. 

36. But if wc wished to multiply ^ab by 3<*</, we mij^ht 
■write oed x 5ub. However, as in the present instance the 
order of the numbers to lie multiplieil is iiidifiereut, it will 
he liettcr, ns is also the custom, to place the cuiiimon luiiii- 
bers before the letters, and to express the product tlius: 
o X dtf/iod, or 15a6cd; since 5 times 3 is 15. 

So if we had to multiply \2pqr by 7 j^, we should obtain 
12 X 7pqrxp, or 


CHAP. IV. 

Of the Nature of whoh' Numbers, or Inteijers. *iiih nspeit 

to their 1'actors. 

37- We have observetl that a prcKliu t is ^I'tierati'd In the 
multiplication of two or more mmibt'r.s to;:itlu'r, and that 
these numbtM-s are called factors. Tims, the numbers 
a, b, f, d, are the factors of the pnMluct abed. 

38. If, therefore, we consitler all whole numlur*. as pro¬ 
ducts of two or more numbers muitiplieii loijether, we shall 
soon find that some of them cannot result from such a mul- 
tiplicution, and consequently have not any f'actors; while 
others may l>e the products of two or more numbers mul¬ 
tiplied tofjetber, and may const'tjuently have tw'o or more 
factors. Thus 4 is pnxluced by 2 x 2; 6 by 2 x 3; 8 by 
2x2x2; 27 by 3 X 3 X 3; and 10 by 2 x 5, &:c. 

39- But on the other hand, the numbers 2, 3, .'J, 7, 11, 
13, 17, &c. cannot lie represented in the same maimer by 
factors, unless for that {lurposc wc make use of unity, ;uui 
represent 2, for instance, by 1x2. Bui the iiumlK'rs 
which arc multiplied by 1 remaining the same, it is not 
proper to reckon unity as a factor. 

All numbers, therefore, siieb as 2, 3, o, 7, 1 I, 13, 17, 
&c. which cannot be represented by factor'', are called 
simplcy or prime numbers; wdiereasothers, as 1-, 6, S, 0, 10, 
12, 14, 15, 1(5, 18, See. which may be represented by 
facUjrs, are called compoA'itv ttambers. 

10. Si mple or prime numbers deserve tliereibre par¬ 
ticular alteiitioii, since lliey do not result from the luul- 
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tipHcation of two or more numbers. It is also particularly 
worthy of observation, that if we write these numoers in suc> 
cession as they follow each other, thus, 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, &c.* 
we can trace no regular order; their increments being some¬ 
times greater, sometimes less; and hitlicrto no one has been 
able to discover whether they follow any certain law or not. 

41. All compMite numbers, which may be represented 
by factors, result from the prime numbers al)ove mentioned ; 
that is to say, all their factors are prime numlicrs. For, if 
we find a factor which is not a ])rimc number, it may always 
be dccom].x)scd an<l represented by two or more prime num¬ 
bers. When we have represented, for instance, the number 


* All the prime numbers from 1 to 100000 are to be found 
in the tables of divisors, which I sliall speak of in a succeeding 
note. Hut particular tables of the prinic numbers from 1 to 
lOlCXXl have been publislicd at Ilalle, by M. Kruger, in a Ger¬ 
man work entitled “ Thoughts on Algebra;” Kruger had 
rcic'Ivi'd thcMii from a person called Peter .faegcr, who liad cal- 
cnlatod them. M. I^ambert has continued these tables as fai as 
l()‘i(KK), and republished them in his supplements to the loga- 
ntliinic and trigonometrical tables, printed at Berlin in 1770; 
a \\ork which contains likewise several tables that are of great 
iise in the different branches of mathematics, and explanations 
which it would be too long to enumerate here. 

'I'hc Koyal Parisian Academy of Sciences is in possession of 
tables of prime numbers, presented to it by P. Mercastcl de 
POratoire, and !>}' M. du lour; but they have not been pub¬ 
lished. They arc sjioken of in Vol. V. of the Foreign Memoirs, 
with a reference to a memoir, contained in that volume, by M. 
Hailicr des Ourmes, Honorary Counsellor of the Presidial C'ourt 
at Rennes, in which the author explains an easy method of 
finding prime numbers. 

In Uie same volume we find another method b}’ M. Rallicr des 
Ournies, which is entitled, “ A new Method for Division, when 
the Dividend is a Multiple of the Divisor, and may therefore be 
divided without a Remainder; and for the Extraction of Roots 
wlieii the Power is perfect.” This method, more curious, in¬ 
deed, than u.^eful, is almost totally diilerent from tlic common 
one: it is very easy, and has this singularity, that, provided wc 
know as many figures on the right of the dividend, or the power, 
as there arc to be in the quotient, or the root, wc may pass over 
the figures which precede them, and thus obtain the quotient. 
M. Kallier dcs Ourmes was led to this new method by reflecting 
on the numbers terminating the minierical expressions of pro¬ 
ducts or powers, u species of numbers which I have remarked 
also, on other occasions, it would be useful to consider. F. T. 
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do by .5 X 6, it is evident that (> not being a prime number, 
but being produced by x d, we might have represented 
do by 5 X 2 X d, or by x d x 5 ; that is to say, by fac¬ 
tors which are all -prime numbers. 

42. If we now consider those composite numbers which may 
Ik' resolved into prime factors, we shall observe a great dif¬ 
ference among them; thus we shall find that some have 
only two factors, that others have three, and others a still 
greater number. We have already seen, for example, 
that 


4 is the same as 2 x 2, 
8- - - 2x2x2, 

10 - - - - 2x5, 

11 - - - - 2x7, 

16- - 2x2x2x2, 


6 is the same ils 2 x 3, 
9 - - - - dxd, 

12 - - - 2xdx2, 

15 - - - - ;ix5, 

and so on. 


43. Hence, it is easy to find a metlKnl for analysing any 
number, or resolving it into its simple factors. Let there he 
pro|)osed, for insLince, the nninlK’r 360; w'e shall represent 
It first by 2 x 180, Now 180 is equal to 2 x 90, and 

90) f2x45, 

•15 5- is the same as J 3 x 15, ;md la.stly 
151 (^3x5. 

So that the number 360 may be represented bv these 
simple factors, 2 x 2 x 2 x 3 x 3 x 5; since ail these 
numbers multiplied together prcKluee 360 *. 

44. Thi.s shew.>, that prime nundx*rs cannot be divided 
by other numl)crs; and, on the other hand, that the simple 
factors of compound nunil)ers are I'ound most (conveniently, 
and with the greatest certainty, by seeking the simple, or 
prime numbers, by which those com[x>iind numlH^rs are 
divisible. But for this division is necessary ; we shall then‘- 
fore explain the rules of that ojieration in tlie following 
chapter. 


* There is a table at the end of a German book of arithmetic, 
published at Lcipsic, by Poetius, in 172S, in which all ll»e 
numbers from 1 to KXXX) arc represented in tliis manner by 
tlieir simple factors. 1'. T. 
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CHAP. V. 

()fi}ie Division o/*Simple Quantities. 

45. When a number is to be separated into two, three, or 
more equal parts, it is done by means of division, whiph 
enables us to determine the magnitude of one of those parts. 
When we wish, for example, to separate the numl>er 12 into 
three etjual parts, we find by division that each of those 
)}art.s is equal to 4. 

The following terms are made use of in this oj)cration. 
I’lie number which is to be decompounded, or <livideil, 
called the dividend; the nunilier of e(|unl parts sought is 
called the divisor; the magnitude of one of those parts, 
determined by the division, is called the quotient: thus, in 
the alx>vc example, 

12 is the dividend, 

3 is the divisor, and 

4 is the quotient. 

40. It follows from this, that if we divide a number by 2, 
or into two ecjual {xtrt.s, one of those parts, or the quotient, 
taken twice, makes exactly the number proixisetl; and, in 
the same manner, if we have a nutnl>er to divide by 3, the 
quotient taken thrice must give the same number again. In 
general, the multiplication of the quotient by the divisor 
must always reproduce the dividend. 

47- It is fur this reason that division is said to be a rule, 
which teaches us to find a number or quotient, which, lieing 
multiplied by the divisor, will exactly prcKlucc the dividend, 
b’or example, if 35 is to Ik; divided by 5, w'e seek for a 
number which, multiplied by 5, will protlucc 35. Now, 
this number is 7, since 5 times 7 is 35. The manner of 
expression employetl in this reasoning, is; 5 in 35 goes 7 
time's; and 5 times 7 makes 35. 

"1^. The dividend therefore may be considered as a product, 
of wliich one of the factors is the divisor, and the other the 
quotient. Thus, sup})osing we have 63 to divide by 7, we 
endeavour to find such a prcxluct, that, taking 7 for one of 
its factors, the other factor multiplied by this may exactly 
give 63. Now' 7 x J) is such a product, and consequently 
i> is the quotient obtained when we divide 63 by 7. 

49. In general, if wx* have to divide a numl)er ab by a, it 
U evident that the quotient will be b ; for a multiplied by h 
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f ives the dividend ah. It is clear also, that if we had Ui 
ivide ah bv K the (juotient wcnild Ik' a. And in all ex- 
ani^)les of division that can be iiix>|X)se<1, if we divide the 
dividend by the quotient, we shall aj>;ain obuiin the divisor; 
for as 24 divided by 4 gives 6, so 24 divided by C will 
give 4. 

50. As the whole operation consists in representing the 
<nvidend by two factors, of which one inny Ih‘ ecpial to the 
divisor, and the other to the (piotient, the following ex- 
anqdcs will be easily understood. I say first that the di¬ 
vidend ah'y divided by n„ gives /w; for n, iiudtiplied bv /w, 
prcKluces itbc: in the same manner ah(\ Ix'ing liivided f»v h. 
we sh.ill have ac x ainl divided bv «r, gives 5. It is 
also plain, that 12/aa, di\idt'<l bv gives for ow, 

multij)]!!^! by 4 h, makes 12m«. Ibit if tiiis same mimber 
12wa had lK*en divided by 12, wc should liavc obtained the 
qiu>ticnt mn. 

51. Since every number a may lx? expressed by lo, or n. 
it is evident that if we had to divide n, or In, bv 1. the 
quotient would Ik? the same number n. And, on the con¬ 
trary, if the .same number «, or !</, is to be divide<i by a. 
the quotient will be 1. 

52. It often hapjK?ns that we cannot represent the di¬ 
vidend as the protluct of two factors, of which one is tapial 
to the divisor; hence, in this case, the division cannot be 
performed in the manner we have describcnl. 

When we have, for example, 24 to diviiie by 7, it is at 
first sight obvious, that the number 7 is not a factor of 24; 
for the protluct of 7 X 3 is only 21, and consequently t<K» 
small; and 7x4 makes 28, which i.s greater than 24. \\’e 

discover, however, from this, that the tjuotient must 1 k' 
greater than S, and less than 4. In order therefore to tle- 
termine it exactly, wc employ another spet'ies of mmibers, 
which arc calledand which we shall consitlcr in 
one of the ftdlowing chajiters, 

53. Before we pniceea to the use of fractions, it is usual 
to Ixj satisfied with the whole number which apprtiaclies 
nearest to the true quotient, but at the same time ]>aying 
attention to the remainder which is left; thus wc say, 7 in 
24 goes 3 times, and the remainder is 8, because 3 times 7 
produces onl^' 21, which is 3 less than 24. AVe may also 
consider the following examples in the same manner; 

C)34(5, that is to say, the divisor is (I, the 
30 dividend 34, the quotient 5, and the 
-- remainder 4. 
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9)41(4, here the divisor is 9, the dividend 

36 41, the quotient 4, and the remain¬ 

der 5. 

5 

The followliifj rule is to he ohserve<l in examples where 
tluTo is a remainder. 

,54. Multi[)ly the divisor by the quotient, and to the pro- 
diul add the remainder, and the result will he the dividend. 
Tins is the method of ]>rovin^ the division, and of dis- 
eoverinj^ whether the calculation is rif^ht or not. Thus, in 
ihc first of the two Inst exainples, if we multiply 6 by 5, 
and to the product 60 add the remainder 4, we obtain .64, 
or the dividend. And in the last example, if we multiply 
the divisf>r 9 by the (juotient 1, and to the prmluct 61) add 
till* rejnainder 6, we obtain the dividend 41. 

55. I.astly, it is nceessary to remark here, with regard to 
the si;^ns + jt/us and — rniiius^ that if we divide -i-ah by 
-f-a, the quotient will be -f5, wliieh is evident. But if we 
divide 4 bv — n, the (juotient will be —/>; benrause — a 
X —h pves -^ah. If the dividend is - ahy and is to be 
divided by thedivi:<or po, the (juotient will be — because 
it is —h which, multiplied by 4fl, makes — ah. I^astly, 
if we hav’e to (livide tne dividend —ah bv the divisor —fl, 
the quotient will be +/>; for the dividend —ah is the 
jwoduet of —u by 

56. IV'ith regard, tlicrcforc, to the sij^s 4 and —, di¬ 
vision requires the sjinic rules to Ix) observed that wc liave 
s('en take jdacc in nndtijdicntion; viz. 

4- bv I makes p ; + by — makes —■ ; 

— by 4 makes — ; — by — makes -f-; 

or, in few words, like si^ns give plu^y and unlike signs give 

57. Thus, when wc divide lSj)qhy — 6p, the quotient is 
• (iq. Farther; 

-30.27/ divided by +(»// gives —Sjt, and 

— 54(/?2C dividcxl by —\)h gives 4'6or; 

for, in ibis last example, — 9^) niuliiplied by 46Gcmakes 
— 6 X 9«Ar, or — 5^ahr. But enough has been said on the 
division of sini[)le (quantities; w^e shall therefore hasten to 
the explanation of fractions, after having added some further 
remarks on the nature of numbers, with respect to tlieir 
divisors. 
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CHAP. VI. 

Of Properties Integers, with respect to their Divisors. 

58. As %rc liavc seen that some numbers arc divisible by 
certain divisors, while others arc not so; it will be projHT. 
in order th.at we may obtain a mure particular knowledge of 
numbers, that this difTerence should be carefully obser\'e<l, 
botli by distin^ishing the numbers that are divisible 1>y 
divisors from those which are not, and by considering the 
remainder that is left in the divi^on of tlic latter. For this 
purpose let us examine the divisdts; 

2, 8, 4, 6, 6,7. 8,9, 10, &c. 

59. First let the divisor be 2; the numbers divisible bv it 
arc, 2, 4, 6, 8, 10, 12,14, 16, 18, 20, &c. which, it appears, 
increase alw’ays by two. These numbers, os fur as they can 
lie continued, arc called even numbers. But tliere arc other 
numbers, viz. 

1, 3, 5, 7, 9, 11, 13, 15, 17, 19, &c. 

which arc uniformly lessor greater than the I'onncr by unity, 
and which cannot tx; divided by 2, witliout the remainder 1 ; 
these are called odd numbers. 

The even numl)crs are all coinprehendctl in the general 
expression 2a; for tlicy are all obtained bv successively sul)- 
stituting for a the integers 1, 2, 3, 4, 5, 6, 7, &c. and hence 
it follows that the odd numbers arc all comprehended in the 
expression 2a -1- 1, because 2a 1 is greater by unity than 
the even number 2a. 

60. In the second place, let the number 3 be the divisor; 
the numliers divisible by it arc, 

3, 6, 9, 12, 15, ^8, 21, 24, 27, 30, and so on; 
which nuinlKTs may Ik; represented by the expression 3« ; 
for 3a, divided by 3, gives the quotient a without a re¬ 
mainder. All other numbers which w'C would divide by .3, 
w’ill give 1 or 2 for a remainder, and are consc'queiitly ol’ 
two hinds. Those which after the division leave the re¬ 
mainder 1, arc, 

1, 4, 7, 10,13, 16. 19, &c. 

and are contained in the expression 3a 1; but the other 
kind, where the numbers give the remmnder 2, are, 

2, 5, 8, 11, 14, 17, 20, &c. 

which may be generally represented by Jia -|- 2; so tliat all 
numbers may be expressea cither by 3a, or by 3o -f" 1» or 
by 3a 4- 2. 
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G1. Let us now siipjxjso that 4 is the divisor under con¬ 
sideration ; then the numbers wliich it divides are, 

4, 8, 16, HO, H4, &c. 

which increase uniformly by 4, and are comprehended in 
the expression 4a. AH otiicr numbers, that is, those which 
arc not divi.sil»le by 4, may either leave the remainder 1, or 
be greater than the former bv 1 ; as, 

1, 5, 9, 13. 17, 21, 25, &c. 

and consequently may be comprehended in the expression 
4:/ -f- 1 • remainder 2; as, 

2. 6, 10, 14, 18, 22, 26, &c. 

and be expressed by 4a or, lastly, they may give the 

remainder 0; as, 

3, 7, 11, li^l9, 23, 27, &c. 

and may then lie represented by the expression 4a -f- 3. 

All {tossibie integer numbers are contained therefore in 
one or other ol’tlie«.e four expressions; 

4//, 4a -|- 1, 4fi -}“ 2, 4// -{- 3. 

62. It is also nearly the s.ame wlien the divisor is 5; 
for ail nimilK'rs which can Ik* tllvltled by it are e<»mpre- 
hended in the expression 5a, and those which cannot be 
divided by 5, are reducible to one of the following ex¬ 
pressions ; 

Dti 1, i)(i —2, o// -j— 3, ort —4; 

and in the same manner we may continue, and consider any 
greater rlivisor. 

63. It is here pro|)er to recollect w'hat has been already 
said on the resolution of nuinbers into their simple factors; 
for every number, among the factors t)f which is found 

2, or 3, or 4, or 5. or 7, 

or any other number, will Ik* divisible by those numl>ers. 
Lor exam|)lc; (k) iK'ing equal to 2 X 2 x 3 x 5, it is 
evkieiit that 60 is divisible by 2, and by 3, and by 5 ♦. 


* There are sonic numbers whieh it is easy to perceive 
w'hether they are divisors of a given liimiber or not. 

1. A given number is divisible by 2, if the last digit is even; 
it is divisible by 4, if the two Inst digits are divisible by 4; it is 
divisible by 8, if the three last digits are divisible by S; and, 
in general, it is divisible by 2", if the n lost digits are divisible 
by 2". 

2. A number is divisible by 3, if the sum of the digits is di¬ 
visible by 3; it may be divided by (>, if, beside this, the last 
digit i.s even ; it is divisible by i>, if the sum of the digits may 
he divided by 9. 

3. Every number that has the last digit 0 or 5, is divisible 
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64. Farther, as the general expression nhcd is not only 
divisible by a, and by and r, and <4 but also by 

ab, ac, ady hCy bcly cdy anil by 
oAe, ulnly aedy bedy and lastly by 
ahedy that is to say, its own value; 
it follows that 60, or x 2 x 0 x 5, may In: divided not 
only by these simple nunilxTs, but also by those which are 
composed of any two of them; that is to say, by 4, 6, 10, 
15; and also by those which arc compost'll of' any tliree of’ 
its simple factors; that is to say, by 12, 20, 50, and lastly 
also, by 60 itself. 

65. When, therefore, we have representeil any number, 
assumeil at pleasure, by its siumle factors, it will l»c very 
easy to exhibit all the luimlicm' by wliich it is tri\i>ibli-. 
For we have only, first, to Like the simple factors one by 
one, and then to multiply them togclncr two by tw(». 


t. A number is divisible by 11, when the suin of the first 
third, fifth, &C. disrits is equal to the sum of the second, fourth, 
sixth, ^’c. digits. 

It would be easy to explain the rea>(>M oftbe.se rules, and lo 
extend them to the products of the divisors whi( li uv )ia\e jint 
now considered. Itules might be de\ ised likew is*.' for some ot!»i r 
numbers, but tin* aj>plieatioii of them would in geiu ral be longer 
than an actual trial of the division. 

For example, I say that tlu* mnnlMT i.s tlivi.vi!)Ie 

by 7» because I find that the sum of the digits nf (he numbt'f 
t>KKf!?2‘b>l'35 is divisible by 7; and tln.s secoml niunl)er is formi'd, 
accordingtoa very .simple rule, from the remainders found after 
dividing the component parts of the former number by 7. 

Thus, 537 (>Kj 89213 = .GtKKKHXXKXH) + .‘itHinuixKKX) + 
7000(XX)00 4- O + WKXXXX) + /itKXKH) -f SO(KX) + ‘XKX) -f 2(X> 
10 4 3; which being, each of them, divided 1)\ 7, will li-avc 
the remainders (>, 4, 0, O, 4, 2, t, .5, 4, :i, 3, tiic number here 


given. 

If a. If, Cy d, e, &c. be tiie digits compvising any munber, the 
number itself may be expressed universally thus; a 4 106 4 
lO^c 4 10-V 4 lO^c, &c. to KX's; where it is easy to perceive 
that, if each of the terras a, 104, lOV, Ac. be divisible by «> the 
number itself « 4 104 4 lOV, Ac. will also bo divisible by «. 


And, if 


a 104 HFc 


, &c. leave the remainders /), y, r, &c. it is 


obvious, that a 4 106 4 10‘*c, &c. will be divi.sible by ii, when 
/> 4 y 4 r, is divisible by n t which renders the principle of the 
rule sufficiently clear. 

'Hie reader is indebted to that excellent mathematician, the 


late Professor Honnycastle, for this satisfactory dlustrntion of 
M. Bernoulli's note. 
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three by three, four by four, &c. till we arrive at the number 
projKised. 

()(>. It must here be particularly observed, that every 
number is divisible by 1 ; and also, that every number i.s 
divisible by itself; that every numl>er has at least two 

factors, or tlivisors, the number itself, and unity ; but every 
niimlier ivhicii has no other divisor than these two, belongs 
to the class of numbers, which we have before called simple, 
or prime numbers. 

Kxcepl these simple numbers, all other numbers have, 
licside unity and themselves, other divisors, as may be seen 
from the Ibllowing Table, in which are placed under each 
number all its divisors *. ^ 
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67. Lastly, it ought to lie obscrvetl that 0, or nothing, 
may l>c considered as a number which has the pro|X}rty of 
being divisible by all jxissible numbers; because by wnat- 
ever nundKT a we divide 0, the quotient is always 0; for it 
must Ik* remarked, tliat the multiplication of any number 
by Jiothing produces nothing, and therefore 0 times a, or 
Oo, is 0. 

* A similar Table for all the divisors of the natural numbers, 
from I to lOCXX), was published at Leyden, in 1767, by M. 
Henry Anjema. We have likewise another table of divisors, 
which goes as far as lOOCXX), but it gives only the least divisor 
of each number. It is to be found in Harris’s Lexicon Tech- 
nicun, the Encyclopedic, and in M. Lambert’s liecucil, which 
we have quoted' in the note to n. II. In this last work, it is 
continued as far as 102(XX). F. T. 
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Cy Fractions hi ffciicra/. 

68. When a nunilx^r, as 7, lor instance, is said not to Ik* 
divisible by another number, let us snp|M>se by .'3, this only 
means, tliat the quotient cannot lx* expresseil by an intep^er 
number; but it must not by any means be thoiii^lit that it 
is impossible to form an idea <if that qiuitient. Only 
imagine a line of 7 feet in length; hoIkkIv can doubt the 
jx>SNibility of dividing this line into 8 ( (jtial parts, and of 
forming a notion of the length of one ol’tluxe parts, 

()9- Since therefore we may form a preejNe idea td' the 
quotient obtained in similar ea'*es, though that ({nott4.'nt ma\ 
not Ik? an integt'r number, this kaids us to eon^'ider a iku- 
tieular species oi’mimlKTS, c.alled /ror/ioa v, or AA'(tA'<7< mnn- 
fters; of which the instance atldueetl furnishes an illnstratitm. 
For if we have to divide 7 by 8, we easily conceive tin- 
quotient which should result, and express it bv ’ ; placing 
the divisor under the dividend, and sejKiratnig the two 
numlx-rs bv a stroke, or line. 

70. So, in geiiiTal, when the mimher a is to be dividetl 1 j\ 

the niimlx?r h, we rcpii^*nt the tjuotieiit by aiul c.all 
this form of expression a fraction. A^'e cannot therefore 
give a better idea of a fraction y , than hy saving that it ex¬ 
presses the quotient resulting from the di\ision of the upper 
nuinlxr by the lower. We must remember also, that in all 
fractions the lower number is called the ihuomiruitor, and 
that above the line the numerator. 

71. In the above fraction which we read .siren thirds^ 

7 is the numerator, and 0 the denominator. We must also 
reatl 4-j J three fourths; three eighths ; 

twelve hundredths; and i, one half, &c. 

72. In ordfJT to obtain a more ]x*Hect knowleilge of the 
nature of fractions, w'c shall begin by considering the case 
in which the numerator is eqii^ to the denominator, a.s in 

Now, since this expresses the quotient obtaiiK*! by 
dividing a by a, it is evident that this (|Uotient is exactly 

Cl 

uiiily^ and that consecpicntly the fraction is of the same 
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value* as 1, or one integer ; for the same reason, all the fol¬ 
lowing fractions, 

1 4- I « 7 8 Kjc 

'£» T» 4» ■*» IT* T* r» 

are equal to one another, each being equal to 1, or one 
integer. 

Tii. We have seen that a fraction whose numerator is 
equal to the ‘denominator, is equal to unity. All fractions 
therefore whose numerators are less than the denominators, 
have a value less than unity: for if I have a number to 
divide by another, which is greater than itself, the result 
niUf.t net es.'«'iri!y be less than 1. If we cut a line, for ex- 
ani])ie, lw<» leet long, into three parts, one of those parts will 
inuloubtc'dly Ik? shorter than a foot: it is evident then, that 
^ i.s le-^.s tlian I, for the same reason; that is, the numerator 
is h'ss than the denominator ii. 

7 1. If ll>e numerator, on the contrary, Ik? greater than the 
denominator, the value of the fnu'tion «s greater than unity. 
'J'hus j is greater than J, for ; isetpiai to I together wiili 
Now 3 is exactly 1 ; consetjuentlv i is equal to 1 -f- that 
is. to an integer and a half. In the same manner, ^ ist*({ual 
to 1 ' to 1 and i- to ii'. And, in general, it is siiflicjent 

ill Muh eases to divide the n])j>er number by tlie lower, and 
to atid to the ({uotient a fraction, having the remaindt r for 
the numerator, and tlie divisor for the denominator. If tlie 
given fraetitm, for example, were *1, we should have for the 
quotient Ji, and 7 lor the remainder; whence we should 
cjnicludc tliiit I i is the sximc as 51/, • 

7.5. 'rinis we mv how fractions, wht)sc numerators are 


greater than the denominators, arc resolved into two mem¬ 
bers; one of’ which is an integer, and tlie other a fractioiml 
numiKT, having the numerator less than the denominator. 
Snell fractions as contain «ine or more integers, are ealletl 
improper fractions, to <hslinguish them from fractions pro¬ 
perly so calleil, which having the numerator less than tlie 
di nominalor, are less than unity, or than an integer. 

7(). Tlie naturi* of' fnutions is frequently eonsitlered in 
another wav, which may throw atldiliomd light on the sidi- 
ject. If, for example, we con.sider the fraction it is evident 
that it is three times greater than i. Now, this fraction I- 
means, that if we divide 1 into 4 equal parts, this will be the 
value of om* of tliose jiarts; it is obvious then, that !>y 
taking 3 of those parts wc shall have the value of the 
fraction J. 

In the same mnnner we may consider every other fraction ; 
for example, ; if wc divuie unity into 12 equal parts, 7 of 
those ))urts will he cf{iiai to the Iraetion projiosed. 
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T7. From this manner of considering i ructions, the ex- 
|n*e8sions JtutncriUor and demmimator an; derivetl. For, as 
111 the preceding fraction the numlier under the fine 
shews that li8 is the numlier of parts into which unity is to 
be divided; and ns it may be said to denote, or name, the 
parts, it has not improperly been called the denominator. 

Farther, as the upper number, viz. 7,- shews tiiat, in order 
to have the value ot the fiction, we must take, or collect, 7 
of those pai^ and therefore may be said to reckon or num¬ 
ber them, it has been thought projier to call the number 
above the line the numerator. 

78. As it is easy to understand what j is, when we know 
the signification of f, wc may consider the fractions whose* 
numerator is unity, as the foundation of all others. Such 
arc the fractions, 

a I I I i I I I t I t 

T* T» i* y>t ir» i’ 1 .» 7 T> • i* 

and it is olisenaliie that those fractions go on contimtaliv 

diminishing: for the more you divide an integer, or llu* 
greater the number of parts into which ytiu distriluitc it, the Icsh 
docs each of those |iarts become. Thii-s ^ 4 tha** . i 

, than t: s', and • — i^ le>s than , ' , iicc. 

79 . As we have seen that the more wc increase the de¬ 
nominator of such fractions tlie less their values lH-‘eonie, it 
may be asked, whether it is not |K>ssihlc to make the de¬ 
nominator so great that the fraction siiail be reduced to 
nothing? I answer, no; for into whatever nunilK-r of parts 
unity (the length of a f<x>t, ftir instance) is divided; let 
those jiarts lie ever so small, they will still jireservo a certain 
magnitude, and tlicrefore can never lie absolutely retlueeil 
to nothing. 

80. It 18 true, if we divide the length of a fixit into l(KM) 
|iarts, those parts ivill not etisily fall under the cognisiincc of 
our senses; hut view them through a gtxxl microscope, and 
each of them will apjvar large enougli to bo still subdiviiled 
into 100 parts, and more. 

At present, however, wc have nothing to do with what 
<lepends on ourselves, or with wliat we are really ca|xjihle of 
j|K*rfonning, and wliat our eyes can jH;rceivo; tl;e (pici»tioii 
IS rather what is possible in itself; ami, in this sense, it is 
certain, tliat however great we suppfisc* the denominator, tile 
fraction will never entirely vanish, or heeomc equal to 0. 

HI. VV'e can never therefore amve completely at 0, or 
nothintr, however jircat tlie ilcnominator may lx;; and, ton- 
scfpicntlv, a^. tli<»>c fractions nuisl always pivscivc a ccr- 
Hiiii tjiiautily, wt* m.iv <<intinuc the scries ol‘iVactions in the 
78th article without interruption. Tliiscircuiu&Uince has in- 
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traduced the expression, that the denominator must be in- 
Jinite^ or infinitely great, in order that the fraction may be 
retlucod to 0, or to nothing; hence the word infinite in 
reality signifies here, that we can never arrive at the end of 
the series of the abovc-mcntioned^^oc/ion^. 

To express this idea, according to the sense of it 
above-mentioned, we make use of the sign », which con- 
se(|uentiy indicates a number infinitely great; and we may 
therefore say, that this fraction ^ is in reality nothing; b^ 
cause n fraction cannot l>e reduced to nothing, until the 
denominator hjjs lH*en increased to infinity. 

8.'}. It is the more necessary to pay attention to this idea of 
infinity, as it is derived from the first elements of otir know¬ 
ledge, and as it will Ix' of the greate'st importance in the 
following f)art of this treatise. 

We may here detluce from it a few conse<|nenccs that are 
extremel y curious, and worthy of attention. The fraction - 
reprcst'nis i!ie qnotitnt resulting from the division of the 
iliv'dend 1 hv the d'visor oc. Now, we know, that if we 
divide the dividend I by tlic quotient which is equal to 
notiling, we obtain again the (livisor x; : hence we aetjuire 
a new idea of infinitv ; ami learn that it arises from the 
division of 1 by (>; so that we are thence authorised in 
saying, that 1 divided by 0 expresses a number infinitely 
great, or x. 

Sk It may Ik* necessary also, in this place, to correct the 
mlsUiko of those who assert, that a nuinlier infinitely great 
is not susceptible of increase. This opinion i.s inconsistent 
with the just principles winch we have laid down; for | 
signifving a number infinitely great, and * being iiicon- 
testiibly the double of ', it is evident that a number, though 
iniiuitely great, inav still become twice, thrice, or any num- 
Ikt of times greater*. 


’fhcrc aj)pcars to he a tallacv in thi.*- reasoning, vi hich con- 
■'i.sts in taking tile sign oi’infinity for infinity itself; and applying 
llu property of iruetioiis in general to a fractional exjirossion, 
whose denoniinator hears no assignable relation to uiiitv. It is 
certain, that infinity may be represented b^ a scries of units (that 


hy 


= 1 + 1 +1, &c.) or by a scries of numbers 


iin reasing in any given ratio. Now, though any definite part 
ot'nnc infinite series may be the half, the third, &e. of a definite 
part of another, yet still that jiart hoars no proportion to the 
wholi‘, and the scrie.s cMii only be said, in tliat case, to go on to 
infinity in a ditfcrciit ratio. But, farther, -ir, or any other nu- 
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i)f the ProjKTties Fractions. 

85. W^e have already seen, that each of tlie fractions, 

4. -i» -y* JI 3. &c. 

makes an integer, and that consi^juciuly they are all etjiial 
to one another. The same equality prevails in the following 
fractions, 

^ « * » 1 i> > - X: f 

T*’ 7 ’»‘T> k* vXL « 

each of them making two inte'gcrs; for the ninnerntor t»f 
each, divided by its denominator, gives JJ. So all the fractions 

» h V I « > ’ I J 

if % f 

are etjual to one another, since d is their common value. 

86. W e may likewise represent the value of any fraction 
in an inlinite variety of ways. For if we niidliply l)oth the 
numerator and the denominator of a fraction i>v tlie same 
number, which may Ik' assumetl at pleasure, this fraction will 
still preserve the same value. For this reason, all the 
fractions 

1 -• t « ^ - 1 I " e.f, 

Z-> I' T I T. T .» ITfJ T f -yn» • 

are equal, the value of each lieing A. Abo, 

1-3 ‘ ' *“ ' ’ ' • <» A' /' 

3, T» 5 » 1 7. T V » TT» - r» -3 * t t J O’! Ck'- • 

are equal fractions, the value of each being -J. The fractions 

t * S 10 I .* 14 I A 

r ^ > T T» Iff 3 s I -41 i\ i. • 

have likewise all the same value. Hence we may conclude, 
in general, that the fraction may be rcpresenU‘<l by any 

/I 

of the following expressions, each of which is etpial to ^ ; viz. 

mcrator, having 0 fur its denominator, is, when expanded, 

precisely the same as i. 

o 

Thus, V = " V» ’ division becomes 

2—2)2 (1 1 4-1, &c. ad infinitum 

o_ o 


o _o 


2 

2-2 


2, &c. 
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n 2a 3a 4^ 5n (in 7a 


&c. 


ft ’ 25* tif/ 45* ,55* ()5* 75’ 

87. To be convinced of this, we have only to write for the 

value of the fraction a certain letter c, representing by 

this letter c the quotient of the division of « by 5; and to 
recollect that the niultipliaitiou of the quotient c by the 
tlivi.sor 5 must give the dividend. For since t: multiplied by 
5 gives If, it i.s evident that c multiplied by 25 will give 2a, 
tiiat c uiuUi])lied by 35 will give 3a, and tliat, in general, c 
multiplied by w5 will give inn. Now, clianging this into an 
example of ilivision, and dividing the protluel ma by mh, 
one of the factors, the (juotient must he equal to the other 
f’actor c ; but ma divided by mb gives also the fraction 

which is consetjuently equal to c; which is what was to 

be proved; for c having been assumed as the value of the 

fraction it is evident that this fraction is equal to the 

fraction —whatever be the \alue of m. 
mb 

S8. A\ e have set'll that every fraction inav be represented 
in an infinite numln'r of f'orniN, each of which contains the 
same value; and it is evident that of all these form.s, that 
which is conqKi.siHl of the Ica.st nuinliers, will be most easily 
understtKKl. For example, we might substitute, instead ol‘ 
’, the followin'^ fractions, 

* O'' 

h h y I J o ^ ^ 

"f ’ ’ 17' 1 ^ • I P • 

hut of all these expre>-sions \ is that of which it is easiest to 
form an idea. Here therefore ca problem arises, how a 
fVactitm, .sucli ns wliich is not e\])ressed by the least 
IHissihle numbers, may be retlucetl to its simplest form, or to 
its Icff.st terms; that is to wiy, in our present example, to 
SP. It will be easy to resolve this problem, if we consider 
tb.il a fraction still ])res<Tves its value, when we multiply 
both its term.s, t>r its numerator and denominator, by the 
.‘•ame number. For from this it alst> follows, that if we 
ifnide the numerator and denominator of a fraction by the 
same miiulKr, the fim'tion will still preserve the same value. 
'I'his is made more evident by means of the general ex- 

pressKMi , ; for if we divide both the numerator ma and 

* mo 

the denominator mb by the number m, wc obtain the fraction 

a , , , . ' ma 

which, a.s was before j>ioveil, is equal to 
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96. Ill order therelore to reduce a given fraction U) its 
least terms, it is re<juii\Hl to find a numlier, by which Iwth 
the numerator and denominator may be divided. Such a 
numlier is called a com mm divisor; and as long as we can 
find a common divisor to tiie numerator and the denominator, 
it is certain that the fraction may be reduced to a lower 
form; but, on the ctmtrary, when we sec tliat, except unity, 
no other common divisor can lie found, this slicws that tfie 
fraction is already in its simplest form. 

91. To make this more clear, let us ctnisider the fraction 

iVo- iinmetliately that lioth the terms are divi>ihle 

by 2, and that there results the fraction }* ; which may alsi> 
lie divided by 2, and reducwl to ^ ; and as this likewise 

has 2 for a common divisor, it is evident that it may be rc- 
ducevl to I)ut now we easily perceive, that the nume¬ 

rator and denominator arc still iliviMhle by fi; jx-rfonning 
this division, tluTefore, we obtain the fraction which is 
equal to the fraction proposed, ami gives the simplest ex¬ 
pression to which it can Ik* reduced; for 2 and o have no 
common divisor hut 1, which lunnot diminish these numbers 
any farther. 

92. Tills property of fractions preserving an Invariable 
value, whtlher we diiiile or multiply the iniimralor aiui 
denominator by llie same luimber, of the greatest im|H»rt- 
ance, and is the jirincipal fouiuiution of the iluctrine of 
fractions. For example, we can scUloni add t<»gelher two 
fractions, or subtract the one from the titiier, belcire wc have, 
by means of ibis projierty, reduced lliem to other I'orms; 
that is to sav, tt> expressions whose deimminalors are eipial. 
Of this we sh.'dl treat in the following chapter. 

1X1. We will conclude the prcsc'iit, however, by rcncu king, 
that all whole m.mbers may also he repre.'vented h\ fractions. 
For exampU-, (> is the s;tme as iKrauM’ (i div idl’d by 1 
iriukcs G; we mav also, in the same maniUT, expie.'.^ llie 
iiumlKT () In the fractions V , and an infimle 

number of uLher.*;, which have the same value. 


ovii>TioNs roR I'RAi ri( i;. 


i*JL* -t * 

1. iletluce —;- — to its lovve.^t term.s 

2. lleduce--j- to its lowest terms. 

.r 4 2ar-f/>' 

ij. Jteducc-, — to it.s lowest terms. 

df’ — fj\V‘ 


An,y. 


. 1 /IS. 


./ 


tt- 

l/.r 


. 1 a.v. 


.r -f- 
a - f /} 


X' 
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It. Uctluce 
5. Reduce 

(», Reduce 






X to its lowest termb. 


Ans. 


I 




a* — jr* 


a^—a*a'— ax" -]~x 


, to its lowest terms. 


Am. 


u~-\- A * 


a — x 


5H’4-lT)H*A’4 . 5aV» 
\la 'a*-!- *ilax •-{-a 


to its lowest tenns. 


Ans. 


5h’a- 


a*x-\-ax^-{ x' 
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Oj'lhr Addition fl/ic/ Siibtraelion HZ'I'raelioiis. 

‘)1. AVhen iV.-u tlons liave t qiial <!(‘noniiuators, there is no 
diditiillv in adding and Mil>iraelin«; lljoni; for ^ -f- ; is 
ecjual to % an<l J — ’ is et|ual to In this ease, iherefiiro, 
i'lther for adthlion or siibtraeruni, we alter only the nmne- 
latoF"', and place the eounnon denominator under the line, 
thus; 

.1 - “ V.V - .*/. + tA *R equal to ; 

- 7 ' - r= 4 - l-\ is equal to ’f., or * 

— j*. — i! “}“ j equal to ! or * ; 

al.so ’ -{- ; is ecjual to or 1, that is to say, an intcp^cr; and 

I - : 4-; eipial to -‘i, that is to siiy, nothing, t»r 0. 

i)o. ]»ut when fV;xctions Iiave not equal denominators, we 
can always change them intt» other fractions that have the 
•same denominator. Por example, when it is pro|K)st*d to 
adil together the fractions I anti y, we must consitler tljat ^ 
is the .same as and that -J- is equitalent to ^ ; we have 
therefore, instead of the two fractions proposed, *, the 

sum of* which is And if the two fractions were uniletl by 
the sign ftiinu.s as [ — y, we slH)uld have I — or 

As another example, let llie fractions projTOScd be ] 4" ^ • 
Here, since I is the same as this value may be substituted 
tiii- anti we may tlien say -p ' makes 

SupjMxst' farther, that the sum of 1 and ‘ wore retjuiretl, I 
s.iy tliat it is ; for i = and i — ,l : iherelbre 

4 .’. 

IMl We may have a greater number of iractions to reduce 
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to a common dcaominator; for example, In 

this eases the whole (le()ciuts on finding u niimlicr tliat tshnll 
lx* divisible hy all the denominators of those fraelions. In 
this instaiieis (K) is the nimiber whidi has that pnijH^rtv, and 
w'hich consequently becomes the common <lemjminatt>r* We 
shall therelbre have ’ instead of j ; * instead of ^ 
instead of I; instead of and instead of If 
now it be required to add toother all these fractions 
tl* tl* “*1*^ fVi ^ all the numerators, 

and under the sum place the common denominator (K); that 
is to say, we shall have or integers, and the fractional 
remainder • 

97. 'rhe whole of this operation ctntsists, as we iK'forc 
stated, in changing fractions, whose dcuominattM's arc un- 
ix{ual, into others whose denominators arc cMpial. In order, 

therefore, to perform it generally, let -j- and be the frac¬ 
tions projx>sed. First, mullijdy the two terms of the 

first fraction hv d, and we shall have the fraction , , etiwal 

0(1 ‘ 


to ; next multiply the two terms of the Mt-oiul fraction 

bv //, and we shall have an tcjuixaleiu value of it cxjnvsscd 
in' 

thus llio two dcnoiniimlors arc Ik*couic ctpiai. Now, 
if tlie sum of the two projxjscd fracti«)ns he r».'t|ulrcd, wi 



may immediately answer that it is —; anti if their tlif- 


Iflhc I’ractioiis 


IhI 

... *1(1— h( 
fercnce be asked, wc say that it is —" 

^ and for example, were pro|H»sed, wc should obtain, in 
their ste*ad, aiul ^ ; of which the sum i>» and the 
tlifference I ' *. 

i 2 

9tS. To this ]>art of the subject belongs alst» the tMiC"lion, 
Of two proposed Iraelions wiiicli is the greater or the k ss ? 


The rule for retbiciiig fractions to a connno!! ticnomiiuiti-r 
may bo concisely expre-^cd thus. Multiply each inmuajitur 
into every tknotuinator except its own, for a new uunu tMnir, 
and all the denominator.* t»igether ff>r the coinmon tlcoonu- 
nator. Wfitii this opciation has been pcrfonuctl, it %vill appear 
that the numerator and deininiinator <»1 cacli fraction luivi’ been 
multiplied by (he same qiiuulit\, and consequently rcLiin the 
sauie value. 
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for, to resolve this, wc have only to reduce the two fractions 
to the same denoniinator. l^et ns take, for example, the two 
fractions ami ^ ; when reduced tt> the same denominator, 
the first liccomes 44 , second 4 *, where it is evident 

that the sccoml, or 4-, i» the greater, and exceeds the former 

Again, if the fractions ] and | be proposed, we shall have 
to substitute for them and ; whence we may conclude 
that I exceeds 4 * but only by . 

91). W'^hcii it is required to subtract a fraction from an 
integer, it is sufficient to change one of the units of that 
integer into a fraction, which has the same denominator as 
that which is tt> be subtracted ; then in the rest of the oiK*ra- 
tion there is no difficulty. If it be reejuired, for example, to 
subtract ; from 1, we write } instead of 1, and wiy that 4 
taken fnnn j leaves the remainder *. So i*,, subtracted 
from 1, leaves . 

If it were reejuired to subtract i from 2, we should write 
1 and * instead of 2, and siiould then iiimiediately sec that 
after the suhtraclion there must reniaiu If. 


100. It happens also sometimes, that having added tw(» 
or more fractions together, we obtain more than an integer; 
that is to siiy, a numerator greater than the deiioniiiiaior: 
this is a case which ha.s already occurred, and deserves 
att nlion 

\N'e found, for example f Article Off], that the sum of the 
five fractions s> and was and remarked that 

the value of this sum was ,‘3’ ' or ;3l '. Likewise, 4 \ or 

-r- makes I or 1 Wc have therefore only tt> 

|K‘rl‘onn the actual division of the numerator bv the deno¬ 
minator, t(' see how many integers there are for the quotient, 
and to set down the remainder. 

Nearly the same must be done to add together luimlK'rs 
eomjioumled of integers and fractions; we first add the 
fractions, and if* the sum pnKluccs one or more integers, these 
are ad<Ied to the other integers. If it be projiosed, for ex¬ 
ample, to add J3-J and 2^; wc first take the sum of 4 and 
or of and which is 4 , or ; and thus we find the total 
sum to be ()'. 


(il i;STIONS FOR PRACTICE. 


1 . 


Reduce 



a 


h 


c 


to a common denominator. 

2ra: ab 

Ans. — and- 

ar ac 
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2. Reduce ~ and to a common denominator. 

b c 

. ac 

Ans, - 7 ~ and—;- 

be be 

Sj' Hb 

3. Reduce —, — , and ti to fractions having a common 


denominator. 


. 9cj' 4n/i Cuted 

A f ■ Alici "T*" 

Uric Ckic (wir 

3 5ir 

4. Reduce and a-j—^ to a common denominator. 

. 9a Hfix Ai2a^^2\.r 

1 «- .r*-4-a* 

5. Reducx' , and ^ common denominator. 

3r-{-3a 

(jx4-^>a' U-r-f-firr ’ (ii-fCa 

6. Reduce —^ v^-,and to a I’ommon denominator. 

2a** 2a’ a ’ 

2a’6 2^/’c 4a\Z b or 2r/i/ 
4.7'’ 4i|I> ‘ ■>-' ■ 


4a' 


ut xa‘ 




CHAP. X. 

Ofihe Multiplication and Division o/*Fractions. 

101. The rule for the multiplication of a fraction by nn 
integer, or whole number, is to multijily the numerator 
only by the given numf>cr, and not to change the deno¬ 
minator: thus, 

2 times, or twice 4- makes *, or 1 integer; 

2 times, or twice 1 makes 4-; ttnd 

S limes, or thrice ^ makes ’, or f ; 

4 timc.s makes or li\, or 1 
But, instead of this rule, wc may use that of dividing the 
denominator by the given integer, which is preferable, when 
it can be done, because it shortens tlie operation. Let it be 
required, for example, to multiply ^ 3; if we multiply 

the numerator by the given integer wc obtain whicii 
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product we must reduce to But if we do not change 
the numerator, and divide the denominator hy the integer, 
we find iniinedj|itcly 4, or 24, for the given product; and, 
in the same manner, 44 multiplied by 6 gives V, or 3 i. 

102. In general, therefore, tliC product of tlic multiplica¬ 
tion of a fraction ~ by r is ^ and here it may he re¬ 


marked, M'hen tlie integer is exactly equal to the denominator, 
that the product must be equal to the numerator. 

r I taken twice, gives 1 ; 

So that -< 4 taken thrice, gives 2; 

I Uiken four times, gives 3. 


And, in general, if wc multiply the fraction — by the 
niimlx^r h, the product must l)e o, as we liave already shewn; 
lor since expresses the quotient resulting from the di¬ 
vision of the dividend a by the divisor .'uid l>ecause it has 
been demonstrated that the c|Uotient multiplied by the divisor 

will give tlie dividend, it is evident that multiplied by h 


must prtxlijee a. 

103. Having thus shewn how a fraction is to be mul¬ 
tiplied by an integer ; let us iu»w consider also how a iractioii 
is to he divitiixl by an integer. This inquiry is neeess.Try, 
iK’foiv we prtK’eed to the iiudlipliention of fractions hy frac¬ 
tions. It is evident, if we have t<» divide the fr.'ietion 4 by 
2, that the n^sult must be -\ ; and that the <jii«)lient of 4 
di\i(!e(l hv 3 is 4 * The rule thcrcl'ore i.', to divi<le the 
nunuTiitor bv tlie integer w ithout changing the denominator. 

I'hus; 


divided by 2 gives vV i 
divided by 3 gives ^; and 
I j- dividend by 4 gives - 5 ^ i 

104, This rule may be easily practised, provided tlte 
numerator be divisible by the number proposed; but very 
often it is not: it must therefore be observed, that a fraction 
may be tran.sformcd into an infinite number of other ex¬ 
pressions, and in that number there must lie some, by which 
the nuineratur might be divided by the given integer. If 
it were rt'quireil, for example, to divide i by 2, we should 
change the fraction into 4 , aitd then dividing the numerator 
by 2, we should immraiately have 4- for the quotient 
sought. 
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In gcneml, if it be projx>sed to divide the fraction 
by c, wc change it into and then dividing Uie nuine- 
ratur ac by r, write ^ for the quotient soiiglit. 


105. When therefore a fraction is to Ik? di\ided bv an 

ft 

integer f, wc have only to multiply tlio denominator by that 
number, and leave the numerator as it is. Thus J do itied 
^ ^?*''*^* x 4 :» ***'<^^ i'*''. divided by 5 gives 
This owratum liceomes easier, wlieii tlie numerator itself 
is divisible by the integer, as we have su|>|H>seil in artiele 
103. For example, T. divith‘d by .‘> would give, aeeortling 
to our last rule, ; but by the ?irst rule, wliieh is applien- 
ble here, we obtiun an expression npfoalent !<> , but 

more simple. 

lOti- IVe shall now Im* able to understand how one fnietion 


“ maj' be multijilieil by another fraction -j-. I’or this pur- 

c 

jxise, wc have only to consider that means that r i*» di- 
videtl by d; and on this principle we shall first multiply tlu' 
fraction by c, which protluccs the result after which 


we shall divide by J, which gives 


ac 


Hence the following rule for imdliplying fractions. Mul¬ 
tiply the numerators together for a numerator, and the de- 
nuininators together for a denominator. 

Thus f by \ gives the product -J, or I; " 

-j- by -J. makes -t\ ; 
by Tr produces xi, or 

107. If now remains to shew bow one fraction may !k> 
divid^ by anotlier. Here we remark first, that if the two 
fractions nave the same number for a denominaUir, the 
division takes place only with respect to the numerators; 
for it is evident, that -> V are contained ns many times in -A 
os 3 is contained in 9, that is to say, three times; and, in 
the same manner, in order to divide tV by -rV, we have only 
to divide 8 by 9, which gives Wc shall also have in 

3 times; t »n 7 limes; in * 0 ^, &c. 

108. Hut when the fractions have not et|ual denominolors, 
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wc must have recourse to the method already mentioned fur 
reducing them to a common denominator. Let there be, 

for example, the fraction ^ to be divided by the fraction 


—. Wc first reduce them to tlie same denominator, and 
d 

there results tt to be divided by - 77 -; it is now evident 
hd du 

that the quotient must be represented simply by the division 

cul 

of ndhy bc\ which gives 


Hence the following rule: Multiply the numerator of the 
tliviflcnd by the denominator of the divisor, and the de¬ 
nominator of the dividend by the numerator of the divisor; 
then the first product will be the numerator of the quotient, 
an<l the second will be its denominator. 


109 . Apjdying this rule to the division of *- by wc 
shall have the (juotient ] al.st> the division of i by + will 
give % or or 1^ ; and 2 I by ’ will give 1^% or 

no. This rule fijr division is often expressed in a manner 
that is more easily rememlK“red, as follows: Invert the 
terms of the divisor, so that the denuminatur may be in the 
place of the numerator, and the latter be written under the 
line; then multipiv the fraction, which is the dividend by 
this inverted fraction, and the product will be the quo¬ 
tient sought. Thus, i dividetl by | is the same as ^ mul¬ 
tiplied by V, which makes or 1Also divided by ^ is 
the siime as ^ multiplied by L which is 44 ; or |4 divided 
by ^ gives the same as multiplied by y, the product of 
which is 44 .‘’j or !• 

W e sec then, in general, that to divide by the fract’on | is 
the same as to multiply by or 2 ; and that dividing by 4 - 
amounts to multiplying by J, or by 3, &c. 

111. The number 100 divideil by 4 will give 200; and 

1000 divided by i will give 3000, Farther, if it were re¬ 
quired to divide 1 by-j-gV^, the quotient would be 1000; 
and dividing 1 by -rWt quotient is 100000. This 

enables us to conceive that, when any number is divided by 
0, tlie result must be a numlier indefinitely great; for even 
the division of 1 by tlie small fraction t- 6 - 5 -&- 6 T!W 5 ^ gives for 
the quotient the very great number 1000000000. 

112. Ev'cry number, when divided by itself, producing 
unity, it is evident tliat a fraction divided by itself must also 
give 1 for the quotient; and the same follows from our rule : 
for, in onier to divide I by 4-, we must multiply I by 


D 
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which case vcc obtain or 1 : ami iT it he rcquircil 

divide hv wo Jiudtiplv l)v - wliere the i>nHiiicl 
O' h ^ ‘ 0 ' n ‘ 


ab 


ab 


j- is alsi> C(]u:il to 1 


113. Wo have still to explain an expression which 

fret|uently vistH.1. It niiiv ho a>ko(i, forexiunplo, uhal is tlu 
halhof ] ? This moans, that wo most tmiitiply ‘ hy !- S<» 

likewise, if the value of ^ ot* I were rotpnrod, wo sluuilti 
multiply hv "hicli proJoeos ^ ; ami ’ of 1.^ tin 

same as niullipliotl by which ]»ro«hjros * 

114. Lastly, w'e imist horo oi)sorve, with rcsjxvt to tin 

si^ns -}- and —, the siinio rulos that wo hcl'oro liiul down fin 
integers. Thus -f-' innhipllt'tl hy — L t'tttkos — ‘ ; aiul 
— 4 multiplied by —L “b.N* Farther —' dividotl 

by -4 -t» gives — | ’ ; and — ’ diviiknl hv — gives « 
or -f 1 . 


UtESTIONS Foil 1*11 ACTIO 1.. 


J’ 




/t ns. 


1. Required the proiluct of -jg and — 

2. Reciuircd the product o! and Ans. 

/> •*' j •*' 4" ^ j .1 ’ t 

3. Required the product of — and — Ans.—— - 

^ * u «-}-c a -fot 

„ . , - , 3r 3a , 9a i 

4. Required the product 01 and 


2.r 3a'* 

S. Required the product of —— and 


A ns. 
Ans. 


Mb 

3^ 


ba 


6 . Required the product of —, — 7 -, and Ans, Jw.i 


a 


Qlf 


bx u 

7. Required the product of 6 H-and —. 


Ans. 


ab-\-br 


8 . Required the product of 


he 


and 


H+T* 


Ans. 


x*—b* 
iy^c-^ be- 
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if 1 

9. Ilccjuirwl the* product of j’, —, and 

—jr 

J?is. -—-j- 
(r-j-a6 


Oj. 


jr O j< 

10. Ri‘([uirt d the (|iu)tient of — divided by -g-. 

Hci 4c 

11. lle([uired the quotient of divided by 

. ad 

x'-^-a X“\-h 

1*^. Ueipilred the quotient of ^ divided by 

5T*+6ar-|-a- 

O^B ^ 

115. Required the ((uolient of — divided by 

2x^ + Stax 
Ans, —— 

lx . . 12 91.r 

14. Required the quotient of divided by y^. Ans. • 

4r^ . . 4.1’ 

l.j. Ret|uired the (piotient of-^ divided by 5x. Ans, ^■ 

•r-j-l 3.C 

16. Ucf]uired tlic quotient of divided by 

x-f-l 


Ans. 


4j 


jr—5 Qcx 

17. lle(|uired the quotient of ■ —j - divided by 

x-b 

Ans. TTr-* 
Oc*x 

•j^ _ 

18. Reijuired the quotient of ^divided Ify- - - 

.i^+5.r 5* 

—i-7-. a: + '— 

x-h x 
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CHAP. \i. 

Q/'Square Numbers. 

115. The pnxluct of a numlxT, wlien multiplied by 
itself, is calleci a square; and, for tins reascin, the number, 
considered in relation to such a iircKhict, is called a square 
root. For example, when we uuiltij)ly 12 by 12, the prcxluct 
14>-lf is a square, of which the rcM»t is 12. 

The origin of this term is lH>rrowed from geometry, which 
teaches us that the contents of a .scpiare are found by mul¬ 
tiplying its sitle by itself. 

116. Square numbers are founrl therefore by innlti}>lica- 
tion; that is to say, by nniltijilying the root by itself: ibu^, 
1 is the square of 1, since 1 multiplied by 1 makes 1 ; liki*- 
wisc, 4 is the s<|uare of 2; and 9 the sejuare of 6; 2 also is 
the root of 4, and 3 is the nxx of 9. 

We shall liegin by considering the scjuares of natural 
numbers; and for this pur|x>seshall give the following small 
Table, on the first line of which several numbers, or roots, 
are ranged, and on the second their scjuarcs *. 


Numbers. 

1 

2 

3 

1 

5 

() 

i 

8 

9 

10 

11 

12 

1 '.■> 

Squares. 

1 

4 


16 

2.3 

:’6 

!9 

64 

SI 

1(X) 

121 

141 

169 


117. Here it will be readily perceived that the series of 
square numbers thus arranged has a singular projx'rty ; 
namely, that if each of them be subtracted from that wdiieb 
immecViately follows, the remainders always increase by 2, 
and form this series; 

3, 5, 7, 9, 11, 13, 15,17, 19, 21, &c. 
which is that of the odd numbers. 

118. The sejuares of fractions are found in the same 
manner, by multiplying any g;ivcn fraction by itself. For 
(sample, the square of 4 is -]r, 

* We have very complete tables for the squares of natural 
numbers, published under the title Tetragonoinetria Tabularia, 
&c. Auct. J. JoboLudolfo, Amstclodami, 1690, in 4to.” 7'hese 
Tables arc continued from 1 to 100000, not only for finding those 
squares, but also the products of any two numbers less than 
100000; not to mention several other uses, which arc explained 
in the in(r«»chicti«»n to the work. F. T. ^ 
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The sijuarc of 


i. 

(. I } &c. 


Wc have only therefore to divide the square of the 
numerator the square of the denominator, and the 
fraction which expresses that division will be the square of 
the given fraction; thus, is the square of and re¬ 
ciprocally, 4- is the root of 

119. When the sejuare of a mixed number, or a number 
coni|)oscd of an integer and a fraction, is required, wc have 
only to reduce it to a single fraction, and then take the 
.square of that fraction. I..et it l>e retjuired, for example, to 
find the Mjuarc of ; we fir.st express this number by 
and taking tlie square of that fraction, we have or 6f, 
ibr the value of tlie stjuare of 21. Also to obtain the square 
of 31, wc say 3J is ccjiial to ; therefore its square is equal 
to or to lOi^^. The squares of the numbers l>etwccn 
3 and 4, siipf>o.sing them to increase by one fourth, arc as 
1 ‘ollow: 


Numbers, j .3 | .S4 j 34 1 34 i 4 
Squares, j 9 | lOA [ 124 I 14A I 1^^ 

Fr<im this small Table we may infer; that if a root contain 
a fraction, its stjuare also contains one. Let the root, for 
example, Ik* 1 ^% ; iu? square is * or that is to say, 

a little greater than the integer 9. 

190. I..ct us now proceed to general expressions. First, 
when the root is a, tlie square must l)e oa; if the root Ik 
9a, the square is 4aa; which shew.s that by doubling tlie 
root, the s(]uare lK*oomes 4 times greater; also, if the root 
1)0 3a, the square is 9aa; and if the root Ik* 4fl, the sejuare 
is 16aa, Farther, if the root be ad, the square is aadd ; and 
if the root be adc, the sejuare is aahbcc ; or 

121. Thus, when the root is comjxised of two, or more 
factors, we multiply their sc^uarcs together; and reciprocally, 
if a square Ik comjxised ot two, or more factors, of wdiich 
each IS a srjuare, we have only to multiply together the 
roots of those squares, to obtain tlie complete root of the 
square proposed. Thus, 2304 is equal to 4 x 16 x 36, 
the square root of which is 2 x 4 x 6, or 48; and 48 is 
found to be the true square root of 2304, because 48 x 48 
gives 2304. 

122. Let us now consider what must be observed on this 
subject with ri^ard to the signs -j- and —. First, it is 
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evident that if the root have the sign -f-» to s.ay, it* it 

be a |x>sitivc number, its sijuarc must necessarily l>c a |)usitive 
numuer also, liecause -f- multiplied by -|- makes -j- : hence 
the square of -f-n will be -f-a« : but if the root lie a negative 
number, as — a, the semare is still positive, for it is -f* 

We may therel'ore conclude, that -{-cuf is tlie si}uarc both of 
-h* ancl of — a, and that consequently every s(|uare has two 
roots, one po«tive, and tlie other negative. The sc|uare root 
of 25, for example, is botli -|-5 and —5, becau.se —5 mul¬ 
tiplied by —5 gives 25, as well as 45 by 45, 


CHAP. XII. 

O/'Squarc Hoots, aful q^Irrational Numbers resultingJ'nmt 

than. 

123. What wc have said in the preceding chapter amounts 
to this; that the square rcx>t of a gvvcMi mimlK'r is that num- 
l>cr whose s(]uare is equal to the given number; and that 
we may jiut betbre those roots either the jxjsilive, or the 
negative sign. 

124. So that when a square numlx'r is given, providtd 
wc retain in our memory a suiheient iiumlxT oi* stpiure uuin- 
licrs, it is easy to find its rcxit. If 19(>, for example, be the 
given number, wc know’ that its scpiure root is 14. 

Fractions, likewise, arc easily managed in the same wav. 
It is evident, for example, that 4 i^* die .stjuare rtH)t of ’ ^ ; 
to lie convinced of whicii, wc have only to lake the stpuire 
root of the numerator and that of the denominator. 

If llic number proposed be a mixed lutmlxT, as 12^, we 
reduce it to a single fraction, which, in this case, w ill be *1* ; 
and from this wc immediately perceive that must 

ne the square root of 12^. 

125. But when the given numlicr is not a sc|uarc, a.s 12, 

for example, it is not possible to extract its scpiare nxit; or 
to find a number, which, multiplied by itself, w’ill give the 
product 12. We know, however, that the square root of 12 
must be greater than 8, because 3x3 produces only 9; 
and less than 4, because 4x4 produces 16, which is more 
than 12; wc know also, that this root is less than 3[, for wc 
have seen that the stjuare of 3^, or i.s 12| ; and we may 
approach still nearer to this root, by com))ariug it with 3 ; 

for the square of Ji/y, or of is ViV» «r 12i ; so that this 
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i raction is still greater than the root required, thougli but very 
little so, ns the difference of the two scjuarcs is only 

liiC. We may suppose that as 3^ and 3 ,^ 5 - are nuiiiliers 
greater than the root of 12, it might be p>ssib]e to add to 3 
a fraction a little less than and precisely such, that the 
si{uare of the sum would be equal to 12 . 

Let us therefore try with since t i:) a little less than xt* 
Now 3f is et|ual to %*, the scjuarc of which is and con- 
s(.H|uently less by than 12 , which may be expressed by 
. It is, therefore, proveil that 3} is less, and that 3^j%- 
is greater than the root rt*quircd. Let us then try a num¬ 
ber a little greater than 3^, but yet less than 3~,y-; for ex- 
anqile, 3,\ ; tliis number, which is C(]ual to -l-f, nas for its 
square and by reducing 12 to this denominate', wc 

obtain which shews that 3,*, is still less than the root of 

12 , viz. by -j ^ ; let us therefore substitute for the fraction 
, which is a little greater, and see what will be the result of 
the comparison of the square of 3,y, with the imiptiscd nuni- 
Ikt 12 . Here the s<|uare of 3/y is ' ‘ ' and 12 reduced to 
the same denoiiiinutor is *,V,/ ; m) that is still too small, 
though only by w'hilst TJ /-,- has been found too great. 

127. It is evident, therefore, that whatever fraction is 
jiMueil to 3, the stjuare of that sum must always contain a 
I'raetion, and can never be exactly C(|ual to the integer 12 . 
Thu.s, although we know that the st]uare nx>t of 12 is greater 
than 3,y, and less than yet wc are unable to assign an 
intermediate fraction Ix'lween these two, which, at the same 
time, if iulded to 3, would express exactly the sejuare root of 
12 ; hut notwithstanding this, we are nut to assert that tlie 
S(|uare root of 12 is absolutely and in itself indeterminate: 
it i>nlY follows from what has Ix.'cn said, that this root, though 
it neecssarilv has a determinate magnitude, cannot be ex- 
pressetl by fractions. 

128. There is therefore a sort of numbers, which cannot be 
.assigned by fractions, but which are nevertheless determinate 
cpiantities; as, for instance, the stjuare root of 12 : and we 
call this new species of numbers, irrational numbers. They 
occur whenever we endeavour to find tlie square rtxjt of a 
number which is not a s(|uiu'e; thus, 2 not being a ixirfect 
square, the square rcx>t of 2 , or tlie numlx*r which, multiplied 
by itself, would produce 2, is an irrational quantity. These 
numliers arc also called surd quantities, or inrommen- 
surahles. 

120. These irrational quantities, though they cannot be 
exprcssetl liy fractions, arc nevertheless magnitudes of whieli 
we may form an accurate idea; since, however concealed 
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the square root of 1S6, ft)r example, may appear, we are not 
ignorant that it must be a number, which, when muitiplied 
by itself, would exactly produce 12; and this pn»]ierty is 
sufficient to give us an idea of tlic nuinlier, because it is in 
our power to approximate towards its value CHintinually. 

Itk). As we are therefore sufficiently acquainted w'ith 
tlie nature of irrational numlicrs, under our present con¬ 
sideration, a particular sign has been agrec'd on to expresa- 
the square roots of all numbers that are not pcrfoc*t stjuarcs ; 
which sign is written tluis v^, and is read square root. 
Thus, v/12 represents the square root of 12, or the number 
which, multiplied by itself, produces 12; and v^2 repix'scnts 
the square root of 2; the square ixioi of 3; s/y that of 
■y; and, in general, Va represents the s()uare root of the 
number a. Whenever, therefore, we would express tin* 
square root of a number, which is not a sc^uore, we ncetl 
only make use of the mark ^ by placing it before the 
number. 

131. The explanation which we have given of irrational 
numbers will readily enable us to apply to them the known 
methods of calculation. Tor knowing that the scpiure nxit 
of 2, multiplied by itself, must pnxluce 2; we know also, 
that the multiplication of v'2 by must necessarily pro- 
duce 2; that, in the same manner, the multiplication of i/3 
by VS must give 3; that ^5 by V5 makes 5; that v'* 
by makes y; and, in general, tliat Va niultiplicHl by \ra 
produces a. 

132. But when it is required to multiply by v'A, the 

product is V'aA; for we liave already shewn, that if a stpiare 
nas two or more factors, its root must he composed of the 
roots of those factors; we therefore find the square root of 
the product aby which is by multiplying the sejuare 

root of Uy or v'fl, by the square nx>t of by or ^b; &c. It 
is evident from this, that if b were equal to a, wc should 
have \^aa for the product of v'a by ^b. But ^aa is 
evidently a, since aa is tlie square of a. 

133. In division, if it were required, for example, to 

divide v^a, by ^b, wc obtain and, in this instance, 

the irrationality may vanish in the quotient. Thus, having 
to divide ^18 by V'S, the quotient is which is re¬ 

duced to v'** and consequently to because % is the scpiarc 
of 

134. When the number before which wc have plac^ the 
radical sign \/, is itself a square, its rcx)t is expressed in the 
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usual way ; thus, v^4 is the same as S; ^9 is the same as 
3; a/ 36 the same as G; and the same as I, or S^. 

In these instancet', the irratio^ity is only apparent, and 
vanishes of course. 

135. It is easy also to multiply irrational numbers by or¬ 

dinary numbers; thus, for example, 2 multiplied by ^5 
makes 2^/5; and 3 times makes 3v^2. In the second 
example, however, as 3 is equal to v^9, we may also express 
3 times ^2 by ^9 multiplied by \^3,or by v'l^; also 2^a 
is the sjime as v'4fl, and 3v^a the same as and, in 

general, b^a has the same value as the square root of bba, 
or •/bba : whence we infer reciprocally, that when the num¬ 
ber which is precedeil by the radical sign contains a square, 
wc may take the nx>t of that square, and put it before the 
sign, as wc should do in writing h^a instead of ^/bha. 
After this, the following reductions will be easily under- 

^/8, or V (2.4) 1 f2v/2 

12 , or (3.4) I 2^3 

li—lnJ3v/2 

v'24, or v^(6.4) 

v/32, or ^/(2.16) 

.,'75, or v'(3.25) 

and so on. 

136. Division is founded on the some principles; as yfa 


2v/6 

4v'2 

5v/3 


divided by ^b gives or a/-^. In the same manner. 


s/8 

V/2 

V18 

V2~ 




Farther, 

3 


/ 


3 . , J v'O 

^ -iscciualto^ 73^®**'^ 
10 I /1 A.A. 


4 

or v^2, 
^ .... ,/a 


or v/(6 X 4), or lastly 2v^o. 

137. There is nothing in particular to be observed in ad¬ 
dition and subtraction, because wc only connect the numbers 
by the signs -|- and — : for example, v'S added to v^3 is 
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wiittco ; and V3 subtracted from ys is written 

ys - y.‘). 

We may observe lastJv, that in order to distinguish 
die irrational numbers, we call all other numbers, liotn in¬ 
tegral and fractional, ratiatud numbers ,* so that, whenever 
we speak of rational numbers, we understand integers, or 
fractious. 


CHAP. XIII. 

Impossible, or Imaginary Quantities, xohich arUr /hmt 

tfie same source. 

139. We have already seen that the sijuarcs of nimilnTs, 
negative as well as jxihitive, arc always {jositive, or alfetletl 
by the sign -4-; having shewn that —a muUiplieil by —a 
gives -j-flo, the same iis the prtxluet of hy -j a : where¬ 
fore, in the [ircccding chapter, we sup]X)seu that all the 
niiniliers of which it was rccjuircxl to extract the Mjuare 
nx>ts, were |X3sitive. 

140. When it is required, therefore, to extract the root of 
a negative number, a great dilliculty arist's; since there is 
no assignable number, the square of which woultl be a nega¬ 
tive quantity. Supjxise, for example, lliat we wished t‘> 
extract the nxJt of —4; w'e here retjiiire such a luimlx'r a>, 
when multiplied by itself, would produce —4: nt>w, this 
iiunibcr is neither 4" 2 nor — SJ, because the s(.{uarc both of 
4-i2 and of —2, is -|-4, and not —4. 

141. We must therefore conclude, that the srjiiare rcxit of 
a negative nuralxT cannot be either a {xisitive number or a 
negative numlicr, since the squares of negative nunilicrs also 
take the sign plus: consequently, the root in question must 
belong to an entirely distinct s{xx;ies of numbers; since it 
cannot be ranked either among jxisitivc or among negative 
numbers. 

142. Now, we before remarked, that jxjsitivc numix'rs 
arc all greater than nothing, or 0, and that negative uumbers 
m'C all less than nothing, or 0; so that whatever cxcccils 0 
is expressed hy }KJsitive numbers, and whulcver is less than 
i> Ls expressed hy negative numbers. The s<{uarc nxits of 
negative numbers, thereibre, are neillier greater nor less 
tlian nothing; yet we cannot say, that they are 0; fur 0 
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iiiultipUcd by 0 f>rodiu:es 0, and consequently does not give 
II negative number. 

145. And, since all numbers whidi it is possible to con¬ 
ceive, are either greater or less than 0, or are 0 itself, it is 
evident tliat we cannot rank the square root of a negative 
number amongst possible numbers, and we must therefore 
say that it is an impossible quantity. In this manner we are 
le<l to the idea of numbers, which from their nature are ira- 
{X)s.'>iblc; and therefore they are usually called ima^narff 
(/uantiiics^ liecause they exist merely in the imagination. 

141. All such expressions, as v" ~ ^ —3, 4, 

&c. arc consequently imjxjssible, or imaginary numbers, 
Miice they represent roots of negative quantincs; and of 
such numlicrs we may truly assert that they arc neitlicr 
nothing, nor greater than nothing, nor less tnan nothing; 
which necessarily constitutes them imaginary, or impossible. 

145. Hut notuithstanding ihi.s tliese numbers present 
themselves to the mind ; they exist in our imagination, and 
we .‘<till lla^e a suflicient idea of them; since we know tliat 
bv y— 1 i« meant a nundier which, multiplied by itself, 
produces —4; for thi" reason also, nothing prevents us 
from making use of thc.se imaginary numbers, and employ¬ 
ing them in calculation. 

l ib. The fir'>-t idea that occurs on the prc.scnt subject is, 
that the stpiare of —5, fm* example, or the protluct of 
y—5 bv —5, must be —5; that the product of a/ —I 
by V —1, is —1; and, in general, that by multiplying 

—a by — flf, or by taking the .square of ^/ — a we ob¬ 

tain —{/, 

147. Now, as — a is equal to -|-« multiplied by —1, and 
;ls the sciuare root of a product is found b}' multiplying to¬ 
gether tlie roots of its factors, it follows that the root of a 
times —1, or x/—o, i.s ec{ual to multiplied by V-1; 
but */(i is a jK)ssible or real number, consetjiiently the whole 
inqxi.ssibility t»f an imaginary quantity may be ahvays re¬ 
duced to V"—1} for reason, v' —4 ise(}ual to ^4 mul¬ 
tiplied l)y — 1, or equal to —l,l>ecause .x/4 is equal to 
U; likewise —9 is reducetl to vD X v/ —1, or3V--l; 
anil v/—lb is equal to 4^*—1. 

148. Moreover, as multiplied by makes ab, wc 
shall have v'b for the value of a/ — 2 multiplied by v/ — 3 ; 
and ^-^4, or 2, for tiu* value of the product of x/ —1 by 
v/ — 4. Thus we sec that two imaginary numbers, mul¬ 
tiplied together, produce a real, or ]x>ssiblc one. 

But, on the contrary, a yxissiblc number, multiplied by uit 
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impossible number, ^ves always an imaginary product: 
thus, v' — S by V+S, gives v'—-15. 

149. It is the same with regard to division; for 

divided by making it is evident that di¬ 

vided by — 1 will make ^/+4, or 8; that v'+S divided 
by .v'—3 will give ^ — 1; and that 1 divided by V-I 

gives aZ—I, or 1; because 1 is equal to 

150. We have before observed, that the square root of 
any number has always two values, one })ositive and the 
other negative; that ^4, for example, is both -f 8 and ~ 8, 
and that, in general, we may take — as well as -f- 
for the square root of a. This remark applies also to ima¬ 
ginary numbers; tlie square root of —« is both —o 
and ~ V—i but we must not confound the signs -f- and 
—, which are before the radical sign v', with tlie sign which 
comes after it. 


151. It remains for us to remove any doubt| which may 
be entertained concerning the utility of the numbers ot' 
which we have been speaking; for those niimliers lieing im¬ 
possible, it would not lie surprising if they were thought 
entirely useless, and the object only of on unfounded sjx'cii- 
lation. This, however, would be a mistake; for the cal¬ 


culation of imaginary quantities is of the greatest imjxirtance, 
as questions frequently arise, of which we cannot imme¬ 
diately say whether they include any thing real and ixissible, 
or not; but when the solution of such a question leads to 
imaginaiy numbers, we arc certain tliat what is re([uired is 
impossible. 

In order to illustrate what we have said by an example, 
suppose it were proposed to divide the number 18 into two 
such parts, that the product of those iiarts may be 40. If 
we resolve this question by the ordinary rules, we find for 
the parts sought 6 v^—4 and 6 — vZ—4; but these num¬ 

bers being imaginary, we conclude, that it is impossible to 
resolve the question. 

The difference will be easily jxrceivcd, if we suppose the 
question had been to divide 18 into two parts wnich mul¬ 
tiplied together would prcxluce 35; for it is evident that 
those parts must be 7 and 5. 
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CHAP. XIV. 

Of Cubic Numbers. 

15‘.2. When a numlier lias l3ccn mukiplicxl twice by itself, 
or, which is the same tiling, when the s«|iiarc of a number 
has been multinlied once more by that number, we olitain 
a pnaiuct which is called a c'm5c, or a. cubic number. Thus, 
the cube of a is since it is the protluct obtained by 
inultiplyiiig a by itself, or by o, and that square aa again 
by ii. 

he cubes ot the natural numbers, therefore, succeed 
e;u-h other in the following order * : 


Numbers 

1 


“i + 

5 

6 

/ 

““s 

f»| 10 

C'uhcs 

1 

8 

ic 

-I 

12.5 

216 


512 

729il(XK) 


153. If we consider the differences of those cubes, as we 
dill of the stjuares, by subtracting each cube from that 
which comes after it, we obtain tlie following series of 
numbers: 

7, 19, 37, 61, 91, 127, 169, 217, 271. 

Where we do not at first obser\'e any regularity in them ; 
but if we take the res|)ective differences of tliese numbers, we 
liiid the following series: 

12, 18, 24, 30, 36, 42, 48, 54, 60; 
in which the terms, it is evident, increase always by 6. 

154. After the definition we have given of a cuoe, it will 
not be difiicult to find the cubes of fractional numbers; 
thus, ^ is the cube of 4 ; is the cube of 4 ; and is the 
culic of -j-. In the same manner, we have only to take the 
cube of the numerator and that of the denominator sepa¬ 
rately, and we shall have ^ for the cube of 4- 

155. If it be required to find the cube of a mixed num¬ 
ber, we must first reduce it to a single fraction, and then 
proceed in the manner that has been described. To find, 
for example, the cube of I 4 , we must take that of which 

* We are indebted to a mathematician of the name of J. Paul 
Buchner, for Tables published at Nuremberg in 1701, in which 
arc to be found the cubes, os well as the squares, of all numbers 
from 1 to 12000. F. T. 
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is Y, or .‘P.; alw> the- cube of 1^, or of tlio sinpflo fraction ’, 
is Y/> or i-Jri ; oube of 6], or of Y^ is * Y \or 

156. Since aaa is tlic cube of «, that of a5 will be aaufM ; 
whence we see, that if a number lias two or more factors, we 
may find its cube by multiplying together the ciilies of those 
factors. For example, as 12 is ctjual to 6x4, we multiply 
the cube of 3, whidi is 27, by the cube oi* 4, which is (i t, 
and we obtain 1728, the cube of 12; and furtlicr, the culie 
of 2a is Sana, and consequently 8 times greater than the 
cube of a: likewise, the cube of 3a is 27aaa ; that is to say, 
27 times greater than the cube of a. 

157. Let us attend here also to the signs -f- and —. It 

is evident that the cube of a jxisitive number -{-a must also 
be pc^itive, that is -f-awri; but if it be rctiuircd to cube a 
negative number —a, it is found by first taking the s<iunrc, 
which is and then multiplying, according to the rul»*, 

this s()uare by —n, which give's tor llie cube retiuirctl — aaa. 
In this resjKJCt, therefore, it is not the same with cubic miin- 
lx^rs us with s(|uares, since the latter are always jxisitive : 
whereas the cube of —I is —1, tliat of —2 is —8, that <»l 
—3 is —27, and so on. 


CHAP. XV. 

(y’Cubc Roots, and (vf irrational Numliers rcauUmi^ friyht 

them. 

158. As we can, in the manner already explained, find 
tlic cube of a ^ven number, so, when a nuinlicr is proposinl, 
we may also reciprocally find a number, w'hich, niultiplii'd 
twice by itself, will produce that number. The number 
here sought is called, wdtli relation to the other, the cube 
root; so that the cube root of a given number is the number 
whose cube is equal to that given number. 

159- It is easy therefore to determine the cube root, when 
the number proposed is a real cube, such os in the examples 
in the last chapter; for we easily perceive that the cube root 
of 1 is 1; that of 8 is 2; tliat ol 27 is 3; that of 64 is 4, 
and so on. And, in the same manner, the cube root of —27 
is —3; and that of —125 is — 5. 

Farther, if the profx>sed number be a fraction, as 



CHAl*. XV 


OF ALGEBRA. 


47 


cubo root of it must bo }; and that of is ijastly, 
the ouIk* r{)Ot of a inixctl nunibor, such as must be 4 , 
or 1 ’ ; bocuusc* is c<jual to 'I*. 

1(J(). But if the proiK>sed number be not a cube, its cube 
i‘<K>L cannot be expressed citlicr in integers, or in fractiotial 
numbers. For example, is not a cubic number; there¬ 
fore it is imjMissible to assign any nunjocr, either integer or 
fractional, whoso cube shall be exactly 43. We may how¬ 
ever ailirm, that the cube root of that number is greater 
tlian .‘3, since the cube of ii is only ill; and less than 4, 
because the cube of 4 is ()4: we know, therefore, that the 
cube root retpiired is necessarily contained between the 
numbers H and 4. 

IGl. SiiKve the cube r<Jot of 4i3 is greater than 3, if we 
adil a fraction to 3, it is certai!! that we may approximate 
still nearer and nearer to the true value of this root: hut we 
cun never assign the number which exjircsses the value ex¬ 
actly ; because the culni oi’ a mixed number can never be 
perfectly etjual to an integer, such as 43. If we w’erc to 
supj)t>;>e, for example, 3 4 , or to be the cube root required, 
the error would be ^ ; for the cube of I is only 
4ii:, 

1G2. Tiii.s therefore sljews, that the cul>e root of 43 can¬ 
not he expyressetl in any way, cither by integers or by frac¬ 
tions. However, we have a distinct idea of the magnitude 
of this nx)t ; ami therefore we use, in order to represent it, 
the sign C/, which w'c place before the proposecJ number, 
nntl which is read ni//c roo/, to distinguish it from ibesquai'c 
nxit, wliich is olten called simply l/ir root; thus V43 means 
tlu* eul>e rix)t ol’ -43 ; that is to say, the number whose cube 
is 43, or wlilch, multiplied by itself, and then by itself again, 
protluces 43. 

KW. Now', it is evident that such expressions cannot 
belong to rational quantities, but that they rather form a 
particular species of irrational quantities. They have no¬ 
thing in common witli sc]uarc roots, and it is not possible 
to express such a cube root by a square root; as, for ex¬ 
ample, by fo** the square of v /12 being 12 , its cube 

will be l:Jv/ 12 , consequently sull irrational, and therefore it 
cannot be equal to 43. 

164. If tne proposed number be a real cube, our ex¬ 
pressions become rational. Thus, is equal to 1; i /8 is 
equal to 2 ; 4/27 is equal to 3; and, generally, ^aaa is equal 
to a. 

166. If it were proposed to multiply one cube root,/yw, 
by another, ^ 6 , the product must beVo 6 ; for wc know that 
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the cube root of a product ah is found multiplying to¬ 
gether the cube roots of the factors. llence, luso, u we 

divide hy^by the quotient will be^-^. 

166. We farther perceive, that is ecjual to y8», 

because % is equivalent to ; that is equal to 

hl/a is equal to ^abbS; and, reciprocally, if the number 
under the radical sign has a factor which is a cul)e, we 
may make it disappear by placing its cube root before the 
si^; for example, iiisteaci of we may write 4^; and 
5va instead of^lSSa: hence <^16 is equal to bemuse 
16 is equal to 8 x 2. 

167. When a number proposed is negative, its culie ixK>t 
is not subject to the same diHUculties that occurred in treating 
of scpiare roots; for, since the cubes of negative nuiiilK’rs 
are negative, it follows that the cube roots of negative itum- 
bers are also negative; thus 4^—8 is et^unl to —2, and 
J/—27 to —3. It follows also, that v^ —12 is the same as 
—V12, and that —a may lie expressed by —«• Whenev 
we sec that the sign —, when it is found after the sign of 
tlie cube root, might also have been placetl Iwfore it. We 
are not therefore led here to impossible, or imaginary luiin- 
Ijcrs, which happened in considering the stpiarc nxits of 
negative numbers. 


CHAP. XVI. 

O/* Powers in genera/. 

168. The product wliich we obtain by multiplying a 
number once, or several times by itself, is called a power. 
Thus, a square which arises from die multiplication of a 
number by itself, and a cube which wc obtain by mul- 
tipl 3 ring a number twice by itself, are powers. Wc say 
also in the former case, that the number is raised to the 
second degree, or to the second power; and in the latter, 
that the number is raised to the third degree, or to the third 
power. 

169. We distinguish those- powers from one another by 
the number of times that the jpven number has been mul¬ 
tiplied by itself. For example, a square is called the second 
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power, iHxause a certain given number has been multiplied 
l)y itself; and If a number has been multiplied twice by 
itself we call the product the third power, which therefore 
means the same as the cube; also it we multiply a number 
three times by itself we obtain its fourth power, or what is 
commonly called the Inquadrate: and thus it will be easy 
to understand what is meant by the fifth, sixth, sevmith, &c. 
power of a number. I shall only add, that powers^ after 
the fourth degree, cease to have any other but mese numeral 
cbstinctions. 

170. To illustrate this still better, we may observe, in the 
first place, that tlic powers of I remain always the same; 
because, whatever number of times we multiply I. by itself, 
the ])rodtJct is found to be always 1. We shall therefore 
l>egin by representing the powers ot’2 and of 3, which succeed 
eaeh otfior as in the following order: 


Powers, 

Of the number 2. 

Of the number 3. 

Ist 

1 2 

3 

2d 

1 4 

9 

3d 1 

1 8 

27 

4th 1 

16 

1 

5th 

32 

: 243 

GUi ■ 

64 

, 729 

7th 

128 

; 2187 

Sth 

256 

6561 

9th 

512 

19683 

lOlh 

1024 

59049 

lllh 

2048 ! 

177147 

12lh 

4096 ' 

531441 

13th 

8192 

1594323 

14th 

16384 

4782969 

15di ; 

32768 

14348907 

16th i 

65536 

43046721 

17th 

131072 

12<)140163 

18th 1 

262144 

387420489 


But the powers of the number 10 are the most remark- 
able: for on these powers the system of our arithmetic is 
founded. A few of them ranged in .order, and beginning 
with the first power, arc as folfow: 

1st 2d 3d 4th 5th 6th 

10 , 100, 1000, 10000, 100000, 1000000, &c. 

171 . In order to illustrate tliis subject, and to oonuder 
it in a more general manner, we may observe, that the 

£ 
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powers of any number, a, succeed each other in the fol¬ 
lowing order: 

1st 2d Sd 4th 5th 6th 
a, aa, aoo, acuui, aaaaa^ aooaera, Si^ 

But we soon feel the inconvenience attending this manner 
of writing the powers, which consists in the iicocssity of re¬ 
peating the same letter very often, to express high powers; 
and the reader also would Mve no less trouble, if he were 
obliged to count all the letters, to know what power is in- 
tmidra to be represented. The hundredth power, for ex¬ 
ample, could not be conveniently written in this manner; 
and it would be equally difficult to read it. 

172. To avoid this inconvenience, a much more com¬ 
modious method of expressing such powers has been devised, 
which, from its extensive use, deserves to be carefully ex¬ 
plained. Thus, for example, to express the hundredth 
power, we simply write the number 100 above the quantity, 
whose hundredth power we would express, and a little to¬ 
wards the right-hand; thus represents a raised to the 
100th power, or the hundredth power of a. It must be 
ol)serv^, also, that the name exponent is given to the num¬ 
ber written above that whose jxiwer, or degree, it re[>resent8, 
which, in the present instance, is 100. 

173. In the same manner, signifies a rai.sed to the 2d 
power, or the second |X)wer of o, which we represent some¬ 
times also by an, because l)oth thc'se expressions are written 
and understood with equal facility; but to express the cuIk', or 
the third pow'er oaa, we write a*, according to the rule, that 
we may occupy less room; so a* signifies the fourtli, a’ the 
fifth, and the sixth power of a. 

174. In a word, the different powers of a will l>e re¬ 
presented by a, a®, a’, u\ a', a*, a^, n**, a'®, &c. Hence 

we see that In this manner we might very properly have 
written instead of a for the first term, to siiew the order 
of the series more clearly. In fact, a* is no more than a, as 
this unit shews that the letter a is to be written only once. 
Such a series of powers is called also a geometrical pro¬ 
gression, because each term is by one-time, or term, greater 
than the preceding. 

175. As in this series of powers each teim is found 
by mulriplying the preceding term by n, which increases 
the exponent oy 1; so when any term is gveo, we may 
also find the preceding term, if we divide hy a, because this 
diminishes the exponent by 1. This slicws that the term 
which precedes the first term a} must necessarily be 
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or 1; and, if we pcocecd according to the exponents, we 

Of 

immediately conclude, that the term which precedes the first 
must lie a*’; and hence wc deduce this remarkable property, 
that f/" is always equal to 1, however greater small the value 
of the number a may be, and even when a is nothing; that 
is to say, aP is equal to 1. 

176. We may also continue our series of powers in a retro¬ 
grade order, and that in two different ways; first, by dividing 
always by a; and secondly, by diminishing the exponent 
by unity; and it is evident that, whether we follow the one 
or the other, the terms are still perfectly equal. This 
decreasing series is represented in tx>th forms in the fol¬ 
lowing Table, which must be read backwards, or from right 
to left. 



177. Wc are now come to the knowledge of powers 
whose exponents arc negative, and are enabled to assign 
the precise value of those powers. Thus, from what has 
been said, it appears tliat 


1 f 1 



178. It will also be easy, from the foregoing notation, to 
fin'd the powers of a product, ah ; for they must evidently be 
ab, or o*A', a*6’, &c. and the powers of 

fractions will be found in the same manner; for example, 

those of are' 
o 

o* a* a' a* a’ o* cP ,, 

T** "6*’ b* 

E S 
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179. Lastly, wc have to cc»tisider the powers of negative 
numbers. Siipjx>sc llio given niimlfer to be — <t; then its 
powers wUl form the ftdiowing scries: 

—a, -a\ -fa*, — a\ &c. 

Where wc may c^Mcrve, tliat those powers only lieocmie 
negative, whose exponents are odd numbers, anu that, on 
the contrary, all the powers, which liave an even number 
for the exfionent, ore podtive. So that the third, fitlh, 
seventh, ninth, &c. powers have all tlic sign —; and tlie 
second, fourth, sixth, eighth, &c. powers ore affected by the 
sign 4 .. 


CHAP. XVII. 

Of the Calculation ^Powers. 

180. We have nothing particular to observe with rcgartl 
to the jiddition and Subtretetion of ixmcrs; for wc only 
represent those operations by means of the signs + and —, 
when the powers are different. For e,\ample, (d is the- 
sum of the second and third )x>wers of a ; and a* — i.s 
w-hat remains when we subtract the fourth jxjwer of o from 
the fifth ; and neither of these results can Ik* abridged : but 
when wc have powers of the same kind or degree, it is 
evidently unnecessary to connect them by signs; as <d -f td 
becomes 2 a’, &c. 

181. But in the Muliiplicaiton of jxiwcrs, several circum¬ 
stances require attention. 

First, when it is required to multiply any power of a hy 
a, we obtam the succeeding pow'er; that is to say, the f)Ower 
whose exponent is greater by an unit. Thus, a% multiplied 
by a, pr^uces a* ; and a^, muluplied by a, produces a*. 
In the same manner, when it is recpiircd to multiply by a 
the powers of any number represented by a, having negative 
exp^ents, we have only to add 1 to the exponent. Thus, 
a—* multiplied by a produces a^, or 1 ; whi<m is made more 

evident by oonmdering that o—^ is equal to *^, and that the 
product of ~~ by a being it is consequently equal to 1 ; 
likewise a—* multiplied by a, produces a”’, or ~; and 
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a —multiplied by a, gives a*—®, and so on. [See Art. 
175,176.1 

182. Next, if it be required to multiply any power of a 
by a% or the second power, I say that the exponent becomes 
greater by Thus, the product of a* by is a'*; that of 
a* by a’ is ; that of a* by a* is a^-; and, more generally, 
a" multiplied by «* makes o"'*'*. With regard to negaUve 
cx{x>ncnts, we snail have a', or a* for the product of a—' by 

a*; for a—‘ being ec|ual to it i.s the same as if we had 

divided aa by a; eonse<]Ucntly, the product required is 
eta 

—, or a; also o—multiplied by a% produces a**, or 1 ; and 

a—^, multiplied by «*» produces a—'. 

188. It is no less evident, that to multiply any |x>wer of 
« by a’, we must increase its exponent by three units; and 
that, consequently, the prcxluct of a" by ei^ is And 

wiienever it is retmired to multiply together two powers of 
it, the product will be also a })ower of a, and such that its 
ex[K>ncnt will lie the sum of those of the two given powers. 
For example, ei* multiplied by o’ will make and mul- 
ti})lie<l by o’ will produce o’®, &c. 

ISl. From these considerations we may easily determine 
the highest powers. I'o find, for instance, the twenty-fourth 
[lower of 2, I multiply the twelfth power by the twelfth 
[lower, because 2“'* is e(|ual to 2‘* X 2'*. Now, w'e have 
already seen that 2‘* is 4096; I say therefore that the num¬ 
ber 10777216, or the product of 4096 by 4096, expresses 
die power required, namely, 2’*. 

185. Let us now proceed to division. We shall remark, 
111 the first iilace, that to divide a power of a by a, we must 
subtract 1 from the exponent, or diminish it by unity; thus, 

divided by a gives a* ; and a% or 1, divided by a, is equal 

to a—^ divided by a, gives a- *. 

186. If we have to divide a given power of a by we 
must diminish the exponent by 2; and if by a*, we must 
subtract 3 units from the exponent of the power nropqs^; 
ind, in general, whatever power of a it is required to divide 
jy any other power of a, the rule is always to subtract the 
exponent of the second from the exponent of the first 
if those powers: thus a’* divided by a\ will give a®; a® 
livided by will ^ve a—'; and a—^ divided by a* will 
pve a—T. 

187. From what has been said, it is easy to understand 
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the method of finding the p o we i ' s of poiwers, tins heing 
done by multiplication. When we seek, for exaronle, the 
square, or the second power of we find ; ana in the 
same manner we find fur the third |x>wer, or the cu^, of 
a*. To obtain the square of a power, we have only to double 
its exponent; for its cube, we must triple the exponent; and 
so on. Thus, the square of a'* is ; the cube of a' is n*"; 
the seventh power ot a"* is a^'% Slc. 

188. The 8(]uare of n®, or the square of the square of a, 
being a*, we see why the fourth power is called the bigua- 
drate: fidso, the square of a* being the sixth power has 
received the name of t?u aquare-cubed. 

Liastly, the cube of a* being «?, we call the ninth power 
the cubo-cube: alter this, no other denominations of this 
kind have been introduced for powers; and, indeed, the two 
last are very little used. 


CHAP. XVTII. 

QT Roots, with relation to Powers in freneral. 

1^ Since the ^iiare root of a given number is a num* 
ber, whose square is equal to that given number; and since 
the cube root of a given number is a number, whose cube is 
equal to that given number; it follows that any number 
whatever being given, we may always suppose such roots of 
it, that the fourm, or the fifth, or any otJier power of them, 
respectively, may be equal to the given number. To distin¬ 
guish these difierent kinds of roots better, we shall call the 
square root, the second root; and the cube root, the third 
roots because according to this denomination we may call 
theJhurth root, that whose biquadrate is equal to a given 
number; and the^^h root, that whose fifth power is equal 
to a given number, &c. 

1^. As the ^uare, or second root, is marked by the sign 
v^, and the culnc, or third root, the sign so me fourth 
nxit is represented by the sign ; the filth root by the agn 
^; and so on. It is evident that, according to this method 
of expression, the sign of the square root oug^t to be ^: 
but as of all roots mis occurs most frequently, it has been 
agreed, for the sake of brevity, to omit the number 2 as the 
ngn of this root. So that when the radical sign has no num- 
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ber prefixed to it, thU always shews that the square root is 
meant. 

191. To explain this matter still better, we shall here 
exhibit the difierent roots of the number a, with their re¬ 
spective values: 



So that, conversely. 

The 2d \ 

TheSd I 

The 4th / power of 

The 5th \ 

The 6 th ^ 


V'o'l {a, 

^af \a, 

4 /a > is equal to< a, 

4 /a i i a, 

) \ a, and so on. 


192. Whether tlie number a therefore be great or small, 
we know what value to affix to all these roots of difierent 


degrees. 

It must be remarked also, that if we substitute unity for a, 
all those roots remain constantly I ; because all the powers 
of 1 have unity for their value. If the number n be ^eater 
than 1, all its roots will also exceed unity. Lastly, if that 
number be less than 1 , all its roots will also be less than 
unity. fr 

193. When the number a is positive, we know from what 
was before said of the square and cube roots, that all the 
other roots may also be determined, and will be real and 
possible numbers. 

But if the number a be negative, its second, fourth, sixth, 
and all its even roots, become imjx>ssible, or imaginary num¬ 
bers ; because all the powers of an even order, whether of 
poative or of negative numbers, are affected Iw the sign : 
whereas the third, fiflh, seventh, and all its odd roots, become 
negative, but radonal; because the odd powers of negative 
numbers are also negative. 

194. We have here also an inexhaustible source of new 


kinds of surds, or irrational quantiUes; for whenever the 
number a is not really such a power, as some one of the 
foregoing indices represents, or seems to require, it is im¬ 
possible to express that root either in whole numbers or in 
fractions; ana, consequently, it must be classed among the 
numbers which are called irrational. 
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CHAr. XIX. 

Of Ui€ Method i^reprtiainding IrratiiHiol Nuiiibvni by 
Fractional Exponents. 

195 . We have shewn in the preceding chapter, ilmt the 
s(|uare of any power is Ibund hy doubling the exponent of 
tiiat power; or that, in general, the scjuare, or the second 
power, of a"', is a*" ; and the converse also follows, viz. that 
the square root of the power is •/»'', whidi is found by 
taking half the exponent u(f that {X)wcr, or dividing it 
by 2. 

196 . Thus, the square root of u® is or n ; that of «* 
is rt* that of is a*; and so on : and, ns this is general, 

the square root of o* must necessarily be a*, and that of tr' 
% 

must be ; consequently, we shall in the some matiiH'r 

' t 

have foe the s(][uarc root of a*. Whence we sec that a‘ 
is equal to ; which new method of representing the 
square root demands particular attention. 

197 . We have also shewn, that, to find the cube of a 
{mwen as a", we must multiply its cx])onent by 3, and con- 
seaueWy that cube is 

Hence, conversely, when it is required to find the third, 
or cube root, of the power we nave only to divide that 
exponent by 3, and may therefore with certainty conclude, 
that the root required is a : consequently or o, is the 
cube root of a*; «* is the cube root of a®; a’ of o^; and 
so on. 

198. Tlicrc is nothing to prevent us from applying the 
same reasoning to those cases, in whicli the exponent is not 
dividble by 3, or from concluding that the culx; root of a* 

* 41 

is a^, and that tlie cube root of •• is a'*', w ; conae^ 

I 

quently, the third, or cube root of a, or a>, must be aJ: 

I 

whence also, it appears, that is the same as 

199> It is the same with roots of a higher degree: thus, 

the fourth root of a will be a*^, which expresnon him the 

same value as ^a; the fifth root of e will be a'>', which is 
consequently c(|uiva]ent to ; and the some observation 
may to extended to all roots of a higher degree. 
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^00. Wc may therefore entirely r^ect the radical signs at 
present made use of, and employ in their stead the fractional 
exponents which wc have just explained: but as we have 
been long accustomed to those signs, and meet with them in 
most bo^B of Algebra, it might be wrong to bani^ them 
entirely from calculation; there is, however, sufficient reason 
idso to employ, as is now frequently done, the other method 
uf nutation, because it manifestly corresponds with the nature 

X 

of the thing. In fact, we see immediately that ci* is the 
s<|uarc rcxit of a, txx:ause wc know that the square of 

that is to say, multiplied by is equal to a', or a. 

201. What has been now said is sufficient to ^ew how 

we ore to understand all otlicr fractional exponents that may 

♦ 

occur. If wc have, for example, tins means, that we 
inui^t first take the fourth piwer of a, and then extract its 

cuIk*, or third root; .so that a* is the same as the common 

expressitin l/u^. Hence, to find the value of wc must 
first take the cube, or the tliirtl jiower 4»f a, which is a*, and 

liicn extract the ibiirth root of that power; so that is the 

same as anil a'** is equal to^a*, &c. 

202 . When the fraction which represents the exponent 
exceeds unity, we may express the value of the given quan¬ 
tity in another way: for instance, suppose it to be \ this 

I 

quantity is cipiivalent to which is the product of a* by 

' V . ... ’ . 

a*: now being equal to it is evident that is 

I O I 

equal to alsoa^ , or is equal to a* and 

a , tliat is, expresses a? ^a\ These examples arc suf¬ 

ficient to illustrate the great utility of fVacdonal exponents. 

203. Their use extends also to fractional numbers: for if 
there lie given we know that this quantity is equal to 

; and wc have seen already that a fraction of the form 
— may be expressed by ; so that instead of wc 

^ t 

may use the expresssion a and, in the same man- 
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is equal to a 


Again, if the quantity 


«■ 

Va» 


be 


a* 


proposed; letU be transfonned into this,which is the 

product of a* by a now this product is equivalent to 

or to a*'*', or lastly, to at/a* Practice will render wmilar 
reductions ea^. 

804. We shall observe, in the last place, that each root 
may be represented in a variety of ways; for v'a being the 



is equal to a'*', will be equal to H/a*, or to ^a\ or to 'i/a*. 
Hence also we see that the number a, or a*, mi^t be repre> 
sented by the following radical expressions: 

i/a\ i/ai', i/a*, i/u\ &c. 


SM)5. This property b of great use in multiplication and 
division; for if we have, for example, to multiply Va by 
we write t/a* for t/a, and instead of X/a ; so that in this 
manner we obtain the same radical sign for both, and the 
multiplication being now performed, gives the product %/a?. 

The sanm result b also deduced from which is the 

product multiplied by ; for 4 4* t la 79 and conse- 

5 

quently the product r^uired b a^,ori5/a^. 

On the contrary, it it were required to divide I/cl, or 

■ I I ■ 

d?-, by Va* or we should have for the quotient d^ 

* — * . * 
or d^ that b to say, d^, or %/a. 


QUESTIONS FOR PRACTICE RESPECTING SI7SDS. 

1. Reduce 6 to the form of v^5. Ans. v^36. 

8. Reduce a -f* 6 to Uie form of ^/hc. 

Arts. v^(aa ■+> 9ab -f- ^5)* 


S. Reduce r-~r to the form of Vd. 
bVc 


Ana. V 


aa 

bbc 


4. Reduce a* and to the common index -f. 

Ans. and 
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5. Reduce V48 to its simplest form. jins. 3. 

6 . Reduce ^ (a*jr — o*Jc*) to its simplest form. * 

Ans. a V(ax —xx*). 

7. Reduce to its simplest form. 

. 8flr5, a 
Ans, 

8 . Add to 2v/6; and ^8 to ^50. 

Afis, Sv'6; and 7^2. 


9. Add ^4 ig and together. 

together. 


c\ * 
_ * 

5 


10. Add — ^ and , 

c 6 

11 . Subtract from yo®. 

■p j 

12. Subtract - 7 -’ ^ from 

o 

13. Multiply 

14^ Multiply v'd by 

15. Multiply v^(4a -- 8 x) by 2a. 


c I 


Ana. (a+2)v^a. 

Ana. (a— 2 )^ 0 . 

. 5*-c» 1 

Ana. —i— 4/-;— 
* oc 

. 3o«d 

.An^. 

Ana. ^(a*6^). 


Ans. V(16a* — 12a*x). 


16. Multiply ■^v'(o •— x) by (c — d)v'ax. 

ac '—ad 

.dw. ——v'(a*x—ojr*). 


2 ^ 


^ ■ J.. A. 

17 . Divide a^ by and a" by «"•. 

18. Divide 


Ana. cP ^; and a" 

i a 

v^(a’x — ax*) by - «)• 


— n 


2 b 

Afw. (c ’^d) \/cup. 

19 . Divide a* — ad b + d^b by a — x^b. 

Ana.a~\-x/b — d. 

20. What is the cube of 4 /2? .dns. 4 / 8 . 

21 . What is the square of S^bc*? Ana. 9c^b*c. 

a 2 a 

22. What is the fourth power of ? 


Ana. 


45*(c‘-25c+ft‘)‘ 

23. What is the square of 3 -f- v'S ? A»m. 14 +6v^5. 

24. What is the square root of a^ ? ' Ana. ; or 4 /a*. 

25. What is the cube root of ^/(a* — x*) ? 

jina. — x*). 
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d6L Wliat niultipUer will render a ~f'\<^9riiikNitt} 

Afu» n ^S. 

5i7. What multiplier will render ^a— •/b rationid ? 

-dfM. -v/a+v'^. 

What niultipUer will render the denominator of the 
fraction rational ? Ana, — v'S. 


CHAP. XX. 

the diffh’ent Methods ^^Calculation, and qf'their mutual 

Connexion. 

206. Hitherto we have only explained the difFercnt me¬ 
thods of calculation : namely, addition, subtraction, mul¬ 
tiplication, and division; the involution of powers, and the 
extraction of roots. It will not- be improper, therefore, in 
tins place, to trace back the orig^in of tliesc different methcxls, 
and to explain the connexion w'hich subsists among them; 
in order that we may satisfy ourselves whether it be 
possible or not for other operations of the same kind to 
exist. This inquiry will throw new light on the subjects 
which we have considered. 

In prosecuting this design, we shall make use of a now 
character, which may be employed instead of the cNpression 
that has been so often re{)cated, is equal to; this sign is =:, 
which is read ia equal to: thus, when 1 write a ■= b, this 
means that a is equal to 6: so, for example, 3x5=15. 

' 207. Hie first mode of calculation that presents itself to 
the mind, is undoubtedly addition, by which we odd two 
numbers together and find their sum: let therefore a and b 
be the two gjven numbers, and let their sum be expressed 
by the letter c, then we shall have a = <r; so that when 
we know the two numbers a and b, addition teaches us to 
find the number c. 

208. Preserving this comparison n -|- ^ = c, let us reverse 
the question by asking, how we are to find the number 5, 
when we know the numbers o and c. 

It is here required therefore to know what number must 
b^added to a, in order thet the sum may he the number c : 
suppose, for example, a = S and c = 8; so tiiat we must 
have 8 *4* 5 ss 8; then b will evidently be found by sub- 
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tracting 9 from 8 : and, in general, to find we must sub¬ 
tract a from c, whence arises b ^ c ^ a; for by adding a to 
lioth sidea again, we have b^a^c — a-^a, that is to say, 
a= c, as we supposed. 

i309. Subtiaction therefore takes place, when we invert 
the auction which mves rise to addition. But the number 
which it is required to subtract may happen to be greater 
than that from which it is to be subtracted; as, fear mcample, 
if it were required to subtract 9 from 5: this instance th«c- 
fnre furnishes us with the idea of a new kind of numbers, 
which we call negative numbers, because 9 9 — 4 . 

210. When several numbers are to be added together, 
which are all equal, their sum is found by multiplication, and 
is called a pnxiuct. Thus, ab means the product aiising 
from the multiplication of a by A, or from the addition of the 
numlier a, b numljcr of times; and if we represent this pro¬ 
duct by the letter c, we shall have ab = r; thus multipuca- 
tion teaches us how to determine the number c, when the 
nurol>er 5 a and b arc known. 

211 . Let us now propose the following questkm: the 
numlicrs a and c being known, to find the number b. Sup¬ 
pose, for example, « =: d, and r = 15; so tliat 36 = 15, 
and let us inquire by what numlx.‘r 3 must be multi|dicd, in 
<»rder that the imxluct may be 15; for the question pro- 
)X)sCd is reduced to this. This is a case of dividon; and the 
nuinlKT required is found by dividing 15 by 8 ; and, in 
general, the number 6 is found by dividing c by a; from 

which results the equation b = 

212. Now, as it frequeiitlv happens that the number r 
cannot be really divided by the number a, while the letter 6 
must however have a determinate value, another new kind 
of Bumbors present themselves, which are called Jraxiions^ 
For example, suppose a = 4, and c = 3, so that 46 = 8 ; 
then it is evident tnat 6 cannot be an integer, but a fraction, 
and tliat we shall have 6 = 

213. We ^ve seen that multiplication arises from ad¬ 
dition; that is to say, from the addition of several equal 
quantities: and if we now proceed farther, we shall perceive 
that, from the multiplication of several equal quanttiaes to¬ 
gether, powers are derived; which powers are represented in 
a general moniier by the expression a'’. This signifies that 
the number a must be multiplied as many limes by itself, 
nunua 1, os is indicated by the nunfoer 6 . And we know 
from what lias been already said, that, in the present in- 
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Haaoe) a ii called the root, b the exponcnnt, and the 
fiDwer. 

214. Farther, if we represent this power also by the letter 
Cy we have u*‘ = r, an equation in wliich tliree letters a, b, c, 
are found ; and we have shewn in treating c£ powers, how 
to find the power kaelf, that is, the letter c, wh^ a root a 
and its eicpoDent b are given. Suppose, for example, asaSy 
and 6 s S, so that r = 5’: then it is evident that we must 
take the third power of 5, which is 125, so that in this case 
c = 126. 

216. We have now seen how to determine the power r, by 
means of the root a and the exponent b ; but if we wish to 
reverse the question, we shall - find that this may be dune in 
two ways, ara that there are two different cases to be con¬ 
sidered : for if two of Uiese three numbers a, b, r, were civen,^ 
and it were required to find the third, we should iromeoiately 
perceive that this questimi would admit of three different 
suppositions, and consequently of three solutions. Wc have 
conddered the case in which a and b were the given num¬ 
bers, we may therefore supixise farther that r and a, or c 
and 6, are known, and that it is required to determine the 
third letter. But, befOTe we proceed any fartlier, let us point 
out a very essential distinction between involution and the 
two operations which lead to it. When, in addition, we re¬ 
versed the question, it could be done only in one way; it 
was a matter of indifference whether wc took c and a, or c 
and by f(or the given numbers, because we might indifferently 
write a H- 6, or 6 -fa; and it was also the same with mul¬ 
tiplication ; we could at pleasure take the letters a and b for 
each other, the equation ab — c being exactly the same as 
ba = c: but in tne calculation of powers, the same thing 
does not take place, and we can by no means write b* in¬ 
stead ck* a^; as a single example will be sufficient to il¬ 
lustrate : for let a s 5, and 5 = 3; then we shall have 
a* a 6* = 125; but 5* = 3^ = 243: which arc two very 
different results. 

216. It is evident then, that we may propose two ques¬ 
tions more; <Hie, to find the root a by means of the given 
power c, and the exponeait 5; the other, to find the ex- 
pement 5, supposing the power c and the root a to be 
Known. 

217. It mi^ be said, indeed, that the former of these 
queatkms has been reserved in the chapter on the extraction 

'of roots ; mnent if 5 = 2 , for example, and = c, we know 
by this means, that a is a number whose square is equal to 
Cf and consequently that a = In the same maimer, if 



CHAF. XXI. 


OF ALGEBRA. 


6 s= 3 and a’ = c, we know Uiat the cube f)f a.iaii8t be equal 
to the given number c, and consequently diat a =: \/c. It 
is therefore esMw to conclude, generally, from this, how to 
determine the letter a by means of the lettCTs c and h ; for 
we must necessarily have a =: ^r. 

SI8. We have already remarked also the consequence 
which follows, when the given number is not a real power; 
a case which very frequently occurs; namely, that then the 
required root, 0 , can neither be expressed by integers, nor 
by fractions; yet since this root must necessarily have a de¬ 
terminate value, the same connderation led us to a new kind 
of numbers, which, os we observed, are called surds, or irra¬ 
tional numbers; and which we have seen are divisible into 
an inhnitc number of different sorts, on account of the great 
variety of roots. Lastly, by the same inouiry, we were led 
to the knowledge of another particular kind of numbers, 
which have been called imaginary numbers. 

219 . It remains now to consider the second question, 
which was to determine the exponent; the power c, and the 
root a, both being known. On this question, which has not 
yet occurred, is founded the important theory of Logarithms, 
the use of which is so extensive through the whole compass 
of mathematics, that scarcely any long calculation can be 
carried on without their assistance; and we shall find, in 
the following chapter, for which we reserve this theory, that 
it will lead us to another kind of numbers entirely new, as 
they cannot be ranked among the irrational numbers before 
mentioned. 


CHAP. XXI. 

Logarithms in general. 

220. Resuming the equation a* =: c, we shall begin by 
remarking that, in the doctrine of Logarithms, we assume 
for the root a, a certain number taken at pleasure, and sup¬ 
pose this root to preserve invariably its assumed value. 
This being laid down, we take the exponrat h such, that 
the power o'* becomes equal to a given number C; in 
whicti case this exponent b is said to be the logeerithm of the 
number c. To express this, we shall use the letter L. or 
the initial letters ug. Thus, by 6 L. c, or 6 = log. c. 
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we nean that b is equal u> the logaritlun of the tmmber r* 
or that the logarithm of c is 6. . 

We see tlien, tliat the value of the root u besng 
ooce estaUidied, the logarithm €>t* any number, e, is nothing 
mmre than die cx{xment of tliat wwer of a, which is equal 
to«; so that c being =: a*, & is uie ^f^rithro of the power 
If, the present, we suppose sr ], we have 1 for 
the kg^dini of a*, ami ecmsequeotly /bg’. o = 1 ^ but if we 
suppose 4 = 2, we have ft for the k^rithm of a*; dial is to 
a* = 2, and we may, in die same manner, obtain 
kip a* = 3 ; log, a* = 4; kg, =r 3, and so on, 

2 2 2 . If we make 6 ss 0, it is evident that 0 will be the 
logarithm of a**; but s ]; oonsequendy log, 1 :s 0, what- 
ever be the value of die root a. 

Suppose 6 = — 1, then —1 will be the logarithm of 

o—'; but «—* = ; so that we have kg, ®nd in 

the same manner, wc shall have kg, ~ 

= — 3; log. — = — 4, &c. 

228. It is evident, ihch, how wc may represent the loga¬ 
rithms of all the powers of a, and even those of fractions, 
which have unity for the numerator, and for the denominator 
a power of a. We sec also, that in all those cases the loga 
rithms arc integers; but it must be <»l)scr% ed; that if h wen 
a IractioD, it would lie the logarithm of an irrational nttm- 
ber: if wc suppose, for example, b rr i-, it follow's, that [ is 

the Ic^arithm of a or of V'a; consequently wc have also 
log, x/a z=. [i and wc shall And, in the same manner, that 
log.^a = -J-, log.^a z=. I, litc. 

224. But if it be requiiw to find the logarithm of another 
number c, it will be readily perceived, that it can neither 
be an inU^r, nor a fraction; yet there must be such an ex¬ 
ponent b, that the power of’ may become equal to the num¬ 
ber proposed; we have dier^re b =: kg, c ; and generally, 
xs c, 

S125, Let us now consider another number d, whose loga¬ 
rithm has been represented in a similar manner by kg. d ; 
so that = d. Here if we multiply this expression by 
the preceding one = c, we shall have = rd; 

hence, iht exponent is alwaps Uko kgaritiim f^the power i 
oonsequendy, log. c kg. d = kg, cd* But if, instead of 
miilti^ying, we divide die former expression by the latter, 
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wc shall obtain ~ ’ and, consequently, log. c — 


log. d ~ 

226. Tills leads us to the two principal properties of loga¬ 
rithms, which are contained in the eijuations la^. c Ic^. d 

£ 

— log. cd, and log. c — log. d = log. The former of 

these equations teaches us, that the It^ritlim of a product, 
os rd, is found by adding together me logarithms of the 
factors; and the latter shews us this property, namely, that 
the logarithm of a fraction may be determined by sub¬ 
tracting the logarithm of the denominator from that of the 
numerator. 

227. It also follows from this, that wlien it is required to 
niiihiply, or divide, two numbers by one another, vre have 
only to add, or subtract, their logarithms; and this is what 
ci>nstitiitcs the singular utility of logarithms in calculation: 
i'or it is evidently much easier to add, or subtract, than to 
multiply, or divide, particularly when the question involves 
large numbers. 

£^28. Logarithms arc attended w'ith still greater advnn> 
tages, in the involution of powers, and in the extraction of 
r<K>ts; for if d zr r, we have, by tlie first property, log. c + 
log. c — log. cr, ore"; consec|uently, log.ee — 2 log. r; and, 
ill the same inaiincr, wc obtain log. c' — 3 log. e; log. = 
•I lo^. e ; and, generally, log. c * = hg. r. If we now sul>- 
stilule fractional nuniliers for «, we shml have, for example, 

I 

log. c*', tliat is to say, lag. = [log. c ; and lastly, if we 
suppose n to represent negative numbers, wc shall have log. 

r-*, qf log. — , = — fog. r; log. c-*, or log. ^y=—2log. 

r, and .so on; which follows not only from the equation 
log. e” = « log. c, but also from log, 1=0, as we have 
already sc%n. 

229. If therefore wc had Tables, in which logarithms 
were calculated for all numbers, wc might certainly derive 
from them very great assistance in performing the most 
prolix calculations; such, for instance, os require frequent 
multiplicaUOns, divisions, involutions, and extractions of 
roots: for, in such Tables, wc should have not only the 
logarithms of all numbers, but also the numbem answering 
to all logarithms. If it were required, <fbr example, to find 
the square root of the number c, wc must first find the loga- 
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riUim of r, that is, lo}*, r, and next taking the half of that 
logarithm, or r, ue should liave the logarithm of the 
Muare rtx>t re(|iiirctl: \%’e have therefore only to look in the 
Tables for the number answering to that logarithm, in order 
to obtain the rout reijuired. 

230. We have alreatly seen, that the numl>ers, 1, 2, S, 4, 
5, 6, &:c. that is to say, all (xjsitive lunnlK'rs, arc logarithms 
of the root a, and of its [x>sitive }x>wers; eonse(|uently, 
logarithms of numbers greater than unity : and, on the con¬ 
trary, that the negative numbers, as — 1, —2, are loga¬ 
rithms of the fractions ., &c. which arc less than unity, 

but yet greater than nothing. 

ifencc, it folh»ws, that, if the logarithm lie |X>sitivc, the 
number is always greater than unity ; but if the logarithm 
he n^;ative, the number is always less than unity, and yet 
greater than 0; conse<mently, w'e cannot express the loga¬ 
rithms of negative minuK'rs: we must therefore conchule.lhai 
the logarithms of negative niimliers ore imjxissihle, and that 
they belong to the class of imaginary ((ijnntitii*s. 

f^l. In order to illustrate this more fully, it will Ih' 
proper to fix on a determinate luiinlier iV>r the nxit n. l^et 
us make choice of that, on which the common Logarlthmii 
Tablets are formed, that is, the nunilx^r 10, which has been 
preferred, because it is the foundation of our Arithmetic. 
But it is evident that any other nuinla'r, provided it were 
greater than unity, wmdd answer the same purjxisc: anti 
the reason why we cannot sup|xisc a — unity, or 1, is 
manifest; because all the |K)wers a' would then lx* con¬ 
stantly equal to unity, and could never become equal to 
another given numlx^r, c. 


CHAP. XXII. 

Of the Logarithmic Tables noto in uae. 

232. In those Tables, as we have already mentioned, w'c 
begin with the supposition, that the rcxit <z is =:^ 10; so that 
the logarithm of any numlier, r, is the exponent to which we 
must raise the number 10, in o^<n* that the power resulting 
from it may be equal to the number c; or if we denote the 
log^thm of c by L.r, we shall always have = c. 
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5286. We have already observed, that the logarithm of 
the number 1 is always 0; and we have also 10” = 1; con¬ 
sequently, /qg. 1=0; log. 10=1; log. 100 = 2; log. 
1000 = S;log. 10000 = 4; fog. 100000 = 5; log. 1000000 
= 6. Farther, lag. — 1 ; log. to ^ = - 2 ; fog. -r-cVir 
— — ^l(*g* TB^'sTs- = *” 4; log. iTrti’tr-o- = — 5; fog. 

__I — ft 

ny'sircro'O' — 

284. The logarithms of the principal numbers, therefore, 
are easily determined ; but it is iduch more difficult to find 
the logarithms of all the other intervening numbers; and 
yet they must l>e inserted in the Tables. This however is 
not tile j)lace to lay down all the rules that are necessary for 
such an inquiry; we shall therefore at present content our¬ 
selves with a general view only of the subject. 

235. First, since log. 1=0, and log. 10 = 1, it is evident 
that the logarithms of all number;: between 1 and 10 must be 
included between 0 and unity ; and, consequently, be greater 
than 0, and less than 1. It will therefore be sufficient to 
consider the single iiuiuher 2; the logarithm of which is 
certainly greater than 0, hut less than unity : and if we repre¬ 
sent this logariliim by the letter a-, so that log. 2 = a:, the 
value of that letter must lie such as to give exactly 10‘ = 2. 
We easily pe»‘ceive, also, that x must lie considerably 

less than or which amounts to the same thing, 10^ 

is greater than 2; for if wc square both sides, the s(]uare of 
1 

10^ = 10, and tiio s<|uare of 2 = i. Now, this latter is 
much less than the former: and, in the some manner, we 


see that x is also less than I; that is to say, 10^’ is greater 

r 

than 2: for the culxj of 10^ is 10, and that of 2 is only 8. 
Hut, on tlie contrary, by making x = a, wc give it too small 

I 

a value; because the fourth jiow'cr of 10^'being 10, and 

1 

that of 2 being 16, it is evident that 10^ is less than 2. 
Thus, we see that x, or the fog. 2, is less than -f, but greater 
than ^: and, in (the same manner, wc may determine, with 
respect to every fraction containeti between ^ and .f, whetlier 
it be too great or too small. 

In making trial, for example, with t* which is less than 
and greater than i, 10 % or lOy, ought to be s= 2; or the 
scventli power of 10 ^, that is to say, 10 -, or 100 , ought to 
be equal to the seventh power of 2, or 128; which is con¬ 
sequently greater than 100. We sec, therefore, that ^ ** 
less than log. 2, and that log. 2, which was found less than 
T, is how'cvcr greater than y. 
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liOt US try another fraetion, which, in consequence of 
what we have alreaidv fountl, must lie contnineil l>etween ^ 
and 3 -, Such a fraction between these limits is ; and it is 

j 

therefore required to tind whether 10 if tliis be the 
case, the tenth powers of those numliers arc also djual; but 

the tenth power of 10 "* ° is 10 -' = KKH), and die tenth fwwer 

of 2 is 1024; we conclude therefore, that 10‘ is less than 
2 , and, consequently, that is too small a fraction, and 
therefore the log. 2 , though less than is yet greater 

than 

236. This discussion serves to prove, that log. 2 has a 
determinate value, since w'e know that it is certainly greater 
than f\, hut less than ^ ; we shall not how’ever pniceed anv 
farther in this investipfation at present. Being therefore still 
ignorant of its true value, we ^hall represent it hv .r, so that 
log. 2 = .r; and emieavoiir to shew how, if it were known, 
we could deduce from it the lojjanthms of an infinitv <»f 
other numliers. For this purjxise, we shall make um.‘ ot 
the efjuation already mentionetl, namely, Aig. al = hg. c -h 
log. d, which comprehends the profK.‘rty, that the logarithm 
of a product is found hv adding together the higarithins of 
the factors. 


237. First, as log. 2 = .r, ami /og. 10 = 1, we siiall have 

log. 20 = .r 4 - 1, log. 200 ~ .r \ 2 

log. 2000 = a- -f 3, log. 20000 = .r f- 4 

log. 2tK)000 =: .1 + 5, log. 2000(M)0 rr .r f 6 , See. 

238. Further, as log", r" n 2 log. c, and log. rr 3 log. c, 

and log. c* “ 4 log. r, &c. we have 

log. 4 = 2^*; log. 8 = 3.r; log. 16 = 4jr; log. 32 = 5j ; 
log. 64 = 6 a', &.C. Hence we find also, that 


log. 40 = 2^ -f- 1» 
log. 4000 = 2a’ 4- 3, 
log. 80 = 3ar 4" 
log. 8000 = 3a: = 3, 
log. 160 = 4x4-1, 
log. 16000 = 4r + 3, 

2.39. Let us resume also 


log. 400 = 2.r -f 2 

log. 40000 = 2^ 4- 4, &c. 

log. 8(K) = 3a- 4 - 

log. 80000 = 3x h 4, &e. 

log. Um - 4a 4 - 2 

log. 160000 zz 4x 4 4, icc. 

other fundamental equation. 


£ 

log. = log. c — log. d, and let us suppose c = 10 , and 


d = 2 ; since log. 10 = 1 , and log. 2 = r, we shall have 
log’ ' 7 , or log. 5 = 1 — a*, and shall deduce from hence the 
following equations ; 
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U>(f, 50 = J2 — 0 ", hg* 500 = 3 — j: 

log, 5000 = 4 - hg. 50000 = 5 - j , &c. 

Jog. 25 = 2 - ar, ia5 = 3 ~ 

log. 625 = 4 — 4r, log. 3125 zz 5 — 5x, &c. 

log. 250 = 3 - ar, log. 2500 = 4 — 2.r 

h^g. 25000 = 5 - 2jr, log. 250000 = 6 - 2r, &c. 

/oiT. 1250 = 4 — 3x, /o^. 12500 = 5 - 2x 

log. 1250(K) = 6 - 3x, %•. 1250000 = 7 - 3a:, &c. 

6250 zz 5 — 4.r, 62500 = 6 — 4a: 

l(fg. 625000 = 7 - 4 .r, log. 6250000 = 8 - 4i*, &c. 
and so on. 

2K). It’uv knew the lo/rarithm of 3, lhi.s would lie the 
fiieans aK<i of detennunng a iiuiuber of other logarithms; as 
a{)j)ears from tl»c folhiwing examples. Let the log. 3 be 
represented by the letter y : then, 

log. 30 — y + 1, h^g. 300 = ^ -f- 2 

.’iOOO — y 4- 3, log. 300(K) ;= +- 4, &c. 

log 0 z= 2y, log. 27 = 3/y, log. HI = 4^, &c. we shall 
have alM), 

}og. 6 “ .?• -{- ?/, log. 12 = 2 .r -+-»/, /oy»'. 18 = O’ -f- 2 ^, 

/oy»'. 1 3 4“ log. .5 =r ^ 4“ 1 — 

21 ' 1 . W’e have already seen that all numbers arise from 
the nniltipheation of prune numbers. If therefore we only 
kiit'w the logarithms of all the j>rime nun»l>ers, we could (ind 
tlie logarilluns oi’all l!)e other mimlK'rs by simple additions. 
'J’he number 210 , fl>r i-xainple, being formed by the factors 
2, 3. .j, 7, its logarithm will be log. 2 + lofg. 3 -f log. 5 4- 
Acg. 7. In the Niiine manner, since 360 = 2 x 2 x 2 x 


3 < 3 v 5 — 2^ X 3" X 5, we have log, 360 = 3 log. 2 f 
2 log. 3 4 ^ log. 5. It is evident, therefore, that by means 
of the log.inthiUN of the prime nninber.s, we may determine 
those of all others; and that we must first apply to the 
dc‘termmation of the former, if we would construct Tables 


of Logaritlmis. 


CHAP. XXIII. 

Of the RletluKl of expressing Logarithms. 

242. We have seen that the logarithm of 2 is greater tlian 
and less than -J-* and tliat, consequently, the exponent of 
10 must fall lictween those two fractions, in order tliat the 
power may bc'coinc 2. Now, although we know this, yet 
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whatever fracdon we assu m e on this condition, the power 
resulting from it will be always an irrational number, greater 
or less man 2; and, consequently, the logarithm of 2 cannot 
be accurately expressed by such a fraction: therefore we 
must content ourselves with determining tlie value of that 
logarithm by such an approximation as may render the 
error of little or no importance; for which purpose, we 
employ what are called decimal Jractlonit, the nature and 
properties of which ought to tie explained as clearly as 
MsiUe. 

243. It is well known that, in the ordinary way of writing 
ittimbers by means of the ten figures, or characters, 

0, 1, 2, 3, 4, 5, 6, 7, H, 9, 

the first figure on the right alone has its nutuntl signification ; 
that the figures in the second place have ten limes the value 
which they would have had in the first; that the figures in 
the third place have a hundred times the value; and those 
in the fourth a thousand times, and so on: so iliat as ihov 
advance towards the left, they ac(juire a \alue ten limes 
greater than they had in the prtveding r.*uik. Thus, in the 
number 1765, the figure 5 is in the first place on the right, 
and is ^ust equal to 5; In the seeond place is 6; hut this 
figure, instead of 6, rcprest'iit.s 10 x 6, <»* ik): tlu* figure 7 
is in the thiril place, and represents 100 x 7, or 700; ami 
lastly, the 1, which is in llic fourth row, Ikvoiucs UKK); so 
lliat we read the given number thu*v; 

thousand^ seven hundred^ and 

244. As the value of figures becomes alwns's ten timer* 

greater, as we go from the riglit lowarcN the left, and as it 
consequently becomes coAtinually ten times less as we gt> 
from the Icn towards the right; wc may, in eonftirmity with 
this law, advance still farther tow'ards the right, and obtain 
figures whose value will continue U» become ten limes less 
than in the preceding place: hut it must be observed, that 
the place where the figures have their natural vjiliie is 
marked by a jxjint. So that if we meet, for examjiU’, ^rith 
the number 66*54892, it is to be understood in this manner: 
the figure 6, in the first place, has its natural value; and the 
figure 3, which is in the second place to the left, means .‘10. 
But the figure 5, which comes after tlie jxiint, expresses 
‘Italy and the 4 is equal ctaly to ; the figure 8 is 
‘^ual to ; the figure 9 is equal to i 

figdre 2 is equal to TTs-jn^-c-a-* then, that the more 

those figures advance towards the right, the more their 
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values diminish, and at last, those values become so small, 
that they may be considered as nothing *. 

i 24 k 5 . This is the kind of numbers which we call decimal 
^fractions, and in this manner logarithms are represented in 
the Tables. The logarithm of % for example, is expressed 
by 0*3()10J500; in which we sec, 1 st. That since there is 0 
iK'fore the point, tliis logarithm docs not contain an integer; 
Jidly, that its value is o'o^ + .-60 .^. + . c cVercs 

+ u 6 + 7 5 0 0 o7i * VVe might have left out the two 

last ciphers, but they serve to shew that ^le logarithm in 
(]uestion conUiins none of those jiarts, which have 1000000 
and lOlMHKMK) for the denoniinamr. It is however U> be 


understocKi, that, by continuing the series, we might have 
found still sinallcr jiarts; but w'ith regard to these, they arc 
neglected, on account of their extreme minuteness. 

ii4(). Tile logarithm of 0 in expressetl in the Table by 
O' ITTlJilli ; wo see, therefore, that it conUiins no integer, 
aiul that it is composed ol’ the following fractions; *{"700 


■-I- ..' -. 




"o'o o o”c>"c 7)”* Hut 


wc must not .'.upixise tiuit the logarithm is thus expressed 
with the utmost exactness; wc are only certain that the error 
is less tlum •. i c c'.TTi o i which Is certainly so small, that it 
may very wi‘11 bo nogloetetl in most calculations. 

217. Aw’ording to this method of expressing logjirithms, 
that of 1 must ho ropresontod hy O’(KHXKKK), since it is 


loallv = 0: tho K>'ranlhm of 10 is 1'0(KK)000, vvlicrc it evu 


ilouily is oxaoily = 1 ; tlio logarithm of 100 is 2‘0(KMKKK), 
or 2. And lionoo wo may eoncludc, that the logarithms of 


all luimhor.s, which aro included between 10 and 100, and 


* Tho operations of ariihinotic are performed with decimal 
fiuotions in the sumo manner nearly, as with whole numbers; 
some preoaiitions only are necessary, after the operation, to 
place the point properly, which separates tite whole numbers 
from the deeimafs. On this subject, we may consult almost any 
of the treatises on uritlnnetic. In tlie multijilication of these 
fractions, when the multiplicand and multiplier contain a great 
nnmher (if ilecimuls, the ojieration would become too long, and 
would give tlie result much more exact than is for the most 
part necessary; hut it may be simplified by a method, w’hich is 
not to be found in many authors, and which is pointed out by 
M. Marie in his edition of the motbenuitical lessons of M. de la 
Caille, W'here he likcwvise explains a similar method for the 
division of decimals. 1'. T. 

The method alluded to in this note is clearly explained in 
lloiinycastle's Arithmetic. 



72 


ELEMENTS 


SECT. 1. 


consequently composed of two tigui'es, are comprehended 
between 1 and 2, and therefore must lie expressed by 1 phis 
a decimal fraction, as log, 50 = l-(j9897lK); its value there¬ 
fore is unity, plus A 4- to- e 4- -h r? : 

and it will be also cxisily perceived, that the logarithms of 
numbers, between 100 and 1000, arc expressetl by tlie integer 
2 with a decimal fraction: those of nuinl>ers between KHK) 
and 10000, by 0 plus a decimal fractit>n : those of* mnnhers 
between 10000 and 100000, by 4 integers p/a.v a deeinml 
fraction, and sq^on. Thus, the/og. 8(Kb tor example, is 
2-9030900; that of 2290 is Ji doOHibo, &e. 

248. On the other hand, the logurithnis of niiml>crs wiiich 
are less than 10, or expressed by a single figtire, dti not txm- 
tain an integt.»r, and for this reason wc find 0 lu'f'orc the 
point: so that we have two parts to consider in a logarithm. 
First, that which precedes the |x>int, or the inli'gral part; 
and the other, the decimal fractions that are to Ih‘ added to 
the former. The integral part of a logarithm, which is 
usually calle<l the chaructvnsiic, is easily cletermitietl fiotn 
what we have .said in the preceding article. 'J'hus, it is 
0, for all the numbers which have but on^' figure; it i*- 1, 
for thosii which have tzcoi it is 2, for lijO'C which lia\c 
three; and, ingt'neral, it is alua\.s one Ic.ss »han the numlier 
of figure.s. If therefore the logarithm of 17(i() be n ijuireil. 
we already know tliat the first part, or that of the integers, 
is necessarily 3. 

249. So reciprocally, wc know at the first sight of' tlu‘ 
integer part of a logarithm, how many figures (iiinpo^e the 
number answering to that logarithm ; since the numbi r of 
those figures always e.\cet“ti the integer part of the logaiithm 
l>y unity. Supjjosc, for example, the mnnher aiisweiing to 
the logarithm G'4T7121d were rc(|uirecl, we know iinnie- 
diateiy that that number must have seven figures, and be 
greater than KKfOOOO. And in fact this numluT is 3(;tKKUl(); 
for log 3000000 = log. 3 -f leg. 100(K)00. Now h,g, 3 ^ 
0-47T1213, and log. 1000000 = G, and the sum of those two 
logaritlinis is G*4771213. 

2o0. The principal consideration therefore with respect 
to each logarithm is, the decimal fraction which follows the 
point, and even that, when once known, serve.s for several 
numbers. In order to j)rove tliis, let u.s consider the loga¬ 
rithm of the number 3G5; its first {mrt is undoubtedly 2; 
with respect to the other, or the decimal fraction, let us at 
present represent it by the letter x ; we shall have h)g. GG^i 
= 2-4-4:; then multiplying continually by 10, we shall 



CHAP. XXlll. 


OF ALOKliRA. 


76 


have log, 9350 = 9 -|-x; log, 96500 4 -f- ; log. 965000 

= 5 -f- r, and so on. 

But we can also go back, and continually divide by 10; 
which will give us log. 96*5 s= 1 -f- ; log. 9*65 = 0 -f- a:; 
log. 0*365 = — 1 -f* i i logo 0*0965 = — 2 4** ; log. 0*00365 
= _ 3 ar, and so on. 

251. All those numbers then which arise from the figures 
365, whether preceded, or followed, by ciphers, have always 
the same decimal fraction for the second part of the loga¬ 
rithm : and the whole difference lies in the integer before 
the jKiint, which, as we have seen, may become negative; 
namely, when the numl>er projxjsed is less than 1. Now, as 
ortlinary calculators find a difficulty in managing negative 
numbers, it is usual, in those eases, to increase the integers 
of tlie logarithm by 10, that is, to write 10 instead of 0 
before the iH>int; so that instead of —1 w'c have 9 ; instead 
of —2 we nave 8 ; instead of—3 we have 7, 8ec. ; but then 
we must remember, that the chanicteristic has liccn tiiken 
tt‘n iinit> too great, and hy no means suppose that the num 
her e»)nslNi?, of 10 , 9, or 8 figures. It is likewist; easy to 
eonecivc, that, if lu the ease we speak of, thischaraelcristic l>e 
less tlian 10 , wc must write the figures of the numlier after 
a point, to slitw tliat they are decimals; for cxamf)]e, if the 
charaeteristic be 9 , wc must begin at the first ])lacc after a 
jioini; if it be 8 , we must also place a cijibcr in the first 
row*, and not bi gin to write the figures till the second : thus 
9*5622929 would be the h^garithm of 0*365, and 8*5622929 
the log. of 0*0365. lint this manner of writing logarithms 
is principally employed in Tables of sines. 

2.52. In the common Tables, the decimals of logarithms 
arc usually carried to seven places of figures, the last of 
whici) const (pienlly represents the , e xe’e ot-- and we 

are sure that they are never erroneous by tlie whole of this 
part, and that therefore the error cannot be of any import¬ 
ance. There are, liow’cver, calculations in which wc require 
still greater exactness; and then wc employ the large Tables 
of V'laeij, where the logarithms are calculated to ten decimal 
places *. 


* The most valuable set of tables w c arc acquainted wath are 
those publi.shed by Dr. Hutton, late Professor of Mathematics 
at the Hoyai Military Academy, IVoolwich, under the title of, 
“ IMatlieniatical Tables; containing common, hyperbolic, and 
logistic logarithms. Also sines, tangents, hv. to which is pre¬ 
fixed a large and original history of the discoveries and w ritings 
relating to those subjeet^.” 
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)i63. At ike first part* or chanusteristic of a logarithm, is 
subject to no difHciiltv, it is seldom expressed in the Tabk>s; 
the second part only is written, or the seven figures of the 
decimal fraction. There is a set of English Tables in which 
we find the logarithms of all numbers from 1 to 100000, 
and even those of greater numbers; for small additional 
Tables shew what is to be added to the logaritlims, in pro¬ 
portion to the figures, which the proixtsed numbers have 
more than those in the Tables. We easily find, for ex¬ 
ample, the logarithm of 079450, by means of that of 57945 
ana the small Tables of wliicli we s|)eak *. 

J854. From what has lx?en said, it will easily be pereeiveif, 
how we arc to oht.iin from the Tables the nuniher et>rre- 
sjxmding to any log-arithm whicli may (H-eor, Thus, in mul¬ 
tiplying tlie numbers 84-5 and 2401 ; since wc must add 


♦Tlie Eimlish Tables spoken of in the text are those w hielj « ere 

I iublishcd by Sherwin in the begimhnti of the last centiir) , aiui 
lave been several tiiiies reprinted; the\ aie likenise to lie fouiul 
in Uie Uibii's of (.iarJener, which arc cointuotil} made iim* urh> 
astronomers, and which lui\e been reprinted at Avi;;M<m. W'iiii 
respect to these 'fables it is j>roper to icnurk, lli.it as tin \ do not 
carry lagarilhms farther than seven plaees, iiiviepi iuli uii\ of the 
characteristic, wc cannot use them w ith pet ft cl exactness except 
on numbers that do not exceed six digits ; but when we einp!o\ 
the great Tables of Vlaeq, w hich carry the logarithms as I'.ir r.s 
ten decimal places, wc may, by taking the proportiorib! parts, 
work, without error, upon numbers that have as many as nine 
digits. The reason of what we have said, and the metluHl of 
employing these Tables in operations ujion still greater iiumliers, 
is welt explained in Saunderson's lidements of Algebra,' 
Book IX. Part II. 

It is farther to be observed, that these I’ables only gi\e the 
logarithms answering to given numbers, so that when we w isli 
to get the numbers answering to given log iriilnns, it is seldom 
that wc find in the Tables the precise logarithms that are given, 
and w e are for the most part under the ncce.esity of seeking for 
these numbers in an indirect wav» by the method of interpola¬ 
tion. In order to supply this defect, another set of Tables was 

f mblished at London in 1742, under the title of “ The Anti- 
ogarklimic Canon, &c. by James Dodson." He has arranged 
the decimals of logarithms from 0,0001 to 1,0000, and opposite 
to them, in order, the corresponding numbers carried as far as 
eleven places. He lias likewise given the proportional parts 
necessary for determining the numbers, which answer to the 
interuic'diate logarithms that are not to be found in the 
Table. V. T 
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ther tbe logarithms of those numbers, the calculation 
be as follows: 


log, 343 = 2-53529411 . 

2401 = 3*3803922 j 


5*9156863 their sum 

Iqff, 823540 = 5*9156847 nearest tabular log. 


16 difference, 

which in the Table of Differences answers to 3; this there¬ 
fore being used instead of tbe cipher, gives 82354.3 for the 
product sought: for the sum is the l(»garithm of the product 
re(juired ; and its characteristic 5 shews that the product is 
comjM)sed of 6 figures; which are found as above- 

255. lUit it is in the extraction of roots tliat logarithms 
are of the greatest service: we shall therefore give an ex¬ 
ample of the njanner in wliich they are used in calculations 
of this kind. Su})pose, for C‘Xaun)le, it were required to 
extract the square root of 10. Here we have only U) divide 
the logarithm of 10, which is T(UK)(M)(H) by 2; and the 
quotient 0'50(K)000 is the logarithm of the root required. 
Now, the number in the Tables wliich answers to that 


l(»garilhm i>; 
e(jual to 1(J, 

great *. 


J) hiiJ.'iS, the ^;^uare of which is very nearly 
In'ing only one hundrcKl thousandth part too 


* III the Mime m.'.nnei, vre may extract any otircr root, by 
iliviilii.g llic log. ol' il'.e niir.'iUT b\ ilie demtiuinator of the index 
of the root to he extracted; that is, to extract the cube root, 


divide the log. by the fourth root by 1-, and so on fur any 
other extraetioM. Tir example, if the .^th root of 2 W'cre re¬ 
quired, tlie log. of 2 is 0 : therefore 

.5)0*:i01{)d00 


0*(X)(>20(>0 is the log. of the roof, wiiich 
hy the Tables is found to cojTespond to ; and hence we 

have i^J = J'J4i)7. When the index, or cliai aciiTijjtic of the 
log. is negative, and not divisible by the denoniinatia* of the 
index of llie root to be extracted ; then ns many units must be 
borrowed as will make it exactly divisible, carrying tlwse units 
to the next 5 gurc, as in common division. 
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OJ' the different IVfetliods of calculating C(>ni{)ouiu! 

Quantities. 


riiAP. I. 

0/'f/<r AcUIitioii o/'Coinpoun'.I Quuntities. 

2 .“)6. Wlicn two or more expressions, consi^^in^ of se\cTal 
terms, are to l)e milled tt>u:ctlicT, tlu* o|KTation is fretjuenllv 
rt']>rcsenied merely by plaeinir each expression 1 h*- 

tween two parentlieses, and eonnix'iinjr it with the rest h\ 
means of the sii^n +. Thus, for example, il it be recpiireil, 
to add the expressions a h c and d - c -f .A repre¬ 
sent the sum by 

'(a -f- A -f i) -j- (d -f e -f ./■). 

257. It is evident that this is not to perf<»rni addition, 
but only to represent it A\'e see, Imwever, at tin* siuju* 
time, that in order to jxjrfitrm it aetunlly, we have only to 
leave out the parentheses; for as the ninnlxT d c f is 
to Ik; addetl to a -f h -p r, w’e know that iliis is jhnie bv 
joining to it first -f </, then -i e, anti iheti w hieli therefore 
^ves the sum «-i-6 -f- t d -p r “h.A’ ^he saint* inetlnal 
js to lie observed, if any t^f the terms are afleeted by the 
sign — ; ns tliey must be connected in the same way, b\ 
means of their proper sign, 

25S. To make this m()re evident, we shall consider an 
example in pure numlicrs, projx)sing to mkl the expri'ssion 
15 — 6 to 12 — 8. Here, if we l>egin by adding 15, we 
shall have 12 — 8 4-15; but this is adding too much, since 
we had only to add 15 — 6, and it is evident that 6 is the 
nurol>cr which we have added too much; let us thereftire 
take this 6 away by writing it with the negative sign, and 
we shall have the true sum, 

12_8-j- 15 - 6; 

which shews that the simia are found by writing all the 
terms, each with it*- proper sign. 
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259. If it were required tlierefore to add the expression 
(I ^ e —y to a — -f- c, we should express the sum thus, 

n — b^c-\-d — c -y*; 

remarking;, liowcver, t’lat it is of no consequence in what 
orilei* we write those terms; for their places may be clianged 
at pleasure, provided their be preserved; so that this 

sum niiglit have been written thus, 

c — c X “ — y "t ~ 

2 f)(). It is evident, therefore, that addition is attended 
with no dlflicultv, whatever be the form of the terms to be 
added : thus, if^ it were nece^^a^y to add togellier the ex- 
pre.ssions 2 «'‘ + G^b — 4: c and Gi/a — 7c, we should 

write them 

Sar* + G\/b — 4 lo^. c \ o</a -- 7c, 
either in this or in any other order of the terms; for if the 
siiTiis are not changed, the sum will always be the same. 

2 () 1 . Hut it fre(|uentlv happeiis that the sum> represented 
ill thi> manner may be considerably aliridged, as is the case 
when two or more terms tl.vstroy each other; for example, if 
we liii I in the same sum the terms -{- a — o, or‘3a — 
or will II two tir more ti'rms may be reduced to one, &c. 
Thus, ill the Ibllowing examj>le.s: 

ila -f 2 ^/ = or/, 7b — 3b = U 

- (ie -f- 10c = 4- 4c ; 4J - 2;/ = 2/7 

oa — Ha =■ — 3a, — 7b h — — Gb 

— tic — 4c = - 7c, — 3tl — oJ = — Hd 

2 // — 5a a = — 2r/, — 3b — 5b -j- J2/> = — Gb. 

Whenever two or nioix* terms, therellire, are entirely the 
same with regari! to hitters, tlieir sum may be abridged; 
but those cases must not Ik* conioundetl with such as these, 
2//' + 3a, or 2//‘ — b*, which admit of no abridgment. 

2(i2. Let us consider now some other examples of re¬ 
duction, as the follow’ing, which will leatl us immediately to 
an im}KJrtant truth. Suppose it were required to ailti to¬ 
gether the expressions a b anil a — b; our rule gives 
rt d- Z» 4 - a — 6 ; now a -i- a = 2a, and b — b = 0; the sum 
therefore is 2a : consequently, if we aild together the sum of 
two numbers (a -|- b) aiul their difference (a — b), we obtain 
the double of the greater of those two numbers. 

This will be better understood perhaps from the following 
examples : 

3a ~-2b — c a* ~ 2a^b + 2ab' 

5b — Gck-a — u'b d- 2ab^ — 


4ad-3*~7c 


a* — 3a7>-l-4a6*— 
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4a*—8^4- 2c a*^9,ab 4- ft* 

3a^ 4 .26 ~ 12c —o*—2rt«6+36’ 


7a*— 6-f*10c‘ — 2a’64-i2«A+46® 


CHAP. II. 

Of th€ Subtraction o/’Coriij>ouiul .Qimntiues. 

263. If we wish inerelj^’^ to n pivscnt suhtrartion, wc en¬ 
close each expression within two parentheses, joininj];^, by the 
sign —, the expression which is to be subtracted, to that 
frtmi wliieh we nave to subtract it. 

When we subtract, for example, the expression d ~ e 
4-^from tlie expression « — 64 - fj "c write the remainder 
thus: 

(fl — 6 4- c) - {d — c 4 - /■) ; 

and this metlxKl of representing it sudjc'.ently shews which 
of the two expressions is to be subtraetetl froui tlie other. 

264. But if w’e wish to |K^rforni the actual sulitraction, we 
must observe, first, that when we subtract a jxj.sitive ({uantity 
4-6 from another quantity a, we obtain a— h: and secondly, 
when wc subtract a negative quantity — 6 from o, we obtain 
a 4- 6; because to free a person from a debt is tlie same as 
to give him something. 

265. Suppose now it were rccpiired to subtract tlie ex¬ 
pression 6 — d from a — c. We first take away 6, which 
gives a — c b- but this is taking away too much by the 
quantity J, since we had to subtract only 6 — d; we must 
toerefOTe restore the value of d, and then shall have 

' a — c b d\ 

whence it is evident that the terms of the expression to be 
subtracted roust change their signs, and then ^Joined, with 
those contrary signs, to the terms of the other expression. 

266. Subtraction is therefore easily perforrora by this 
rule, since we have onl^ to write tlie expression from which 
we are to subtract, joining the other to it without any change 
beside that of the signs. Thus, in the first exfunpic, where 
it was required to subtract the expresrion d — e ^J 'from 
a — 6 -h' c, we obtain a — 64 -c — d4“tf—^ 

An example in numbers will render this still more clear; 
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for if wc subtract 6 — 2 + 4 fr<»n 9 — 3 + 2, wc evidently 
obtain 

9_34.2_6 + 2-4 = 0; 
for 9 — 3 + 2 = 8 ; also, 6 — 2 + 4 = 8; and 8 — 8 = 0. 

267- Subtraction lieing therefore subject to no difficulty, 
wc have only to remark, that if there are found in the re- 
inaikulcr two or more terms, which arc entirely similar with 
regard to the letters, that remainder may be reduced to 
on abridged form, by the same rules which we liave given 
in addition. 

268. Sup[X)sc wc iiavc to subtract a — b from a + *; 
that IS, to take the differenc’e of two numbers from their 
sum: we shall then have (a + />) — (« — /;); but a — a 
= 0, and 6 + 6 = 2i!>; the remainder sought is thcreftire 
2A; that is to say, the double ol the less of the two 
quantities. 

2(H). The following examples will supply the place of 
further illustrations: 



.‘5rt — 


+ 'b + 3rjb--hb^ 

^a-h'l^b 


'lb-if 


u' — 3a‘b-t-:iab^-b^ 

y/a—ti^/b 



(ib-he. 

(iu b~{-tib\ 

/t y/b. 


CIIAI*. III. 

Of the Multiplication < 2 /'f’onqxjund Quantities. 

270. When it is only requiriHl to represent multiplication, 
wc put each of the cxjiressions, that arc to be multiplied 
together, Avithin two parentheses, and join them to each 
otlicr, sometimes Avithout anv sign, and sometimes placing 
the sign X between them. Thus, for example, to represent 
the prtxluct of the two expressions a — 6 + c and d — e +^ 
we write 

(a —6 + c)x(d —<f+/) 
or barely, (o — * + <*) {d — t +jf) 

which method of caressing pn^ucts is much used, because 
it immediately exhibits the (actors of which they are com< 
posed. 

971* But in order to shew how mulujdication is actually 
|3erfaniiod, we may remark, in the first {dace, that to mul¬ 
tiply, for example, a quantity, such as a — 6 + r, by 2, 
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each tcroi of it is separately ntultipUed by that ninnbcr; so 
that the }}ixxluet is 

t- 

Aud the fwinie tliioj' takes jjlfu-e with re^nl to nil other 
nuiiil^crs; for ifd %vere the number by which it was required 
to multiply the same expression, w'e should obtain 

ttd ■— bd -j- cd. 

272. In the lost article, we have supposed d to Iw a 

{ x>sitive number; but if the nniitiplier were a negative miiii- 
>er, as — «*, the rule formerly given must Ik* ap[)lit'd ; namely, 
that unlike signs mullipHecI together produce —, and lite 
signs 4 -. 'I'hus we should have 

— or 4 be — re. 

273. Now, ill ortler to shew how a quantity, a, is to lie 
multiplied by a coin|xiund ijuaniiry, d *- r; let us hrst con¬ 
sider an example in numbers, supposing tliat a istoliemui- 
tiplieil by 7 — 3. Here it is evident, that we arc retpiinai 
to take the quadruple of a : for if we first take a seven 
times, it will then be necessary to sid^lraet 3a fnini that 
prcxlucl. 

In gt'iieral, therefore, if it Ik* retjulretl t<» multi}ilv a hy 
d — c, we niultijily tlie quuntitv a first hv J, and then hy r, 
and siditraet this last protluct fV*)in the first: whence results 
</a — t'A. 

If we now sijp{)osc a ~ — ft, and liiat this is the quantity 

to Ik* multiplied by d — <*; we shall have 

dA ~ (id — hd 
CA = ae — be 


whence d\ — ca = ad — bd — ae -f- be is the piaxluct re- 
<}uircd. 

274. Since therefore we know' accurately the prixluct 
(a — h) X (d — e), we shall now exhibit the same exaiiqde of 
multiplication under the following form : 

a — h 
d ~~ e 


ad — bd — ac he. 

Which shews, that we must multiply each term of the upper 
expression by each term of the lower, and that, with regard 
to the we must strictly observe the rule before ^ven; 

a rule which this circumstance would completely confirm, if 
it admitted of the least doubt. 

275. It will be easy, therefore, according to this method, 
to calculate the following example, which is, to multiply 
« 6 by a — /i; 
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a-\-b 

a—h 




Product a* — b^. 

276. Now, we may substitute for a and b any numbers 
whatever; so that the above example mill furnish the fol¬ 
lowing theorem; viz. The sum of two numbers, multiplied 
bv their difference, is equal to the difference of the squares 
oi' thewit' niimliers: which theorem may be expressed thus: 

(rt i) X (a — /;) = a’ — 

And from this another theorem may be derived; namely. 
The ilifference of two square numbers is alw^s a product, 
and divisible l)oth by the sum and by the difference of the 
nH)ts of those two st^uares; consecjuently, the difference of 
two s(juare.s can never be a prime number*. 

277. Let us now ealcuiate some other examples : 



40* —6«4-9 


2o-f3 


12a‘4-18o 

4flr—6 

ISo^-lSo + S*; 


2«*-t- a-{\ 8^4-27 


;jo*— 


2o — 'Vb 

n*—a^b^ 

6o‘— 4o h 

r/'-fo'6* 


— 0*6’ — oV/ 

Go*-16o»A4-806* 



* This theorem is general, except i#hen the difference of the 
two numbers is only 1, and their sura is a prime; then it is 
evident that the difference of the two squares will also be a 
prime: tlms, = 11 ,7 ^ - 6 « = Ifi, 9 « - 8 “ = 17, &c. 
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as 


a* — Stab-\~2b^ 


a*-|- 2 a>A-|- 2 o»fc« 

— 4aA* 




3«*- 


6 <**-9a*A-12a«A« 

—4a*6-|- 

S8a»A*-3ttAa-.4A* 


6a*— I3a>6 - 4a*&’+5«A" - 46* 


<i*-|- 6 *-f-c*—o 6 —ac— 6 c 
a 


a*-|-a6*-j-flc^— a^b — aV— abc 

a*6-j-^’ -f-6c* --fl6* -- af*c—b^c 

o*c-f-6*c-f-c^ — a6c —oc^—6c^ 

o*—3a6c-t-6^-4-c* 

f- 


278. When we have more than two quantities to mul¬ 
tiply toother, it will easily be understood that, after having 
multiplira two of them together, we must then multiply 
that product by one of those which remain, and so on: 
but it is indifferent what order is observ'ed in those mul¬ 
tiplications. 

Let it be pn^iosed, for example, to find the value, or 
product, of the four following factors, liz, 

I. 11. III. IV. 

(a +6) (o^* + fl6 -h 6*) (a - 6) (a* - a6 + 6*). 


Ist. The product of the fac¬ 
tors I. and II. ^ 
a*_|-a 6 -f 6 * 
a 6 

a*-|-a* 6 -l-« 6 * 

-f-a* 64 -a 6 ’-|- 6 ’ 

o’-f2a’6-h2a6’-f6’ 


2d. The product of the fac¬ 
tors III. and IV. 
a*-a 6 -}- 6 « 

0—6 


o’—o’ 6 -|-a 6 * 

—a • 64 - 06 '* — 6 ’ 

o»- 2 a’ 6 -f 2 o 6 *-fr’ 
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It remains now to multiply the first product 1.11. by this 
second product III. IV. 


- - 4o»6^ - 2 «» 6 * 

- a’6»-2a*6*-2a6*~6« 


a«-A 6 


which is the product required. 

S79. Now let us resume the same cKomple, but change 
tile order of it, first multiplying the factors I. and III. and 
then II. and IV. together. 

fi -j- ff + <ff* + ft' 

a — tf «* — fib-\~f)'^ 


a'^-trah 
— ab—h' 


o'- ^b^ 


a* + a^b + a^b' 

— a'b — a*lr — ab' 

4-// 


a* a'lr b* 


Then multiplying the two protlucts I. III. and 11. IV. 

a* 4- a-ft* 4- />* 
a^-b 

— a*h^ — a^b* — // 


o® — f/* 


w’hich is the product required. 

5i80. We may |K'rforra this calculation in a manner still 
more concise, Iw first multmlying the I'‘. factor by the IV“'. 
and tlicn the IT*, by the irr( 

a*— ab-^b*' «-4-a6-4*6* 

a 4-A a — b 


o'* —«*64'flr6» 
a*b-—ab* 4- b^ 


a’-f a^h + aftt 
— a*b—afi^^b' 


a'^-^b' 


a * — b- 
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It remains to multiply the product 1. IV. by that of II. 
and III. 

<i*+A" 

A’ 


o'—//‘ 


the same result as before. 

281. It w'ill Iw proper to illustrate this example by a 
numerical application. For this pur]x»sc, let us make arr8 
and A " 2, we shall then have « + A 5, and r/ — A n 1 ; 
farther, «* rr 9, «A =: C, and A^ = 4: therelbre + nb 4- 
A* = 19, and o* — «A + A' zz 7: s<i that the prtKliiet re- 
(piinxl is that of 5x19x1 >' 7, which is ()()5. 

Now, «'* = 729, and A" = (>4; conseqiientiv, the prtKluct 
required is — A*‘ rr OGo, as we have already seen. 


CHAP. IV. 


iij'ihc Division o/‘Coin|HJund Quantities. 


282. When we wisli .simply to represent <ll\isuin, we 
make use ot the usual mark of tractions; which is, to write 
the denominator uiuler the numerator, -st'par.itin^ tliem by a 
line; or to enclose eacli ijuantity between pari iithcses, placing 
two {xnnts between the divisor and disitlcnd, and a line be¬ 
tween them. Thus, if it were re([uired, tor exainpli*, to 
divide « -f- A by c -t- d, we should represent the quotient 

thus; —according to the former metluKl; and thus. 


(« + A) 4- {c 4- (1) 

according tt> the latter, where each expression is read « + A 
divided by c d, 

283. When it is retjuiretl to divide a compound quantity 
by a simple one, we divide each term separately, as in the 
following examples : 

(Go — 8A -p 4t ) 4- 2 r: 3fl — 4A 4- 2c- 

(fl’’ — 2ccA) 4” « = « — 2A 

(a'* - 2fl’A 4- 3rtA’) u zz. a- — 2oA + 3A* 
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(4a* — Ga^c + 8aAc) -4- 2a = 2a — Sac + 46c 
(9a^6f: — 12a6V + 15a6c*) -f- Sa6c zz 3a — 4/j + 5c. 

284. If it should happen that a term of the dividend is 
not divisible by die divisor, the quotient is represented by a 
fraction, as in the division of a + 6 by a, which ^ves 1 -f- 

—. Likewise, (a* - ab + !r) -i- a* = 1 - ---I- 
a a ' or 

In the same manner, if we divide 2a -j- 6 by 2, we ob¬ 
tain a -j- Tj-: and here it may lie remarked, that we may 


b h 

write iiisteail of -y, liecause I times b is equal to ~ ; and, 

b y 26 

in the same manner, — is the same as jb, and the same 


as ]b^ bic. 

28.'>. But when the divisor is itself a compound quantity, 
division bwoines more tlidioull. This frecjiienlly occurs 
where we leaj'l e\pc*ct it ; and when it cannot l>e }>erformed, 
we niii'.t content ourselves with representing the ijuotient by 
a fraction, in the manner tiuit we have already described. 
At I ir^ St ni, «e will Ix*mn by considering some ca.ses in which 
actual division takes place. 

2,Sfi. SupjKise, f(»r example, it were retpiired to divide 
ar -- be by a — />, the tjuotient must here he such as, when 
multiplietl liv the divisor <i — b, will produce the duidend 
ar — be. Now, it is evitlcnt, that this (|Uolient must in¬ 
clude r, since without it we could not obtain r/c; in order 
therefore tt> try whether c is tlu* whole (jut)tient, we have 
only to multiply it by the ili\isor, and see it" that mul¬ 
tiplication proiliues the whole dividend, or only a part of 
it. In the present case, if we multiply a — b by c, we 
have ac — be, which is exactly the dividend, so that c is 
the w'hole (]uotient. It is no less evidtait, that 

(a- ab) H- (r/ -\~ b) — a ; 

{Sa^ — ilab) -r (Sa — iib) z=. a ; 

(Gii' - 0rt6) -4- - Sb) - Sa, &.c. 

2S7. We cannot fail, in this way, to find a p«it of the 
quotient; if, therefore, what we have found, when niul- 
tijiJicxl by the divisor, does not exhaust the dividend, we 
have only to divide the remainder again by the divisor, in 
order to^iibtain a second part of the quotient; and to con¬ 
tinue the same metliml, until we have found the w hole. 

Let us, as an example, divitie a* Sab 26' by a 6 . 
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It is evident, in the first place, that the quotient will include 
the term a, since otlierwise we ^ould not obtain d*. Now, 
from the multiplication of the divisor a -f- 6 by o, arises 
a~ -f* ' which ipiantity beinj^ subtracted from tht* dividend, 

leaves the remainder, -j- H //; and this remainder must 
also be divided by a -|- 6, where it is evident that the quo¬ 
tient of this divisitm must contain the term Now, 
multiplied by u ^ produces -f-26-; eonscHpientlv, 
a^ is the quotient rtniuired; which multiplu-d by tfie 
di%isor a -j- 6, ought to prwluee the dividend tr -f- ;Jtf6 + 
26*. See the operation. 

(lit 


S 2 /i 6 -f- 26 ^ 

2 rt 6 -|- 26 ' 


O. 

288. This operation will be oinsiderably faeiiitated bv 
choosing one oF the terms of the divisor, which exmtains the 
highest power, to be written first, and then, in arranging the 
terms o! the dividend, liegin with the highe.st |xnvers of that 
first term of the divisor, continuing it according to the 
|x>wers of that letter. This term in the preccHling example 
was n. The following examples will render the process 
more jx*rspiciious. 

a — it)a ^— J3«*6-f-f36r// — h '{a' — ^it-\-it” 
a'— a^b 

- 2c/*6-j-2«6* 


ah' — 
ab' — //■ 

0 . 


a + 6)«*—6*(« — b 
d'-\-ab 

^ab — it* 
—ah —A* 


0. 
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lSa*-12ab 


18aA-86^ 

12 a 6 - 86 * 


0 . 


rt 4* 4* +A® 

a* + a^b 


—a®A+ fr'’ 
—a‘A—flfr* 


a 6 * + 6 ’ 


0 . 


2a—6)8a* — 6*{4a*+2a6+6^ 

8a’ — 4^'‘b 


4fa*b—itab* 


2 a 6 ’ — b^ 


0 . 


a*—2a6 4* Z»*)a*—4a^&+6a’A*—4a6’+6*(a*—2a6+A* 
a*—2aV>4- a®A* 


-2a"A+5a*A’-4aA> 
— 2a’A+4a*A*— 20 ^^ 


a*A*—2aA*4-A* 
a* 6 *— 2 aA“ 4 - 6 * 


0. 
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a*~.SUi»b +4o»6« 


52a»A+16A* 

Sa-’i—4«* 6*+8a 6' 
16A^ 


4a*A‘'—8a6*-|- J6/>* 
4«’6*— 8aA^+ 16A* 


o. 

a“ —2a6 + 26*) a* 4- 46*(a ■ -f 2<f 6 + 26* 

«*— 2 fi^ 6 + 2 a* 6 * 


52 « ' 6 — ^2a^/r ■+■ 4tb^ 
^>4 !'6 — Aa-h^ -+- 4^i6’ 


*■241'f/ —4m6 ‘ 46‘ 
2rt^h- ~~ 4fi6* -+- 46‘ 


(). 

5a' -+- I Oa * — 1 Oa" 5a *—r\ I — .‘Ja -*- iia ■ — a 
2 . 1 ' . 1 ' 

-_iii- 

ya^ + 9 a-- 10 a ‘ 

.‘Ja-+-(ia'-— Jia 


1 —^r-T-.t*)! — 
1 — 


iJa**—7.r‘ 5a'* 



it 


r* 

r‘ 




.{ 




(). 


CHAP. V. 

Of the Resolution g^Fractions into Infinite Series*. 

289. When the dividend is not divisible by the divisor, 

* The Theory of Series is one of the most important in ail the 
mathematics. Tlie scries considered in this chapter were dis- 
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the {quotient is expressed, as we have already observed, by a 
fraction: thus, if we have to divide 1 by 1 <— a, wc obtain 

the fraction ^ This, however, does not prevent us from 

attempting the division according to the rules that have been 
given, nor from continuing it as far as wc please; and wc 
shall not fail thus to find the true quotient, though under 
different fornih. 

290. To prove this, lei us actually divide the dividend 1 
by the divisor 1 — «, thus : 

l—a)l * - 

' ^ ^ I - ft 

1 

remainder ft 

or, 1 — o i I * { I -}- ",- 

I — rt 

a 

ft — a* 


remainder a- 

'To fiiki .1 greater number of forms, we have rnily to eon- 
tiuue di\iding the remainder n* bv I — n ; 


I - 






o' 

covered by Mercator, about the middle of the lust century ; and 
so»>u after, Newton disc*»'’ered those which derived from the ex¬ 
traction of rtiota, and which are treated of in Chapter Xll. oftliis 
^ection. This theory has gradually received improvements from 
several other distinguished mathematicians. The works of James 
Bernoulli, and the second part of the “ Differential Calculus" 
of Euler, are the books in which the fullest information is to be 
obtained on these subjccU. There is likewise in the Memoirs 
of Berlin for 1768, a new method by M. de la Grange for re¬ 
solving, bv means of intinite series, all literal equations of any 
dimensions whatever. F. T. 
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then, I —a)a^ * (a^ + -- 


tr 


Cl' 

and again, 1—tfWi^ * (a* + j— 


a*—a^ 


a‘\ &c. 

291 . This shews that Uie fraction 
under all the following forms; 


1 -« 


may be exhibited 


I. I -4" 


a 


1—<1 


fi‘ 

11. 1 -f «-f , 

I — « 


III. I -f- fl + a’ 4- 


rt* 


i—a 

V. I + a d- a* 4 - a* + rt* 4- 


IV. + 


a* 

1 — rt 




, &:c. 


I—rt’ 

Now, by considering the first of these expressions, which 
is I + and remembering that 1 is the same as 

we have 

a 1—fl a L— ft~\-a 1 

1 + 1 -: = :-+ 


1 —a 1 —a ' I —a \—a 1—o 

If we follow the same process, with regard to the second 


a 


expression, 1 + a + -j—that is to soy, if we reduce the 

integral part I 4 a to the same denominator, I — a, we 

shall have ^to which if we add 4 ■ , we sliall have 

I — o 1 —« 

—-, that is to say, --. 

n* 

In the third expression, 1 4 « + a* •+• jj—the integers 

1 —€1® 


reduced to the denmninator 1 — a make 


1—a • 


; and if wc 


1 

add to that the fracUcm --, we have .—z>la8 before; _ 

l — a I —« 

therefore all these expresMons arc equal in value to . 
the proposed fraction. 
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292. This being the case, wc may continue t}ic series as 
far as we please, without being under the necessity of per¬ 
forming any more calculations; and thus wc shall nave 


- =; I -T- flf H- o'* -t- -f- fl -T- .-, 

I—a 1—a 

or wc might continue this farther, and still go on without 

end; for which reason it may be said that the propos^ 

fraction has lieen resolved into an infinite series, which is, 

1 -l-« 4-«'^ + 4- «“* + + a"* + a® +«*° + n*' +a*’, &c. 

to inliiiity : and there are sufficient grounds to maintain, 

that the value of this infinite series is the same as that of the 

. I 

traction-. 

I - ft 


infill. What we ha>e said may at first appear strange; 
but the consideration of some particular cases will make it 
easily understood. I^et iis su[)j>ose, in the first place, « — l; 
our series will liecome 1 -j- 1 ^ 1 "1 1 -f- I -}- 1, &c; 

and tile fniction to which it must lx; equal, becomes 

Now, we have Ixfore remarked, that * is a number infinitely 
great; which is therefore here confirmed in a satisfactory 
manner. See Art. 83 and 84. 

Again, if wc supyiost* a =r 2, our series Ixcomes I -|- 2 -f- 
4 4“ -f 16 “h 32 4- 64, S:c. to infinity, and its value must 

lx the siime as -that is to sav ~ — 1; which at first 

1 —2 ' — » 

.sight will ap{xar absurd. But it must be remarked, that if 
we wish to slop at any term of the above series, we cannot do 
sf) without annexing to it the fraction which remains. Suppose, 
for example, wc w'erc to stop at 64, after having written 
1 4~~"f‘‘l'4"^4“f6 4"^^4" 64, we must add the fraction 

or or —128; we shall therefore have 127 — 128, 

■ ■■ ” R 

that is in fact —1. 


Were we to continue the series without intermission, the 
fraction would be no longer conridered; but, in that case, 
the series would still go on. 

294. These are the considerations which are necessary, 
when we assume for a numbers greater than unity; but if 
we suppost' a less than 1, the ^ole becomes more intel¬ 
ligible : for example, let « = i; and ^'e shall then have 

^ ; = -y = 2, which will be equal to the following 


series 


1 "1“ 1 + i “f" i "4" iV, “4" “1“ V 4 


T4T> 


ike. to in- 
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finity. Now, if we take only two terms of tliis aeries, we 

shall have 1 + i, and it wants I of being equal to Y"” = 2. 

If we take three terms, it wants { ; for the sum is I]. If 
we take four terms, we have 1 and the deficiency is only 
^ Therefore, the more terms we take, the less tlie difl*erence 
becomes; and, consequently, if we continue the series to 
infinity, there will be no difference at all between its sum 

and the value of the fraction —~, or 2. 

I — a 


295. I^t o = and our fraction - -^^ill then Ik* =: 

1 — ft 


-, = z:; 1:, which, reduced to an infinite 5>eries, Ik*- 

comes 1 t f • -I- 4- s's + • 1 r? - ^hich is const*- 


(]uently equal to — 

Here, if we take two terms, wc have 1', ami there wants 
If we take three terms, we ha\e 1;^, ami there will still 
be wanting If we take four terms, we >hall have 1 ' 

and the cliflerence w'ill lx* ; since, ihei-elbre, the error 
always Ik'coiiics three times less, it must e\ idenllv ^a^li^tl 
at last. 


29^1. SupjKvse ft ” ^ , we shall ha'o ^^^ = ij, 

= 1 q- 4 + V + s'V 4- s ? H- iVt* inlinity ; and lu‘re, 

by taking first 1^, the error is 1J ; taking three terms, 
which make 2-'-, the error is “ ; Uiking four terms, we have 
244 » ®nd the error is ! ^ . 

297. If ft = I, the fraction is--; = -]- = I ami the 

” ^ 4' 

scries becomes 1 + q- q- ,,, &.c- The first two 

terms are equal to I j, which gives for tlie error; and 
taking one term more, wc have that is to say, only an 
error of 

298. In the same manner wc may resolve the traction 
into an infinite series by actually dividing the nu¬ 
merator 1 by the denominator 1 q- o, as follows *. 


* After a certain number of terms have been obtained, tlie 
law by which the following terms are formed will be evident; 
so that the series may be carried to any length without tlie 
trouble of continual division, as is shewn in this example. 
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i+«) 1 (I—« + «* — 

1 

— a 

— a —a' 




— a^ 




—a% &c. 

. /liciuT it r<ill(>\vs, that the fraction —:— is etiual to the 

1 -f>« ' 

series, 

I — n -r- (I* — «’ + a* — «■' + a'* — Arc. 

~99. If we make a — 1, wo liave this remarkable com¬ 
parison ; 

-= ' =1 1 + 1— 1-1-1 — 1 +1—1, &c. to in- 

infinity; which appears rather contradictory; for if we stop 
at — 1, the stTies ^ves 0; and if we finish at -f- 1, it ^ives 1 ; 
but this is precisidy what stilves the difficulty ; for since we 
must ^o on to infinity, without stopping either at — 1 or at 
+ 1, it is e\ ident, that the sum can neither be 0 nor 1, but 
that this result must lie between these two, and therefore 
be ; 

;JOO. Let us now make a — i-, and our fraction will be 

-- - = which must therefore express the value of the 

series 1 — j -+- « -f- vV ~ ri "h infinity; here 

it* we take only the two leading terms of this series, we have 
I f wliich is too small by ^; if w'c take three terms, w'e have 
], which is too mucli by ; if we take four terms, we have 
which is too small by Src. 

* It may be observed, that no infinite series is in reality equal 
to the fraction from which it is derived, unless the remainder bo 
considiTcd, w'hich, in the present case, is alternately -hi an<l 
— I; that is, when the scries is 0, and —| when the series 
is 1, which still gives the same value for the whole expression. 
Vid. Art. 29S. 
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SOI. Suppose again a = f, our fraction will then be = 

■ . zz which must be equal to this series 1 — ^ -f — 

^ — tW + continued to infinity. Now, 

by considering only two terms, we have y, which is too small 
by terms make ^ which is too much by ; four 

terms give which is too small by . and so on. 

302. The fraction —- may also be rt.*solved into an in- 

finite series another way; namely, by dividing 1 bv a -f 1, 
as follows: 

0 + 1)1 *(—- 47 + 4 ' 

a ft' ft' 


1 +- 


ft 


1 

o 

1 I 

a a- 


I 

fr 



1 

u 



Consct|uently. our fraction is equal lo the infinite 

1 1 1 1 1 1 , , 

senes- ;7 + -t -r4*~:^-r'» Let us make 

a a- a‘ a" a*' 

a = I, and we shall have the series 1— 1 + 1 — 1 + 1 — 
1, &c. = ^, as before: and if we suppose a = 2, we shall 
have the series i — i + f — rV + I'r “ 7 rV» == i • 

is unnecessary to carry the actual division any farther, 
as the series may be continued to any length, from the law ob¬ 
servable in the terms already obtained; for the signs are alter¬ 
nately p/u« and minus, and any subseouent term may be 
obtained by multiplying that immediately preceding it by 
1 

a 
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303. In the some manner, by resolving the geperal fraction 
c 

—into an infinite series, we shall have, 

* V ^ be b^c ^ 

a y b) c -* 

'a a} a* 


r + - 


be 


a 

a 

he b'^r 
a 


b-i 




a 


a-’ 


l^c 

o' 


Whence it appears, that we may compare 


scries 


c be b^c 

T 1 i 

a a 


b'e 

—, &c. to infinity. 
^*1 ^ «> 


a 


c 

a + 6 


with the 


Let a = 2, 5 = 4, c = 3, and we shall have 


e 3 
a+5“2-f4 “ ^ 


= y = 4—34-6 — 12, &c. 


If o =: 10, 5 = 1, and c = 11, we shall have 
c 11 

_— 1 — II _ II II 

— •*-1 '5‘ TC'C 1 T5Tr<7 


0+5 10 + 1 


11 

I ■5^'6-S'* 


&c. 


Here if wc consider only one term of the series, we have 
+ 2 > which is too much by ; if we take two terms, w'e 
have which is too small by ; if we take three terms, 
we have +§^-, which is too much by / 

304. When there arc more than two terms in the divisor, 
we may also oonUnue the divi^on to infinity in the same 


* Here again the law of continuation is manifest; the signs 
being alternately + and —, and each succeeding term is 

formed by multiplying the foregoing one by —. 



96 


SLEMKNTS 


SECT. II. 


manner. Thus, if the fraction -—- were proposed, the 

infinite series, to which it is ec}uaJ, will lie found as follows ; 

1 -rt 1 * &c. 

I - ft + ft ’ 


ft —«« 
ft--0* + ft^ 


— ft 


1 


— ft"*—ft'* 


—ft^-j-ft'—ft*’ 


ft'’ 

ft'' —ft'4-w 


a' — a" 
ft* — 


- ft 


\Vc have therefore the e<j nation 

-^= 1 -f ft — ft’ — ft* + «'’ -h ft', iSic.; where, if we 

1—ft+ft' 

make a ~ 1, we have 1=^14-1 — 1 — l-hl + l“l — 
1, &c. which series contains twice the series found alH^^e 
I — 1+1 — 1+1, Src. Now, as we have found this to 
be *, it is not extraordinary that we should find j, or 1, for 
the value of that which w'o have just dctenninetl. 

By making a = ^, we shall have the eijuation — — 1 — 


1 + 


I 

T 


T >: 


t 


+ 


Ti rr 


S t 1 ’ 


icc. 


4 . 


If ft = 4, we shall have the ecjuation ~ = 1 + ^ — 

ij 

’ — ^ + &c. and if we take the four leading terms 

oi this series, we have 'gS,*, which is only less than 

S . 1 

-'Suppose again « = ^, we shall have — = | = 1 + 4 — 

T 

^ « 4 - tWj 8tc. This series is therefore equal to the 
preceding one ; and, by subtracting one from the other, we 
obtain 4 . — tt 4 ? which is necessarily =0. 

305. The method, which we have here explmncd, serves 
to resell VC, generally, all fractions into infinite series; which 
is often found to be of the greatest utility. It is also re- 
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markable, tliat an infinite series, though it never ceases, may 
liave a determinate value. It should likewise be observed, 
that, from this branch of mathematics, inventions of the 
utmost importance have been derived; on which account the 
subject deserves to be studied with the greatest attention. 


aUESTIONS FOR PRACTICE. 


ctx 

1, Ilcsolve-into an infinite scries. 

a — jv 


Jt' JT* 

Ans, X' -f" ■ H-^ “1- 

rt «■ rt* 


2. Resoivf —-— into an infinite scries. 

tt -j-X’ 


h V X'* r’ 

Ann. - X (1 - — + - - - - + ,S:c.) 

fi f tt- ti>' ' 


a ft' 


a' 


• >. itesolvc ——; into an infinite series. 


X-J-/y 


a- 


xO - * + -^-i^,+,S:c.) 

X- X' X'- ^v' 


1 -f-x 

1. llcsolve T- into an infinite series. 


r*. Resolve 


1 -.r 


(f 




Am. 1 -f 2i -f -f 2.r^ -{- 2.r*, &c. 

iiit<» an infinite series. 

2 .r 3a'* 4x’^ c 

AnJt. 1----&e. 

a (r rt* 


CHAP. VI. 

Of iJie Squares of Compound Quantities. 

306. When it is required to find the square of a com¬ 
pound quantity, we have only to multiply it by itself, and 
the product will be the square required. 

For example, the $<}uarc of a -t- ^ is found in the following 
manner: 



KI.KMFK 


Sl'< T. II. 


m 

* rt -f A 

a -j-A 

<1^4*^* 

4" 

i307. So that when the riK»t eonsi^ts of two terms ailiieil 
together, as « 4" the stjuarc ctmipreliLMuls, 1st, llie stjuare*' 
<ir each term, namely, and fjr ; and i2tlly, twice the prti- 
duct of the two terms, namely, iioh: no that the sum a ~\- 
%ib 4“ b- is the square of « 4" b. I^el, for example, tt ~ 10, 
and A = .‘3; that is to say, let it lx* re<juireil to liiul the square 
of 10 4- '!» or Id, and we shall have 1(K) -J- (»<> 9. t»r l^i9. 

dOS. We may easily find, hv means of this foruiela, the 
squares of nuinlx'rs, howe\er great, il’ we di\itie them into 
two }}arts. Thu*?, ftir example, the scpinre ol .‘iT, if we eon- 
sider that this numher is the s;une as oO 7, will he fmnul 

= ii.7(K) -i- T(M) q. 49 - d^»49. 

d09. Hence it is evident, that the s<jiiare tiff/ 4” ^ '^dl lx* 

4“ ^ since the square of ti is tf\ we liml tht' 

square of /i 4- 1 hy adding to that stjuare Sit/ 4* 1 * ‘‘"d 
must lx* ohser\ed, that this i.V/ 4‘ ^ die .umi of the two 
rtxits d and // -- 1. 

Thus, as the stpiare of 10 is 100, that of 11 will he lOO 
-4- i21 : the stjuarc tif ,57 Ix'ing ID, that of .5S is i9 - i 
115 = Sdf)4; the square of 59 = ddGl -f 117 = dhSl ; tiie 
square of 60 = 6481 + 119 = 6600, \*e. 

310. The stjuare of a eomjKiund tjuaiitit^', as // q- A. is 
represented in this manner (a q- by. We have thereliire 
(a + b)' = q- q- wdiencc we detliicc the following 
equations: 

(a4-l)2 = «"4-2o-f 1 ; (rt+2r = rt*4-4«-l-4; 

(«4-3)*=«*-fC« + 9; = See. 

311. If the rotit lx? a — Zi, the stjuare of it is a' — ilah !- 
5*, which contains alst> the stjuares of the two terms, hut in 
such a manner, tliat we must take from their sum twice the 

{ product of tho^ two terms. Let, for example, a n 10, anti 
1 = — 1, then the square of 9 will lx; fountl equal tti 100 — 

20 q- 1 = 81. 

312. Since we have the c<juation(a — by = o* — 2ff/>4“ 
A®, w’e shall have (a — 1 — 2« + 1. The square of 

a — 1 is found, therefore, by subtracting from a* the sum ol 
the two roots a and a — 1, namely, 2« — 1. Thus, for 
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example, if a = 50, we have o* = 2500, and 2a — 1 = 99; 
theretore 49* = 2500 — 99 = 2401. 

813. What we have said here may be also confirmed and 

illustrated by fractions; for if we take as the root ^ “h t — 
1, the square will be, + 44 = ly ~ 

Farther, the sf|uare of I — ^ ^ will be ^ — t + t 

— t 

— T?r- 

814. When the root consists of a greater number of terms, 
the method of determining the square is the same. Let us 
find, for example, the square of o 4- 5 + c; 




a-+2«5 -f 2rtc-l-//4-2Ac4-c’ 

Wc see that it contains, first, the square of each term of 
the rcx)t, and beside that, the douVjle products of those terms 
multiplied two by two. 

815. To illustrate this by an example, let us divide the 
iiumlier 256 into three parts, 200 -j- *50 -f“ fi ? its st|uare 
will then Ik* composed «)f the following parts: 

200' = MKXK) 

50- = 25(M) 

6 '^ = 86 

2 (50 X 200) = 2(K)00 

2 ( 6 X 200) = 2400 

2 ( 6 X 50) = C(K) 

65586 = 256 x 256, or 256*. 

816. When some terms of the root are negative, the 

square is still found by the same rule; only we must be 
careful w'hat signs we prefix to the double products. Thus, 
(a — 5 _ ~ n* 5* -f- e* — 2a5 — 2ac -f- 25c; and if 

we represent the number 256 by 800 — 40 — 4, we shall 
have, 
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Kogalivc Parts. 
ii(4<)x300) = 24000 
2(4x300)= 2400 


Positive Parts. 
3(HP = IKXKK) 
402 = 1(300 
2{40x4)= .320 

42 = 16 


— 26400 


91 am 
- 26400 


65536, the square of 256 as before. 


CHAP. VII. 

Of the Extraction o/* Roots to Coitijxniiul Quantities. 

317. In ortk'r to pivc a certain rule for thi.s ojH'ration, mo 
must consider attenti\ elV the scjuare of the root wliieh 

isrt* -f- 2«5 -f- 5% ill onler that we may reciprtxailly find the 
root of a given s<]uare. 

31S. We must consider therefore, first, that as the .square, 
o* 4 - 2 aZ> -f- />*, is comjxised of several terms, it is cert;iin 
that the root also will comprise more than one term ; and 
that if w'c write the terms of the stpiare in such a manner, 
that the poM’ers of one of the letters, as o, may go on con¬ 
tinually oiminishing, the first term will be the sipinre of' the 
first term of the root; and since, in the iiresent ease*, the 
first terra of the square is a'^ it is certain that the first term 
t)f the root is a. 

319. Having therefore found the first term of the rtxit, 
that is to say, a, we must consider the rest of the .square, 
namely, 2fl5 -J- 5*, to see if we can ilerive from it the second 
part of the root, which is 5. Now', tliis remainder, -f- 
5’, may be represented by the product, (2« h)b\ where¬ 
fore tlie remainder having two factors, (2« -j- b\ and by it is 
evident that we shall find the latter, w'hich is the .second 
part of the root, by dividing the remainder, 2«/> -j- b', by 
2<i -f- b, 

320. So that the quotient, arising from the division of the 
alxive remainder by 2a -j- 5, is the second term of the root 
required; and in this division wc observe, that 2a is the 
double of the first term or, %vhich is already dctermincxl; so 
that although the second term is yet unknown, and it is 
necessary, for the pre.sent, to leave its place empty, we may 
nevertheless attempt the division, .since in it we attend only 
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to the first term 2a ; but as soon as the quotient is found, 
which in tlic present case is 6, we must put it in the vacant 
place, and thus render the division complete. 

321. The calculation, therefore, by which we find the 
root of the square a* 2ab - 4 - A®, may be represented thus : 

a*-\-2ab 4 - b‘^{a-\-b 


2 a 4 -A) 2ab-\-b'^ 
2ab-\-b" 


0 . 

322. We may, also, in the same manner, find the square 
naA oi’uther eoiiqxmnd quantities, provided they are stjuares, 
as will ap|>ear from the Ibllowinf^ example.s: 

a’+CaA+OA* (a + 3A 


2a-|-3A) GoA-f- 9 A' 
ri«A-f-5)A^ 


1 ). 


— la A + A- (2a — A 


Ui — A) —k/A 1 A- 
— kiA-J-A* 


0 . 

+ 24p<7 4-1 67 * (dp -f ky 

fjjy- 


()/> + I7) 24p7 +169* 
24p7 +169’ 


0 . 

25x’-60r+36 (5x-(> 
25.r^ 


10.i_(;) —(?0t+36 
-(>()t +3G 


0 . 
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aaS. When there is a remainder after the division, it is a 
proof that the root is composed of more than two terms. 
We must in that case consider the two terms already found 
as forming the first part, and endeavour to derive the other 
from the remainder, in the same manner as we ibuiul the 
second term of the root from the first. The following ex¬ 
amples will render this operation more clear. 

—2or—+ c® (« + /> —r 
a* 


Qa + h) 2ah — ilar — 2hc+b'-\-r^ 
2ab 


+ —c) 


—Sac — 

— 2 ac — 2 b€ V r* 


0 


AT* + 2/1^ + 3 a-4-2a4-1 (a*4a + l 
a* 


2 a*-4 a) 2 ff‘ + fJa* 


2a*-42</4l) 2 a^-\- 2 n-{-\ 
0 2a* 4 2a 41 


0 . 


a^ — 4a3/> 4 Ha/y* 4 - 4A* (a* — 2ah — 2h * 

a* 


2a* "^^ab) — 4a''6-|-8a634-4/;‘ 
— 4«3/>-44a*/y^ 


2 a*~-^b- 2 b ) - 4 a 6* \- 8 ab^+U* 

— 4 a* 6 * 4 8a// 4- 


0. 
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««—6ai>d++ \0a%*-eah'^+b^' 

a® (a* —3a*6 4* 3aA’— 


2rt3 _ 3a*b) —Ga^b Jt\5a*b^ 
— Ga^b + 0a*b'‘ 


—G«’A + 3ab^) Ga*b'‘ - 20a 7>» +1 5a%* 

18fl*A^+ 9a‘6* 


2a'—(>a*i+(>a6^ — 6’) — 2a''A^4'0«**^^—6ai'’4-A® 

— 2 a4-{>0 *6'*—Ga6'’4'^*^ 


0 . 

.324. Wc easily deduce from the rule which wo have ex¬ 
plained, the method which is taught in IBooks of arithmetic 
j’or the extraction of the wjuare root, as will appear from the 
ft)llo\slng e\ample> in numbers: 

;V2<) f2.'j 2.‘J()4 ( 

4 JO 


H) 120 
129 


NS) 704 
704 


O. 


O. 


HKMi ((>1 

;u> 


<MK)4 i[)H 
81 


121 ) mi 
490 


188) 1504 
1.501 


0 . 

15625 (12^5 
1 


0 . 

OfiSOOi (‘)99 
81 


22) 56 
44 


189) 1880 
1701 


21.5) 122;5 
122.5 


1989) 17901 
171K)1 


0 . 



.325. But when there is a remainder after all the figures 
have been usotl, it is a prf>oJ’ that the number proposed is 
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not a scjuarc; and, consequently, that its root cannot be 
assi^ed. In such cases, the radical ugn, which we lx:fbre 
cmj^oyed, is made use of. This is written before the quan¬ 
tity, and the quantity itself is placed between parentheses, 
or under a line: thus, the scjuare root of a* + repre- 
se nted b y 4- b')^ or by ^/a* -p and ^(1 — •»'■)> 

v' 1 — vr‘, expresses the S()uare root of 1 — a*. Insteail oi’ 
this radical si^n, we may use the tVactiunal e\jM)iK‘iit 
and represent tlic stpiare root of -f- A*, for instance, by 

(«' + b^)^, or by ^ * 


CHAP. VIII. 

OJ'the Calculation o/’Irrational Quantities. 

32(5. When it is rcc|uircd to add together two tir more 
irrational quantities, this is to Ik* done, aceimllng to the 
method beliirc laid down, by writing all the terms in suc¬ 
cession, each with its proj)er sign : and, with regard to ab¬ 
breviations, we must remark that, instead of -f for 
example, wc may write 2 ^fu ; and that = (), 

because these two terras destroy one another. Thus, the 
quantities 3 4 * V'S and 1 -(- ^^ 2 , added together, make 
4 4 2v/2, or 4 4 - v'S; the sum of 5 4- ^/3 and 4 — 
is 9; and that of 2v^3 4- 3^^^ **^nd v'S ^ is 3^/3 4- 

2 v^. 

327. Subtraction alst> is very easy, since we have only to 
add the profjosed numbers, after having changwl their signs; 
as will Ihj readily seen in the following example, by sub¬ 
tracting the lower line from the up|KT. 

4_ .^/242‘v'3-3v^5 + 4v'6 

l + 2 -i /2 fbv'C 

3—3v/2 44v/3 + 2v'5-2v/6'. 

328. In multiplication, we must recollect that ^a mul¬ 
tiplied by v'w produces a ; and that if the numliers which 
follow the sign v' are different, as a anti we have ^ah for 
the product of a/u multiplied by .jb. After this, it will be 
easy t<i calculate the following examples: 
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1+v/a 4 ^ 2^/2 

1H-V2 2- ^2 

l -}-^/2 8 + V 2 

-v/2+2 _4 v/2—4 

l+2v'2+2=8-j-2v^2. 8-4 = 4. 


JJ29. What wc have said applies also to imaginary quan¬ 
tities; we shall only observe farther, that v'—a multiplk^d 
by ^produces —a. If it were required to find the 
eid)e of — ! + ^/-- 8, we should take the square of that 
number, and then inuitijdy that S(]uarc by the same number; 
as in ll»e following ojwration : 

— 1 + — b 

- l-f V'-.S 


1-v - .‘i 


-l-H v'-Jl 


2-|-2v^-y 


2 + () = 8. 

8*30. In the division of surds, we have only to express the 
j»r(qM>se<l (piantities in the form of a fraction; whicli maybe 
then changed into another expression having a rational de- 
nouilnalor; lor if the dt'nominalor be o-f for example, 
and we multiplv l>oth this and the numerator bya — ^//,tbe 
new denominator will be u" — /-», in which there is no radical 
sign. I.et it be projxjsed, for example, to divide 3 + 2^2 

3 4-2\/2 

by wc shall first have ^-then multiplying 

the two terms of the fraction by 1 — v'2, we shall Jiavc for 
the numerator; 


I _ , 'O 

1 — \ ^ 


G-f-Sv'k* 

-;3v/2-4 


:3- v/2-4--— x'2-1 ; 
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and for the denominator: 

l-v'S 


-✓2-2 


1—2s--l. 

Our new fraction therefore is —— ; and if we again 

multiply the tw'o tenns by — 1* w-e shall have fi>r the nu¬ 
merator ✓2-pl, and for the denominator -hi- Now, it is 
t-asy to shew that ^/2 -f 1 is equal to the projMDSod fraction 
j5q_o /o 

1 Hh 1 being multiplied by the divisor 

1 + thus, 

l-l-^2 
1 \ 


l + v/G 

✓2 p 2 


we have 1 -+-2 ^2 -f 2 = d -f 2 ^/2. 


Another example. Let 8 —5x>'2 Ije divided by .'J —2^^2. 

8 ““ *3 ^ 

This, in the first instance, is ~ ; and multiplying iht 


two terms of this fraction by 4" we have fur die- 

numerator, 

.S-5V2 


d4-2v/2 


24-15^2 

16^2-20 


24-Pv'2-20=4-} ^2, 

and for the denominator, 

3-2^2 
34 2v/2 


0-f)v^2 

0^2-8 
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Consequently, tlic quotient will be 4^-4/^ truth of 

this may be proved, as before, by multiplication; thus, 

4d- v^2 


-8v/2-4 


In the same manner, we may transform irrational 
fraetionh into otliers, that have rational denominators. If 

we have, for example, the fraction g—and multiply its 

niinuTator and denominator bv 5 + 2v/(l, we transform it 
o -|- 2 ^ (i ^ 

intt> thih,-- — 5 -j- ii in like manner, the fraction 


— 1 -r v' — .‘1 


1 


assumes this form, 


0 + 04/—3 1 V 4^-3 


-4 


—2 


..Is., + " V = = n t 2v'30. 

4 / 0 —5 1 

332. When the denominator contains several terms, we 
may, in the same manner, make the radical signs in it vanish 

one hy one 'I'hus, if the fraction ■ - ■ —-be pro- 

jxised, we first multiply these two terms by ✓lO -|- 4/2 

. , . . . . v/10+4/24-4/3 

4- 4/3, and obtain the fraction - - —5—77^-; then 

o ■” .*4/ o 

multiplving its numerator and denominator by 5 4 24/6, we 
have .Jv^lb f 114/2 + 9%/-^ + 24/6O. 


CHAP. IX. 

/y* Cadies, and of the £xtraction f^’Cube Roots. 

.'kJ3. '^I'o find the cube of a -f A, we liave only to multiply 
its wjuare. (v 4- 2^//» + //*, again bv a + h, thus; 

ft' 4 2//^ 4 Ir 
a 4 A 


a * 4 nb^ 

/?Vi4 2/i// 4 A' 


and the cube will he ^*43«7/4 3«// 4 ^ 1 *. 


0 
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We sec therefore that it contains Uic cubes of tlie two 
parts of the root, and* beside that, 3a*6 + 3ad^; which 
ciuantity is equal to (Salt) x (a A); that is, the triple pro¬ 
duct of the two parts o ^d d, multiplied by their sum. 

So that whenever a root i8coin]x)sed of two terms it 
is easy to find its cube by this rule: |jur example, the num¬ 
ber 5=S + 2; its cube is therefore 27-♦-8 + (18 x 5) = 125. 

And if 7 + 3 = 10 be the root; then the cube will Ik* 
343 + 27 + (63 X 10) = 1000. 

To find the cube of 36, let us suppose the r*x>t 3(> = 30 
-4“ 6, and we have for the cube ret|uircd, 27000 + 216 -f- 
(540 X 36) = 46656. 

335. But if, on tlie other hand, the cube Ijc given, namely, 

+ Sd^b + 3rt5* -P 5*, and it be retiuired to find its root, 

we must premise the following remarks ; 

First, when the cube is arranged according to the powers 
of one letter, we easily know by the kxuling lenn the 
first term a of the root, since the cul>e of it is ; if, there¬ 
fore, we subtract that culie from the cube profioscxl, we <ib- 
toin the remainder, Sa-b Sab*^ + /;\ which must funiish 
tlie second term of the root. 

336. But as we already know\ from Art. .‘13)5, tliat the 
second term is -)-6, we have principally to distxncr how it 
may be derived from the above remainder. Now, that re¬ 
mainder may be expressetl by two factors, thus, (J5<i* q- S<tb 
+ 5*) X (5) ; if, therefore, we divide by 3a‘ + iUib -f //*, 
we obtain the second part of the nxit +5, which is re- 
tjuired. 

337. But as this second term is supposed to be un¬ 
known* the divisor also is unknown; nevertheless we have 
the first term of that divisor, which is sufficient; for it i.-s 
3«% that is, thrice the stjuare of the first term alreatly found ; 
and by means of this, it is not difficult to find alsai||lie other 
|)art, h, and then to aimpletc the divisor licfore w'c |X*rform 
the division; for this puipose, it will be necessary to join to 
J5«* thrice the product of the two terms, or Sab, and or 
the stpiare of* the second term of the root. 

<338. Let us apply what we have said to two examples of 
other given cubes. 

fl’-f 12«* + 48<i4*64 («-4-4 

..1 


.3,1* +12,1 5- Hi) 12,1 ‘ -h 48rt + 64 

12,f+ 48^4-64 




0 . 
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a«—6rt* I5a*-20a^ -h 156*-6rt 4-1 h- 1 

a« 


!J«'-Grt' + 4-fl«) - G«» -h J 5rt' —20fl^ 


;j« ' - 11 >« • + 1 ‘2o2 + J5rt2-_Ga -+-1 ) :ia’- 12fi'-t- 1 5«"—Gfl + 1 

f«n-l 


0. 


JW9. The analysis which we have ^iveti is the foundation 
of tlie common rule lor the extraction of the cul>e root in 
niiinl>ers. See the following example of the operation in the 
number SJ197: 

2197(10 + 3 = 13 
1000 


Ji(K);il97 

*K)i 

3iM);1197 


0 . 

Lei us also e.Mract the cube r(X)t of 31'fK>.'>7Si5 : 

;ji9()57H.3(3()0 + 20 + 7, or 327 



2700(KK)0 

27(KKK) 

mm 

400 

70C5783 

288400 

57()8(KK» 

307200 

0720 

49 

219778J5 

313969 

2197783 


0. 
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CHAP. X. 

Of the higher Powers of Compound Quantities. 

3-10. After squares and cubes, we must consider bimlier 
powers, or powers of a plater number of degrees; which 
are generally representeti by exponents in the manner which 
we before explained : we have only to’ remember, when th<' 
nx>t is compound, to enclose it in a parenthesis: tlui.s, 
(a + 6y means that a + b is raised to the liflh jx>uer, and 
(fi — bf represents the sixth |iower of n — A, and on. 
We shall in this chapter explain the nature of these jw)wei>. 

341. Let « -I- 6 l)C the root, or the first |X)wcr, and the 
higher powers will lie found, by nuiltiplication, in the fol¬ 
lowing manner: 

a + h 


a *’ + nb 
tlh-k-h 


(// -j- /y) * = -f iirtA -H U 

a -t-/y 


rP + 9yr/y + 

flVy \ Mob' 4- b 


{a -t- by a -*• Sa-b b^ 

a -*-h 


n* ■+■ fia^b ■+■ 3«’6’* •+■ o/y’ 

a^b -+* fia^b^ ikib' -f b* 


(«-s i) *=fl * -*- 4aVy f (ia*b* ■+■ 4-ab* b ‘ 
a -^h 


a ' -+ 4a *b + iio'b" Urb’t-nb^ 

fi*b -+ 4aVy‘ iyo^b' 4a6‘ -t- /y' 


a + 5a*^ 1 1 Oa ‘/y‘ -f-1 ()a7y^ 5nb* b‘ 
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(«-t- h ;* ~ «' 5«’6 + lOa lOa'6* 5a/>‘ //' 
n H-l) 


a" -t- 5a'h -t- I0ar*ir lOa'h ‘ -+- -+-« V/ 

a-’h 5a -h IOgV r‘ -f-1 Qa^b * 5ab'' ■+■ 


(a -4- A)*’ rr a" ■+■ (x/ 'b I5a*b* -»- iiOa^/P ■+■ 15a'b* ■+■ 6ab^ ■+■ &c. 

iJ42. Tlic powers of the root a — b are found in the same 
manner; and we sh.'d! iinmediatciy j>erccive that they do 
not differ from tlic j)receding, excepting tliat the Hd, 4th, 
(ith, &c. terms are afiected by the sign minus. 

(« - byzza — b 
a —b 


— ah 

— ah-\-b' 


Ka-byz=.a^~^Z€ib\b 
a -b 


- ilti b «/>* 

— a^b — h'^ 


{a — b)'— 

a —b 


ii* — J Jr/V> -4- 'b '— ah' 

~ a 7/ lia*b' — fJr#//-{- b* 


{a^ b)*zza* — -Itc^b-{-Gd^b* — 4ri/»*“j-6* 
n — h 


— 4fl*//*-f- ab* 

— /r*(fr 4" 4Gf*6’‘ — 


{n - ^/'=«-'-5a*6+10a»6*- 10aV>"+5a6‘ - //* 
a —b 


o*’—+ - 10r/*^'4- 5a 6‘— aJ^ 

— /rV/-t- 5a*b^-\0aVi^-\^10a^b*—5alr^-\-U' 


(a—5)<’’=a«—6aV/-»-15aV/*- 20a7/iH-15aV>^--6rt//-»-A«, &e. 

Here we see that all the odd [X>wer« of b have the sign 
—, while the even powers retain the sign -f-. The reason 
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of this is evident; for since - is a term of the root, the 
powers of that letter will ascend in the following series, —A, 
-\~b\ —b\ which clearly shews that 

the even jwwers must be affected by tlie sign +, and the 
odd ones by the contrary sign —. 

343 . An important question occurs in this place; namely, 
how we may find, without being obliged topenbitn the same 
calculation, all the powers either of a -f or a — b. 

We must remark, in the first plaw, that if we can assign 
all the powers of a those oi a — b arc also foiiml; 
since we have only to change the signs of the even terms, 
that is to say, of the second, tlic fourth, tlic sixtli, &c. The 
business then is to establish a rule, by which any jwwer ol‘ 
however high, may be determined without the necessity 
of calculating all the preceding |X)wers. 

344 . Now% if from the powers which we have already de- 

tennined we take away the numbers that precede each term, 
which are called the cocJffichntSy we ()bserve in all the teriiiN 
a singular order: first, we see the first term // of the root 
raised to the power which is rcquiriHl; in the following 
terms, the jxiwers of a diminisli continuallv hy unit), rnul 
the powers of 6 increase in the sfune projwiion ; so that the 
sum of the exponents of a and of A is always the same, and 
always ec|ual to tite exponent of the power re(|uired; and, 
lastly, w’c find the term b by itself raised to the same fK>wer. 
If therefore the tenth power of a + 6 were required, w e are 
certain that the terms, without their coefficients, would suc¬ 
ceed each other in the following order; a-'A, a%'y a'b^, 

a*l/\ a^b^, a’A®, a^, b^'\ 

345 . It remains therefore to shew how we are to de¬ 
termine the coefficients, which belong to those terms, or the 
numbers by which they arc to be multiplied. Now, witli 
respect to the first term, its coefficient is always unity; and, 
as to the second, its coefficient is constantly the cx|X)nent of* 
the power. With regard to the other terms, it is not so 
easy to observe aiw order in their coefficients; but, if we 
continue those cocfncicnts, wc shall not fail to discover the 
law by which they are formed; os will appear from the 
following Table. 
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Powers. C^>efficient». 

Ist. 1, 1 

2d.1, 2, 1 

3d. 1, 3, 3, 1 

4th.1, 4, C, 4, 1 

^th . - - - 1,5, 10, 10,5, 1 

Gth - - - 1,6,15,20,15,6,1 

7th - - - 1,7,21,35,35,21, 7,1 

Sth - - 1, 8, 28, 56, 70, 56, 28, 8, 1 

9th - - 1, 9, 36, 84, 126, 126, 84, 36, 9, 1 


10th 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1, &c. 

We sec then tliat the tenth power of a 4- ^ will be a*® -j- 
10^f^‘5-f 45a'5* 4 120rtV>‘+ 210a«5*4- 252a"5*+ 210a’5«+ 

120a *57 4- loaVy* -f lOa^^ + 

346. Now, w'itli regard tt> the coefficients, it must be ob¬ 
served, that for each jx>wer their sum must be equal to the 
number 2 niisi'd to the same ixjwcr; for let a = 1 and b — 
1, then each term, without the coefficients, will be 1 ; con- 
sequentlv, the value of the jx)wcr will Ikj simply the sum of 
the coefficients. This sum, in the preceding example, is 1024, 
and aixrordingly (1 4-1)“^ = 2"' = 1024. It is the some 
with resjiect to all other powers; thus, we have for the 

1st 14-1 2 ^-2', 

2d 14-24-1=^4 = 2', 

3d 14 - 3434 - 1 = 8 = 2 ', 

4th 14 - 446444 - 1=16 2‘, 

5th 14 - 54104 - 104 - 5 -i-l =32 = 2\ 

6th 1 - 464154204 - 154 - 641=64 = 2 % 

7th 1474214354354214741 = 128 = 27 , &c. 

347. Another necessary remark, with regard to the co¬ 
efficients, is, that they increase 1‘rom the beginning to the 
middle, and then decrease in the same order. In the even 

1 lowers, the greatest coefficient is exactly in the middle; 
)ut in the odd powers, tw'o coefficients, equal and greater 
than the others, arc found in the middle, belonging to the 
mean terms. 

The order of the coefficients likewise deserves particular 
attention ; for it is in tliis order that we discover the means 
of determining them for any power whatever, without cal¬ 
culating all tne preccxiing powers. IVe shall here explain 
this method, reserving the demonstration how'ever for the 
next chapter. 

348. In order to find the coefficients of any power pn»- 
fxised, the seventh for example, let us write the following 
fractions one after the other: 
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In tins nrrangcmcnt, we jierceive that the numerators liegin 
by the exponent of the power reqiiireil, and that they 
diminish suecessively by unit}'; wiiile the denominators 
follow in the natural order of the iuinil)ers, 1 , 2 , d, 4 , 
Now, the first coefficient being always 1, the first fracaioii 
gives the second coefficient; the prcxluct of the first two 
fractions, iiiultiplied together, repreatmts the thirti nx'dieient; 
die product of the three first fractions represents the fourth 
coefficient, and so on. Thu.s the 


1 st 

gd 

dd 

4th 

5ih 

i)th 

7th 

8th 


coefficient is 1 — 1 

i 

• * ■ ■ T = * 

7 . G 


7 . () . o 


1 


, 3 



1 - 

6 

rt « 

4 


1 

• 

, 3 . 

4 


7 

. fi 

. .5 . 

1 

. 3 

1 

0 

« 

, 3 . 

1 

. 

i 

. fi 

, . 


. 3 . ! 

1 

n 

■ 

, 3 . 

4 


t 

. a 

•J • 


'i 

1 

0 

» 

3 . 

1 . 

> ’9 • 


fi49. So that w*e have, for the second jK^wer, the fraction-' 
4 ; whence the first coefficient is 1 , the second ; = and 
the third 2 x ^ = 1 . 

The third power furnishes the fractions ), ; where¬ 

fore the 


1 st coefficient = 1 ; 2 tl = ’ = JJ; 

3d rr 3.= 3; and 4th = ^ { =r 1. 


We have, for the fourth power, the fractions 
consequent]^', the 

1st coefficient = 1; 

2d±=4; 3d 7 . 4 , = 6 ; 

4th 7 . 7 . T = ^ ^ ^^1^ T • -1 • T • T = 1 • 

350. This rule evidently renders it unnecessary to find 
the coefficients of tlie prcccdiri|r powers, as it enables us to 
discover immediately the coefficients which belong to any 
one proposed. Thus, for the tenth power, we write the 
Jractions V®» 2 > h h h kj h ^ l>y means of whicli wc 
find the 
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l$t coefficient 1 


9 

¥ 


2d = = 10; 

3d = 10 
4th n 45 
5th = 120 
6th = 210 


= 45 
4 = 120 
I = 210 
4 = 252 


7th = 252 
8th = 210 
9th = 120 
10th = 45 
and 11th = 10 


4 = 210 ; 
4 = 120 ; 
f =45; 
4 =10; 
= 1 . 


T-e- 

351. We may also write these fractions as they are, 
without computing their value; and in this manner it is 
easy to express any power of a + 5. Thus, (o + 5)^®° * 

100.99 . 100.99.98 


.1UI> 


I O O 

r 


+ 


100.99.98.97 


1 . 2 


+ a9«5* + 




a^b* +, &c. * 


1 . 2 . 3 . 4 

succeeding terms may he easily deduced. 


1.2.3 
Whence the law of the 


CHAP. XI. 


Of the Transjxisition of the Ixitters, on tchich the demon¬ 
stration of the preceding Rule is founded. 

352. If we trace hack the origin of the coefficients which 
wc have been considering, we shall find, tliat each term is 
presented, as many times as it is ]x>8sible to transpose the 
letters, of which that term is composed; or, to express the 
same thing differently, the coefficient of each term is equal to 
the nunilKT of trans{K>sitions which the letters composing 
that term admit of. In the .second power, for example, the 
term ah is taken twice, that is to say, its coefficient is 2; 
and in fact wc may change tlie order of the letters which 
compose that term twice, since wc may write ab and lui. 


* Or, which is a mure general mode of expression. 

^ 4 )’*=: «"+ -j-rt — *6 ^ - 

1 1 • ^ 


• a"— 


w . (n — 1) . (w—2) , 3,3 n . (i> — 1) . (w ^ 2) . ~ 3) 

1.2.S 1.2.S.4 


o"— *b* &c. 


n . («—1) . (n—2) . (n—S) - - - - 1 


1.2.3. 4.n 

This degant theorem for the involution of a compound quantity 
of two terms, evidently includes all powers whatever; and wc 
shall afterwards shew now the same may be applied to the ex¬ 
traction of roots. 


T 

I ^ 
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The term any on the contrary, is found only onoc, and here 
the order of the letters can undergo no change, or trans* 
iK)sition. In the third power of a + A, the term aab may 
lie written in three different ways; thus, uah, o/ia, baa ; the 
coefficient therefore is ,3. In the fourth piiwer, the term d'h 
or aaub admits of four diflereut arrangements, aanb, aubn, 
ahaa, baaa; and consequently the cot'ificient is !•. I'hetenn 
aaffb admits of six trans|iositions, aahh, ubba^ baba, a/tfMb^ 
hhaay haahy and its coefficient is 6. It is tlie same in all 
other eases. 

1553. In fact, if we consider that the fourth jxiwcr, for 
example, of any root consisting t)f more than twt> terins, as 
(a + A + r + d)^, is found by the niultipliealion «)f the four 
factors, (fl 4- A 4 - f + d) (o + A + c + d) (« -|. A + r + d) 
(« -I- A + f 4 d), we readily see, that each letter of the first 
factor must lie nuiltiplied by each letter of the second, then 
by Ciich letter of the third, ami, lastly, by cacli letter t»f the 
fourth. S<i that every term is not only compi)M.*d of four 
letters, but it ai^o prest'iits itself, or enters inu» tlte sum, as 
many times as those letters can Iw differently arranged with 
res|x*et to each other; and hence arises its e<H*fficient. 

1554. It is therefore of great inqHirtanec to know, in 1 h)w 
many different ways a given nninlHT of letters inav he ar- 
raiigetl; but, in this inquiry, we must jiiirticularly consider, 
whether the letters in (]uestioii are tlie sjinu-, or difl*erent 
for when they are the same, there can Im? no trans(M)^iti<>n i>f 
them; and for this reason the simple |X)wers, as o’, a ', o 
&c. have all unity for their C(K*fficients. 

355. Let us first supjxise all the letters different; ami, 
lieginning with the simplest case of two letters, or r/b, we 
immediately discover that two transpositions may take place, 
namely, ab and ba. 

If we have tlircc letters, a Ac, to consider, we observe that 
each of the three may take the first jilace, while the two 
others will admit of two transjxisitions; thus, \i’ a l)ethefir>t 
letter, we have two arrangements a Ac, acb ; if A be in the first 
place, we have the arrangements Aec, bra ; lastly, if c o<'* 
cupy the first place, we have al8<i two arrangements, namely, 
caOf eba ; consequently the whole number of arrangements 
is 3x2 = 6. 

If there be four letters aAcd, each may occupy the first 
place; and in every case the three others may form six 
different arrangements, as wc have just seen; therefore the 
whole number of trzmspositions is 4 x 6 = 24 = 4 x 3 x 
*2x1. 

If wc have five letters, oAcdc, each of the five may be the 
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first, and the four others will admit of twenty-four trans¬ 
positions; 80 tliat the whole number of transpositions will 
DC 5 X 24 = 120 = 5x4x3x2xl. 

356. ConsctjuenUy, however great the number of letters 
may be, it is evident, provided they are all different, that we 
may easily determine the nunibcr of transpositions, and that 
we may for this purpose make use of the following Talde: 


Number of Letters. 

Number of Transpositions. 

1 


1 

= 1. 

o 


2.1 

= 2. 

3 


3.2.1 

= 6. 

4 

• 

- 4.3.2.1 

= 24. 

m 

o 

- 

,j . 4.3.2.1 

= 120. 

() 

- 

(i . 5.4.3.2.1 

= 720. 

7 

- 

7.6 . .5 . 4.3.2.1 

= 5040. 

8 

S . 

7.6.5. 4.3.2.1 

= 40320. 

<) 

- 9.8. 

7.6.5. 4.3.2.1 

= 302880. 

10 

10.9.8 . 

7.C.5.4.3.2.1 

= 30288(H). 


3.57. Hut, as we have intimated, the nuint)crs in this 
Table can lu; made use of only when all the letters are dif¬ 
ferent ; fV)r if two or more of them are alike, the number of 
truns{>ositions becomes much less; and if all the letters are 
the same, we have only one arrangement: we shall there¬ 
fore now shew how the numbers in the Table arc to 1 k' 
diminibiied, according to the number'of letters that are 
alike. 

358. When two letters are given, and those letters arc 
the siimc, the two arrangements arc reduced to one, and 
consequently the numl>er, which we have found above, is 
rcduceil to the half; that is to say, it must be dividetl by 2. 
If we have three letters alike, the six transjxjsitions are re¬ 
duced to one; whence it follows that the numbers in the 
Table must be divided by 6 = 3.2 . i; and, for the same 
reason, if four letters are alike, we must divide the numbers 
found by 24, or 4.3.2.1, &c. 

It is ea.sy therefore to find how many transpositions the 
letters aaabbe^ for example, may undergo. They are in 
number 6, and consequently, if they were all different, they 
would admit of 6.5.4.3.2.1 transpositions; but since 
a is found tliricc in those letters, we must divide that num¬ 
ber of transpositions by 3.2,1; and since h occurs twice, 
we must again divide it by 2.1 : the number of trans- 
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. . • 1 Ml 1 1 . , G . 5 . 4 . 3 . 2 . 1 

positions required will therefore be — ,, --—=—-—=; 5 , 

4 .3 = 60. 

359. We may now readily determine the cxiefKdents of 
all the terms of any power; as for example of the seventh 
power (a + 6 )^. 

The first term is o?, which occurs only once; and as all 
the other terms have each seven letters, it follows that the 
number of transpositions for each term would be 7 . 6.5 . 
4.3.3. 1 , if all the letters were different; but since in the 
second term, a^6, we find six letters alike, we must divide 
the above product by 6 .5.4.3 . S . 1 , whence it follows 

.7. 6 .5.4.3.2.1 7 

that the coefficient is — 7 ;—=—;— ;—=— = 

6 .5.4,3. 2.1 1 

In the third term, we find the same letter a five 

times, and the same letter A twice; we must therefore 
divide that number first by 5.4.3 .2 . 1 , and then by 

, - ^ . 7. 6 ..*5.4.3.2.1 

2 . 1 ; whence rei>ults tlie coefficient -p— 7 — - —17“ " 1 — Ti —? 

_ 7 .6 
~ 1 . 2 ‘ 

The fourth term contains the letter a four liines, and 
the letter ft thrice; consequently, the whtile number of the 
transpositions of the seven lettci's, must Ik* divided, in the 
first place, by 4.3.2 . 1 , and, secondly, by 3.2.1, and 

7. 6 .5.4 . ,‘3.2 . 1 7.6.5 

1 .3. 2 . 1 .3. 2 . 1 ” 1 . 2 .3' 


the coefficient becomes = 


In tlie some manner, we find -j—for the coefficient 

I.2.3.4 

of the fifth term, and so of the rest; by which the rule before 
given is demonstrated *. 

360. These considerations carry us farther, and shew us 


* From the Theory of Combinations, also, are frequently de¬ 
duced the rules that have just been considered for determining 
the coefficients of terms of the power of a binomial; and this is 
perhaps attended with some advantage, as the whole is then re¬ 
duced to a single fonnula. 

In order to perceive the difference between permutations and 
combinations, it may be observed, that in the former wc inquire 
in how many different ways the letters, which compose a certain 
formula, may change places; whereas, in combinations it is 
only necessary to know how many times these letters may be 
^taken or multiplied together, one by one, two by two, three by 
three, &c. 
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also how to fimi ail the powers of' roots composcil of more 
Uian two terms*. We snail apply them to the third power 
of^/ -p 4 . r; the terms of whidi must be formed by all 
the |x>ssihlc combinations of three letters, each term having 
for its coefficient the nunilx^r of its transpositions, as shewn. 
Art. 

Here, without |x*rrorming the multiplication, the third 
}M)wer of (a 4 - /j 1 - c) will be, p (io*c + -|- 

Mr H- :iac^ -f //■’ -f O/y- -f Me" -f 

Sup|x>se a = h = 1, c =z 1, the cuIkj of 1 -f- f -j- 1> or 
of ^3, will hi' 1 -f 3-f tl + 8 4- r> -f 3+1-j- f3 + ii -f 1 =27; 


l^ct us take the fomiula a6c; l>ere wc know that the letters 
which compose it admit oi'six [>crmutations, namely izl^c, ach, bac^ 
bca, caby eba : but as for combinations, it is evident that by taking 
these three letters one by one, we have three combinations, 
namely, a, b, and c; if two i)y two, we have three combinations, 
abf nc, atul be ; lastly, if we take them three by three, wc ha\e 
onU the single combination abc. 

Now. in the same niamuT as we pro\e that n different things 
admit ol“ 1 x 2 x X t— « different permutations, and that if 
/■ of these « things are cijuai, the number of permutations is 


-^^-; bo likewise we i)ro\c that n things may be taken 

I X 2 X .4 X —r o - 

>1 X fnl )--X(»—2) — in— 


by 


i) 


number of times: or that 


1 X 2 X ii—r 

we inav take »■ of these n things in so many different ways. 
Ifcneo, if wc call n the exponent of the power to which "we wish 
ro raise ;lie binomial a -i- b^ and r the exponent of the letter b 
in any term, the cneffieient of tliat term is always expressed 

, , , a X fa — n X (« —2)—(;/ —rd-1) 

1 X 2 X -r 

example, article .‘klJ), where fi = 7, wc have a^b^ for the third 
term, the exponent r = 2, and consequently the coefficient = 


Thus, in the 


7 x<) 


for the fourth term wc have r = 3, and the coefficient 


= Rtid so on : which are evidently tJie same results as 

1x2x3 ’ 

ihe permutations. 

I'or complete and extcnsi\c treatises on the theory of com¬ 
binations, w'e arc indebted to Frenielcn De yiontmort, James 
lii numUi, &c. The two last have investigated this theory, 
with a view to its great utility in the calculation of proba¬ 
bilities. F. T. 

* ftoots, or quantities, composed of more than two terms, are 
called po/yaowMrt/s, in order to di.stinguish them from binomiafsf 
or quantities composed of two terms, F. T. 
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which result is accurate, and coniirms the rule. But it* we 
had supposed a = 1, 6 =: 1, and c = — 1, wc should have 
found for the cube of 1 -f 1 — 1, that is of 1, 

l4.3-3 + 3- 6 + 3-hl“3 + 3- l=l, which 
is a still farther coniirmation of the rule. 


CHAP. XII. 


Of the Expression o/'lrrational Powers bt/ Infinite Series. 


361. As we have shewn tlie method pf finding any power 
of the root a + A, however great the ex{X}nent may he, wc 
are able to express, generally, the power of a 4- A, whose 
exponent is undetermined ; for it is evident that if w’e repre¬ 
sent that exjxinent by «, we shall have by the rule already 
given (Art. 348 and the following) 


n 


ti 


(a + &)'• = n" + -f. ~ 

fi — I 


1 


o 


a 


" -fAC 




n « — 1 


o 


n —2 ,,, n 


71 


—•2 71 — 3 

TJ~ • ^ 4" &C. 


362. If the same power of the root n — h were reejuired, 
we need only change the signs of the second, luurth, sixth, 
&c. terms, and should have 


(a — bY = «“ —j a" 

»» —2 „ n 71- 

3 


n .. 71 «— 1 71 

■77 4-. —- 

12 1 


71-1 

o“ 


1 71 — 2 71 — 3 


o 


3 


a ‘A‘ - fccc. 


363. These formulas are remarkably useful, since they 
serve also to express all kinds of radicals; for wc have .shewn 
that all irrational quantities may assume the form of |X)wers 

I I 

whose exponents are fractional, and that Va = o*,v/a = a^, 

t 

and i/a =: a^, &c.: we have, therefore, 

'i/{a b) = (a + bY ; i/(a b) = (a 4- ; 

and *^{a 4- 6) = (« 4- by^, &c. 

Consequently, if we wish to find the square root of a 4- A, 
we have only to substitute for the exponent 7i the fraction 
in the geneiw formula, Art. 361, and we shall have first, fur 
“the coefficients, 
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n n— 1 _ ^ »— 2 _ ^ n—3_^ ^ n —4 

- “ Ti— 5 - = 

11 —«5 

” re i g - = - /f. Then, a" = = v^aand «*—*=: 


-7- ; a"-“*=: —7-; tf"—’= *T~r» or we misht express 

•ya av'a a'^a ® ^ 

those powers of « in the following manner: a” = v'a; 




a 

2— • /2 «—4 — 



o, 

.■364. This being laid down^ the sejuare root oi a h may 

Ixj expressed in the following manner: 

^/(a + 6 ) = ^« + ;. 6 i^ - ; . i . i . 


V'/l 

1365. If « therefore be a stjuare number, we may assign 
the value of and, consequently, the S4|uare root of 

a -f h may be expressed by an infinite series, without any 
radical sign. 

Let, for example, a = e% we shall have i/a c\ tlien 
. b b* 

✓ (c* + A) = r + ,v . F • 

&e. 


We see, therefore, that there is no number, whose square 
root we may not extract in this manner; since every number 
may be resolved into two ]iarts, one of which is a stjuarc re¬ 
presented by c\ If, for example, the sciuare root of 6 lx? 
requirc‘d, we make 6 = 4 + 2, consequently, c* = 4, e = 2, 
h — 2 , whence results 


v/6 = 2 + -^g -j- -gy 

If w e take onl}' the two leading terms of this series, we 
shall have 2J — the square of which, V, is ^ greater 
than 6 ; but if we consider three terms, we have 2 ^ 
the square of w hich, 9 is still too small. 

36o. Since, in this example, ^ approaches very nearly to 
the true value of -✓ 6 , we shall take for 6 the equivalent 
c|uantity V ~ 4 ; thus = V ^ ^ = I i ^ ^ i and cal¬ 

culating only the two leading terms, wc find VG = |. +- ^ . 

_ j « . 

- 7 ^ ^ I - ,'r, = to > tke square of which 
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fraction being cxtJceds iJie square <ii‘ .^/(i only 

rfe ’o* 

Now, making G =: VcV — c = ff = 

— ; and still taking only the two leading terms, we 

_ t I ' 

have V6 = -f ; . “TT^ = - I • ^ = tt - .ttVc 


* W * 

“ T^rt t » stjuare of which is ^j-'bViVVV i when re¬ 
duced to the same denominator, is == 0 ° ^ *-hc error 

tlierefore is only 

GC7. In the same manner, wcmay express the culie root of 
a-|-6 by an infinite series; for since we 

shall have in the general fonnula,« = j ,and for the eoelHcients, 
n n — I 11—2 «—3 n —!■ 


1“^’ 2 3 4 7’"'*^’ 5 “ 

— &C. and, with reganl to the powers of a, we shall have 

a" =il/ai a”—‘= —; <?"—* = —r ; a"—^ then 

V{a 4- ^*) = ;ya + - : . /A" f 


= —r ; a"—^ then 


h- -: . h‘^— - 1 - 

a O' 


. &c. 

a* 

368. If n therefore lie a cuIk*. or o =<*3, wo havo — r, 
and the radiciil sigu.> will \auiNh; for wo shall have 

h h' , A' b‘ 

V{c^ -f = <" -i- i • ~r ~ — i\ i • ^.,1 

+» 

3fj9. We h.'ive therefore ai'iivcd at a formula, whith will 
enable us to find, b^ apprckvhnation, the cube root of an\ 
number; since every number may In? resolved into two parts, 
as <*’ -j- A, the first of which is a cube. 

If we wish, for example, to determine the cube root of 2 , 
wc represent 2 by 1 -f- so that c = 1 and A ir 1 ; con- 
sct^uently, ^2 =: 1 -p -J- -- -f- See. The two leading 
terms of this series make 1 }. = +, the cube of which '‘-t is 
loo great by : let us therelbre make 2 n: — ! ?, we 
have e = ^ and A = — J, and cansec|ucntly y 2 n * 4 - 

_ I o 

\ ^ : these two terms give ^ <^ube of 

which "is but, 2 = so that the error is 

; and in this way we might still approximate, the 
faster in proportion as we take a tfreater niimlicr of terms *. 


* In the Philosophical Transactions for iGill-, Dr, Halley ha.s 
given a very elegant and general inethod for extraetnig r(»ots of 
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CHAP. XIII. 

Of the Resolution g^Negativc Powers. 

370. We have already shewn, that ~ may be expressed 
by a—*; we may therefore express also by (a + b )—^; 

so that the fraction may be considered as a power of 

a namely, that pow'er whose exponent is — 1; from 

which it follows, that the series already found as the value 
of (a -b h)’^ extends also to this case. 

371. Since, therefore is the same as (a 4* let 
us suppose, in the general formula, [Art. 361.] w n — 1 ; 


n 


and we sliall first have, for the coefficients, — n: — 1; 


n- t 
~T> 


7i — 2 _ 

= — 1 ; -g— = — I ; 


n 


= — i, Sec. And, for the 


1 


iH>wcrs of a. we have =: a—‘ r: — ; o*—* =:«—" = 
* a 


1 

1^' 


n*-* = 


1 


r3 ’ 


a 


a-' 

b h'^ 


zz — - &c.: so that la b )—* = 

a* \ I / 


a-\-b 


—&CC. which is the same 


a u' ^ a* .. 

scries that we fotmd before by division. 

372. Farther, ■ being the same with {a + b)—~, let 


any degree whatever by approximation; w’lierc he demonstrates 
thfs general formula. 

Those who have not an opportunity of consulting the Philo¬ 
sophical Transactions, will find the formation and the use of this 
formula explained in the new edition of Lemons Elemcntaircs 
do Miithcniatiques by M. D’Abbr dc la Cadle, published by 
INI. L’Abbc Muiie. K T. See also Dr. Hutton’s Matli. Dic¬ 
tionary. 
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US reduce this quantity alsb to an infinite series. For this 

purpose, we must suppose n =: — 2 , and ure shail first have, 

_ , . n fi —1 « —2 

for tile coefhcients, — 4 ; ; — 5 - = — ♦ ; 

71 ~3 

—j- r: — powers of a, we obtain a* = 

&.C. Wc have 


: fl' “* = 


a 


1 , > , 

• ft ^ *" ^ «w 

j,a — 


a* 


, 5 * 


therefore (o + zz 
2 . 3 . 4 .&* 2.3A.5.b* 


a' 

1 2.6 


(a-hby o’ 


2.3.6" 


1.0^ • 1.2.0* 

1.2.3.0* ^ 1.2.3.4o‘>’ ‘ ’ 1.2 *^^.2.3 


1 


I 


t j 


= *’ fill = - 

6 6- 6’ 6* 6^ //’ 

-4 + 3-^ - 4-x + 5-~-6-r+7-i-, &c. 

’a* ti^ ' o‘ «• 

373 . Let us proceed, and suppose w = — 3 , ami w e ^llall 
have a series expressing the value of f *>*■ nf (o + 6 )“\ 

Here the coefficients will be “ ” 




ti- 2 


o 


3 


= — 4 , &c. and the powers of a become, o’* = —- ; o—‘ — 


o"~" = &c. which gives 


o 

1 f J . 6 




(0 + 6 )* o' 1 . o' 

I ^6 ^ 6" 6‘ 


a 


QA.b" 3A.5.1P 3 . 4 .. 5 .G. 6 * . 

1 . 2 . 0 ^“ 1 . 2 . 3 . 0 ** 1 . 2 . 3 . 4 .«'~ o=* o* 

6* 6‘ 6'* ^ 

_ —21 + 28 —, &c. 

o* o** o® 

If now we make 7 » = — 4 ; wc shall have ft»r the ct»- 

™ . « w— I 

efficients — — — t'» —Z 7 “ = 

1 2 


^ n —2 , M -—3 

3 "" 1 


L &CC. aVnd for tlic powers, o* = ^ ; o"-‘ = -i ; «"*- = ^ ; 

0 "“® == ; o"”* = whence we obtain, 

o’ o® 

1 1 46 4 . 5 . 6 * 4 . 5 . 6.63 y / 

(0 + 6 )*'" o* lo* “^ 1 . 2 . 0 ® 1.2.3.aT’ ~ a* ~ 

b^ b^ b* b^ 


or 


a 


a 


o^ 


374 . The different cases that have been considered 
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enable us to conclude with certainty, that we shall have, 
generally, for any negative power of a + 6; 

1 _ 1 m.b , m.{m —1).6* l).(m—2).6® 

(a+5)"* “ a"'‘ ‘ ' 2.0"'+’* * 


&c. And, by means of this formula, we may transform all 
such fractions into infinite scries, substituting fractions also, 
or fractional exjxmcnts, for m, in order to express irrational 
quantities. 

375. The following considerations will illustrate this sub¬ 
ject still farther: for we have seen that, 


a-\-b a a* ‘ a* €t* ‘ 

If, therefore, we multiply this series by a -f- b, the pro¬ 
duct ought to lie = 1 ; and this is found to be true, as will 
1 h' seen by jierforming the multiplication; 


1 h b"* A* b* 

a a" a* ^ 

a “j- b 


” +» 


a 


1 - 

a a 


4 


a 


b b^ b^ b* b^ 

+ 7.V+ — - 7:7+ » S:c 


a 


a 


a 


(r 


where all the terms but the first cancel each other. 
37(>. We have also found, that 


I 

a' 


25 . 35* 


45’ 55‘ 65' 

+ —6-IT. 


(r/-|-5)- a' a'' ' u* a'* a'’ a' 

And if we multiply this scries by (a -f- 5)*, the prcKluct 
ought also to be equal to 1. Now, (a 4- 5)* = o® -f- 2o5 
_i_ 5% and 

I 25 35* 45’ 5h* Gh’^ 


, 25 


35® 

45’ 

+ 

55* 

65 

1- 

a 


a* 

o’ 

o* 


25 


45" . 

65’ 


85* 

. 105’ 



«• + 

o’ 

— 

a* 

+ «’ 



5* 

25* 

+ 

35* 

w 


+ 

tr 

«* 

a* o’ ' ’ 
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which mves 1 fiir the pnxhict, aa the nature of the thing 
pecjmrrw. 

377. If we multiply the series which we found for tlie 
value of — by a ^ the product ought to an¬ 
swer to the fhicticm ypg* or be equal to the series already 

found, namely,- r+~T -T + and this the 

o o* ‘ o’ a* ' a?* 

actual multiplication will conhrm. 

I Ub 3b- Vb^ 


a* 

0 + 6 

o’ o* 

a 

, + , &CC. 

1 

26 5 b* 

4 b 

^ . 5 b* 

- - 



-r t » 

a 

o- o^ 

a* 



b 26 ‘ 

3 b‘ 

46 * 


o — ■, + 


-See. 


o- o’ 

o* 

o’ 

1 

b 

b^ 



/.a 

^4 

"T ~ 7 ^f bee. as 


fi 


a 






SECTION III. 


Of Ilatios atui ProjK^rtitiiis. 


CHAP. I. 

Of Arithmetical Ratio, or the Difference between two 

Numbers. 

378. Two quantities arc cither equal to one another, or 
they are not. In the latter case, wliere one is greater 
than theother, we may crninder their inequality under two 
different points of view: we may ask, how much one 
of the quantities is greater than the other ? Or we may ask, 
how many times the one is greater than the other r* The 
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results which constitute the answers to these two questions 
arc lioth called relations, or ratios. We usually <»11 the 
former an arithmetical ratio, and the latter a geometrical 
ratio, without however these denominations havinj? any con¬ 
nexion with the subject itself. The adoption of these ex¬ 
pressions has been entirely arbitrary. 

fi79. It is evident, that the quantities of which we speak 
must be of one and the same kind; otherwise we could not 
determine any thing with regard to their equality, or in¬ 
equality : for it would be absurd to ask if two pounds and 
three ells are equal quantities. So that in wnat follows, 
quantities of the same kind only are to be considered; 
and as they may always l>c expressed by numbers, it is of 
numbers only that we shall treat, as was mentioned at the 
Iwginning. 

JkSO. When of two given numbers, therefore, it is re¬ 
quired lu)\v much the one is greater than the other, the 
answer to this question determines the arithmetical ratio of 
the two nun)bcrs; but since this answer consists in giving 
the tliffercnce of the two numbers, it follows, that an arith¬ 
metical nitio is nothing but the difference between two 
numbers; and ns this apfiecirs to be a better expression, we 
shall reserve the words ratio and relation to express geo¬ 
metrical ratios. 

.‘kSl. As the different^* between two iiumlnrs is found by 
subtracting the less from the greater, nothing can l>e easier 
than re.solving the question how much one is greater than 
the other; so that when the iiumljers are cxjual, the dif¬ 
ference being nothing, il’ it 1 k’ required how much one of the 
numiiers is greater than the other, we answer, by nothing; 
lor example, (i Itcing equal to 2 x 3, the difference between 
6 and 2 x 3 is 0, 


382. But when the two numbers are not ecpial, as 5 and 
3, and it is retpiired liow’ much 5 is greater than 3, the 
answer is, 2; which is obtained by subtracting 3 from 5. 
Likewise 13 is greater than 5 by 10; and ^ exceeds 8 
bp 12. 

383. We have therefore three things to consider on this 
sulnect; 1st. the greater of the two tjumbers; 2d. the less; 
aiul 3d. the difference; and these three quantities are so con¬ 
nected together, that any two of the tlirec being given, wc 
may always determine the third. 

I^et the greater number be a, the less 6, and the difference 
d ; then d wdll be found by subtracting 3 from a, so that 
d zz. a — h \ whence wc see bow to find d, w'hcn a and b are 


given. 
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384. But if tlie dilTmMice and the less uf the two num¬ 

bers, that is, if d and b were given, we might determine the 
greater number by adding togetlier the diiference and the 
1 ^ number, which mves o =s 6 + d; for if we take from 
b -{■ d the less nun&r 6, there remains d, which is the 
known difference; suppose, fur example, the less number 
is 18, and the diiference 8, then tlie greater number will 
be 80. ^ 

385. Lastly, if beside the difference d, tlie greater num¬ 
ber a be g^ven, the other number b is found by subtracting 
the difference from the greater number, which gives b =. a 
— d; for if the number a d be taken from the greater 
number a, there remains d, wliich is the given difference. 

386. The connexion, therefore, among the numbers, o, 
A, d, is of such a nature as to give the tlirec following re¬ 
sults ; 1st. d = a — A; 2d. a = A + d; 3d. b -rz a — d; 
and if one of these three comparisons be just, the other.'i 
must necessarily lie st» also: therefore, generally, if ;; =: .i -j- 

it n€?ccssarily follows, tliat y = r — x, and x — z — y. 

387. Witli regard to these arithmetical ratios we must 
remark, that if we add to the two numbers a and A, any 
number c, assumed at pleasure, or subtract it from them, the 
diflerence remains the s^c; that is, if d is the difference 
between a and A, that number d will also Ixj the difference 
between a + c and A + r, and between a — c and A — c. 
Thus, for example, the difference between the numbers 86 
and 18 being 8, tluit difference will remain the same, what¬ 
ever number we add to, or subtract from, the numbers 20 
and 12. 

388. The proof of this is evident: for if a — And, w'c 

have also («f 4- -h «■) = d; and likewise (« — c) — 

(A — e) = d. 

389. And if we double the two numbers a and A, the dif¬ 
ference will also become double; thus, when a — b -zz d, we 
shall liavc 2o — 2A =; 2d; and, generally, tux — nb = m/, 
whatever value we give to n. 
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CHAP. II. 

Of Arithmetical Proportion. 

390. When two arithmetical ratios, or relations, arc equal, 
this c*qtinlity is called an arithmetical proportion. 

Thus, when a-- b ^ d and p — q = d, so that the dif¬ 
ference is the same l>etween the numliers p and q as between 
the nimilwrs a and A, we say that these four numbers form 
an aritlinictical propirtion ; which we write thus, a — h — 
p — expressing clcarlv by this, that the difference between 
a and b is e(|ual to the difference between p and q. 

391 . An arithmetical projiortion consists tiiereforc of four 
terms, which must lie such, that if we subtract the second 
from the first, the remainder is the same as w'hcn we suIm 
tract the fourth from the tliird; thus, the four numbers 12, 
7, 9, 4, form an arithmetical proportion, because 12 — 
7=9-4. 

392. When we have an arithmetical proportion, as a — 6 
= P “ 7» "c may make the sc'cond and third terms change 
places, writing o — p = b — qi and this equality will be 
no less true; f<jr, since a — b — p ^ q^ add b to both sities, 
and we have a =. b -r p — q: then subtract p from both 
sides, and we have a — p ~ h — q. 

In the same manner, as 12— 7 = 9 — 4, so also 12 — 
9=7-4^ 

393 . We may in every arillimetical proportion put the 
second term also in the ]>lacc of the first, if we make the 
same transjiosition of the third and fourth; that is, if cr — 
b zr. jy — q^ wc have alsc) h — a ^ q ~ p; for b — is 
the negative of a — />, and q — jo is also the negative of 
p — q\ and thus, since 12 — 7 = 2 — 4, we have also, 
7-12=4-9. 

394 . But the most interesting property of every arith¬ 
metical proportion is this, that the sum of the second and 
third term is always equal to the sum of the first and fourth. 
This pro|x?rty, which we must particularly consider, is ex¬ 
pressed also by saying that the sum of the means is equal 
to the sum of the extremes. Thus, since 12 - 7 = 9 — 4, 
we have 7 4-9 = 12-1-4; the sum being in both cases 16. 

* To indicate that those numbers form such a proportion’ 
some authors write ihcni thus : 12.7 : : 9.4, 
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395. In onler to demonstrate this principal property, let 
a ^ b p — q\ then if we add to both 5 -|- we have 
a -j- 9 = 5 + p; tliat is, the sum of tlie first and fourth 
terms is equal to the sum of tlie second and third: and in¬ 
versely, of four numbers, a. A, p, q, are such, that the sum 
of the second and third is equal to the sum of the first and 
fourth; that is, if A p =; « -j- 5 , we conclude, without a 
possibility of mistake, that those numbers are in arithmetical 
proportion, and that o — A = p — ^; for, since a q = h 
4- p> if we subtract from Imth sides A -{- q, we obtain a — A 
=:p-~-q. 

Thus, the numbers 18, 13, 15, 10, being such, tlrnt the 
sum of tlie means (13 15 = ^ 8 ) is etjum to the sum of 

the extremes (18 4 10 n 28), it is certain that they alsr» 
form an arithmetical propirtion; and, conse<}uentlv, that 

18 - 13 n 15 — 10. 

390. It is easy, by means of this projK*rtv> to resolve the 
following question. The first three terms of an arithmetical 
proportion Iwing given, to find the fourth ? I.et o. A, be 
the first three terms, and let us express the fourth by 7, 
which it is reijuired to tlelermiiu', ihvii a -f- 7 = A -j- p; l>v 
subtracting a from both sides, we obtain 7 = A -j- p — a. 

Thus, the fourth term is found by adcling together thi* 
second and third, and subtracting the first from that sum. 
Suppose, for example, that 19, 28, 13, are the three first 
given terms, the sum of the .second and third is 41 ; aiul 
taking from it the first, which is 19, there remains 22 for the 
fourtn term sought, and the arithmetical profiortion will be 
represented by 19 — 28 = 13 — 22 , tir by 28 — 19 = 22 
— 13, or, lastly, by 28 — 22 = 19 — 13. 

397 . When in arithmetical profxirtion the second term i.s 

equal to the third, we have only three numl>ers; the pro¬ 
perty of which is this, that the first, minujt the second, is 
equal to the second, mimiA the third; or that the difierenee 
between the first and second number is etjual to the dil'- 
ference Ijetwcen the seciind and tliird : the thri*e numbcr.s 
19 , 15, 11, are of this kind, since 19 — 15 15 — 11. 

398. Three such numbers arc saitl to form a continuetl 
arithmetical prop<jrtion, which i.s sometimes written thus, 

19 : 15 : 11. Such proportions arc also calkxl arithmciu al 
progressions, particularly if a greater number of terms 
follow each other according to the same law'. 

An arithmetical progression may be either increasinfr^ or 
dccrcoLsing. The former distinction is ap[)licd when the 
terms go on increasing; that is to say, when the second ex- 
cecxls uic first, and the third exceeds the second by the 
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same quantity; as in the numbers 4, 7* 10; and the de¬ 
creasing? progression is that in which the terms go on always 
diminishing by the same quantity, such as the numl)crs 
0, 5, 1. 

3^). Let us sup])ose the numbers a, A, c, to be in aritli- 
mctical progression ; then a — h — b — c, whence it follows, 
from the equality between the sum of the extremes and that 
of the means, that 9.b — a c% and if we subtract a from 
both, we have 2b a =i c. 

400. So that when the first two terms «, A, of an arith¬ 
metical prf)gression arc given, the third is found by taking 
the first from twice the second. Ix't 1 and 3 be the first 
two terms of an arithmetical progress!mi, the third will be 

X 3 — 1 =5; and these three numljcr.s 1, 3, 5, give the 
projiortlon 

1 3 = 3 — o. 

401. By following the .same method, we may Jiursue the 
arithmetical progreWion as far as we please; we have only 
to find the fourtii term by means of the second and third, 
in the same manner as we determinctl the third by means of 
the first and sccorul, and sri on. I.et a l)e the first term, and 
i> the second, the third will be 2b — a, the Iburth 4ft — 2a 
— ft = Oft — 2u^ the fifth Oft — 4/z — 2h a = 4ft — .3«, 
the sixth 8ft — Oa — 3ft I- 2a = 5ft — 4fl, the seventh 10ft 
~ Srt -- 4ft -f- 3« rr Oft — .5a, &e. 


CHAP. III. 

Of Arithmetical Progressitms. 

402. We have already remarked, that a series of numbers 
composed of any number of terms, which always increase, or 
decrease, by the same quantity, is called an arithmetical 
j)r(i^rc.ssion. 

Thus, the natural nuinlx'rs written in their oaler, as 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, &c. form an arithmetical pro¬ 
gression, liecause they constantly increase by unity; and 
the series 25, 22, 19, 16, 13, 10, 7, 4, 1, &c. is also such a 
progression, since the numbers constantly decrease by 3. 

403l The number, or quantity, by which the terms of an 
arithmetical progression become greater or less, is called the 

K 2 
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d^eretice; so tliat when llie first term and the difference 
are given, we may continue tlie arithmetical progression to 
any length. 

For example, let the first term be 2, and the difference 3, 
and we shall have the following increasing progression: 
2, 5, 8, 11, 14, 17, 20, 23, 2(i, 29, S:c. in which each term 
is found by adding the difference to the preceding one. 

404. It is usual to write the natural numlKTs, 1, 2, 8, 4, 
.5, &c. above tlie terms of such an arithmetical progre.ssifm, 
in order that we may immediately }x*rceivc the rank which 
anv term holds in the progression, which luimlK'rs, when 
written above the terms, are called indircs ; thus, the alx>ve 
example will l>e written as follows: 

Indices. 1 ‘i 3 4 5 6 7 S f) lO 

Arifh. Prog. 2. 5, 8, 11, 14, 17, 20, 23, 20, 29, &c. 
where we sec that 29 is tlie tenth term. 

40.‘3. I.et a be the first term, and d the difference, the 
arithmetical progression w'ill go on in the following order: 

1 2 3 4 5 G 7 

a, a ± t/, « ± 2</, a ± 3(/, n ±:4</, a ± 5</, a i Grf, &c. 

acc*orcfing as the series is increasing, or tiecreasing, whence 
it appears that anv term of the pn>grcssioii might he easily 
found, Hiihout the necessity of fiiuliiig iiM the preceding 
ones, by ineuiisonly of the firit term a and l!... dii'fereiu e </; 
thus, for example, the tenth term will Ik* a '±. 9t/, the hun¬ 
dredth term a ± 9f)</, and, generally, the nth term will Iw 
a -n (n — 1)J. 

40C. When we stop at any jx)int of the progression, it is 
of im}K)rtaiice to attend to the first and the last term, since 
the index of the last term will represent the nmnlier of 
leiins. If, tluTeforc, the first term be o, the ditfcreiu'o d, 
and the nundier of terms ;<, we shall h.'xve for the last term 
a zt (n — l)f/, acconling as the series is increasing or de¬ 
creasing, which is consequently found by niultiplving the 
difference by the number of terms minuji one, and adding, 
<jr subtracting, that proiliict from tlic first term. Sup|Kise, 
for example, in an a.sccnding arithmetical progression of a 
hundred terms, the first term is 4, and the difference 3; then 
the last term uill lx; 9f) x 3 -f- 4 ~ JM)1. 

407. When we know the first term «, and the last s, with 
tlie number of terms n, we can find the difference d ; for, 
since the last term r rr « ± (n — if we subtract a from 
both sides, we ofxtain z a = (« — l)d. So that by taking 
the difference between the first and last term, we nave tlie 
product of the difference multiplied hy the miinhcr of terms 
minus 1 ; we h.a\'e therefore rmly to divide z — a by « — 1 
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in order to obtain the required value of the difference d, 

wliich will be This result furnishes the following 

«— 1 

rule: Subtract the first term from the last, divide the re¬ 
mainder by the number of terms minus 1, and the quotient 
will be the common difference; by mcAns of which we may 
write the whole progression. 

4()8. Suppose, for example, that we have an increasing 
arithmetical progression of nine terms, whose first is 2, and 
last 2(>, and that it is required to find the difference. We must 
subtract the first term 2 from the lust 26, and divide the re¬ 
mainder, which is 24, by 9 — 1> that is, by 8; the quotient 
3 will l)e equal to the difference rt*quired, and the whole 
progression will la?: 

12 3 4- !> C> 1 fi ') 

2, 5, 8, 11, 14, 17, 20, 2J3, 26- 

To give another example, let us suppose that the first 
term is 1, the last 2, the numlK*r of terms 10, and that the 
arithmetica) progression, answering to these suppositions, 
i.^ requireil; we shall immediately have for the difference 

and thence conclude that the progression is: 

I 2 3 4 .» 6 7 y P 10 

1, 1*, 1,% ] ], 1-^, 1^, lr% 1^, 1^, 2. 

Another exam])le. Let tlie first term be 2y, the last terra 
12^, and the mnulx*r of terms 7; the difference will be 
'|*>i —2' 10' 

-J -—™ = ~~ = = l|-5, and consequently the pro- 

gressicjii: 

12 3 4 5 6 7 

Ol A, I Cl 1 7 5 Ql lOi? 12l. 

409. If now the first term o, the last term z, and the dif- 
i’erence d, arc given, we may from them find the numlxT of 
terms »; for since z — o = (» — l)d, by dividing both 

sides by d, we have —= w — 1 ; also n being greater by 

1 than n — 1, we have ?i = -h 1; consequently the 

number of terms is found by dividing the difference betw^een 
the first and the last term, or * — o, by the difference of the 
progression, and adding unity to the quotient. 

For example, let the first term be 4, the last 100, and the 

100-4 , - _ 

difference 12, the miniber of terms will be —-1 — J * 

* J 
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and these nine terms will l>e, 

I ‘J S 4 5 e 7 8 9 

4, 16, 28, 40, 52, 64, 76, 88, 1()0. 

If the first terra Ixj 2, the last 6, and the difference ly, the 

4 

nuinl)er of terms will be -r -1- 1 =: 4; and tlicse four terms 

* 1| ' 

will be, 

I li a 4 

O Qi A* ft 

Op •J'y, U. 

Again, let the first term be 3{., the last 7y, and the dif¬ 


ference \ \ the number of terms will be 


' I_«I 


+ 1=4; 


which are, 

‘t-' 4.' fi* 7^ 

♦ » • 

410. It must be obsened, however, that us the nuralxT 
()f terms is net*essarily an integer, if we had not ohuiined 
such a number for w, in the examples of the preceding 
article, the (]uestions would have fK*on absurd. 

Whenever we do not obtain an integer number for the 


z — a 


value of - - it will be impossible to resolve the (juc.stion ; 

and consequently, in order that cpiestions of this kind may 
1)0 possible, z — a must be divisible by d. 

411. From what has Ijecn said, it may be concluded, that 
WT have always four quantities, or things, to consider in an 
arithmetical progression: 

1st. The first term, a ; 2tl. The last term, r; 

3d. The difference, d; and 4th. The miml>erof terms, n. 
The relations of these (]uantities to each other arc .such, 
that if we know three of them, we are able to determine the 
fourth; for, 

1. If a, dy and fi, are known, we have z — a ±.{n — l)d. 

2. If 2 , dy and n, are known, we have 

a = 2 — (n — l)d. 

z — a 

3. If a, Zy and n, are known, we have a = -:. 

z — a 

4. If a, Zy and d, are known, we have n = — j- f 1. 
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CHAP. IV. 

Oftlw Summation of Arithmetical Progressions. 

41 It is often necessary also to find the sum of an 
arithmetical progression. This might be done by adding 
all the terms together; but as the addition would be very 
tedious, M'hcn tlie progression consisted of a great number 
of terms, a rule has been devised, by which the sum may be 
more readily obtained. 

113. We shall first consider a [iarticular given pnjgrcssion, 
such that the first term is 2, the difference 3, the last term 
29, and the number of terms 10; 

I 'J S 4- h (i 7 S U 10 

2, 5, 8, 11, 14, 17, 20, 23, 2(5, 29. 

In this progression we see that the sum of tlic first and 
last term is 31 ; the sum of the swond and the last but one 
31 ; the sum of the third and the last but two 31, and so on: 
hence we conclude, tliat the sum of any two terms equally 
distant, the <»nc from the first, and the other from the last 
term, is always etjual to the sum of the first and the last 
term. 

414. The reastm of this may be easily tracod; for if we 
suppose* the first to be rt, the last and the difference d, the 
sum of the first anil the last term is a -|- z; and the second 
term being a -j- d, and the last but one z •— d, the sum of 
these two terms is also a + z. Farther, the tb’urd time being 
u + 2i/, anti the last but two z — 2d, it is evident that these 
two terms also, when added together, make a + z; and the 
demonstration may Ixj easily extended to any other two 
Lerins equally distant from the first and last. 

415. ’^I'o determine, therefore, the sum of the progression 
i)rofX)sed, let us write the same jirogrcssion term by term, 
nverted, and add the corrcspoiiding terms together, as 
follows: 

24- 54- 84-114-144-174-204-234-264-29 
294-264-234-204-174-14-4114- 54- 2 

31 4-.31 4-31 4-31 4-314-31 4-31 4-314-314-31 
rhis scries of eijual terms is evidently equal to twice the 
um of the given progression: now, tlie number of those 
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equal terms is 10, as in the pruji^ression, and their sum con* 
sequently is ecjual to 10 x 31 = 310. Hence, as this sum 
is twice the sum of the arithmetical progression, the sum re¬ 
quired must be 135. 

416. If wc proceed in the same inanncr with respect to 
any arithmetical pri^ression, the first term of which is o, the 
last and the number of terms n; w'riting under the given 
progression the same progression inverted, and adding term 
to term, we shall have a series of n terms, each of which will 


Ik* expressed by a 4 - r; therefore the sum of tliis series \% ill 
he n{fi -}- z), which is twice the sum of the proi>osc*d arith- 
nicti*^ progression; the latter, thcrt'fore, will be repre- 

stilted by 


417. This result furnishes an easy metliod of finding the 
sum of anv arithmetical progression; and may lx; rctlucL'tl to 
the following rule: 

Multiply the sum of the first and the last term by the 
number ot terms, and half the product will Ik* the sum of 
the whole progression. Or, which amounts to the same, 
multiply the sum of the first and the last term by half tlu* 
number of terms. Or, multiply half the sum of the first and 
the last tenn by the whole numlK*r of terms. 

418. It will be iic*cessary to illustrate this rule by some 
examples. 

First, let it be required to find the sum of the progressitin 
of the natural numliers, 1, 2, 3, &c. to 100. This will be, 

, . ^ .100x101 

by the first rule, -^- == - = 50.>0, 

If it were required to tell how many strokes a clock strikes 
in twelve hours; we must add together the numbers 1,2, .3, 
as far as 12; now this sum is found immediately to he 
12x13 

——— = 6 X 13 1 = 78. If wc wi.shed to know the sum of 

the same progression continued to 1000, we should find it to 
l>e 500.300; and the sum of this pn>gressioii, continued to 
10000, would be 50005000. 

419 . Suppose a person buys a horse, on condition that for 
the first nail he shall pay 5 police, for the second 8 pence, for 
the third 11 pence, and so on, always increasing 3 pence more 
flir eacli nail, the whole number of which is 32; required 
the purchase of the horse ? 

In this question it is required to find the sum of an 
arithmetical progression, the first term of which is 5, the 
difference 3, and the number of terms 32; we must there- 
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fore beg^n by determining the last term; which is found by 
the rule, in Articles 406 and 411, to be 5 + (31 x 3) = 98; 


after which the sum required 


is easily found to be 


103x32 

2 


rr 103 X 16; whence we conclude that the horse costs 1648 
pence, or 6/. 17^. 4r/. 

420. Generally, let the first term Ik* a, the difference d, 
and the number of terms n ; and let it be required to find, 
by means of these data, the sum of the whole progression. 
As the last term must be a dt (n — l)d, the sum of the first 
and the last will be 2rt ± (n — 1 )d; and multiplying this 
sum by the number of terms ??, we have 2na ± n{n — i)d; 

the sum re<|uired therefore will be na ± -• 


Now, this formula, if applic<l to the preceding example, 
or to a — 5, d = 3, and n = 32, gives 5 x 32 + 

—- = l60-f- 1488 = 1648; the same sum that we 

obtained before. 

421. If it be required to add together all the natural 
numl)ers from 1 to «, we have, lor finding this sum, the first 
term I, the last term «, and the number of terms n; there- 

, • 1 - «(»+!) 
lore tijc sum recjUirefi is —^ -. It we make n 

— 1766, the sum of all tlie numbers, from 1 to 1766, will 
be 88i}, or balf the number of terms, multiplied by 1767 = 

1560261. 

422 I..et the progression of uneven numbers be proposed, 
1, 3, 5, 7, &e. continued to 7i terms, and let the sum of it be 
re(|uired. Here the first term is 1, the difference 2, the 
iiuhiIkt of terms the last term will therefore be 1 -f- 
(« — 1)2 = 2« — I, and consetjuently tlie sum required 

4 « 

— n*. 

The whole therefore consists in multiplying the number 
of terms by itself; So that whatever nunilier of terms of this 
progression we add together, the sum will Ik‘ always a s<}uare, 
namely, the stjuare of the number of terms; which we shall 
exemplify as follows; 

Indices, 12 3 4 5 (5 7 8 9 10, &c. 

1, 3, 5, 7, 9, 11, 13, 15, 17, 19, &c. 

Sum. 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, &c. 

423. Let the first term be 1, the difference 3, and the 
number of terms «; we shall have the progres.sion 1, 4, 7, 
10, &c. the last term of which will lie l-h(«—l)3=:3rt~2; 
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wherefore the sum of the lirst niul the last term is 3n — I, 

and conse(}iientlY the sum of this progression is e<|ual to 

«(3»-i) 3»- —M , ... , 

-- = —-— ; and it we suppose n — 20, the sum 

will be 10 X 59 = 590. 

424. Again, let the first term be 1, the difference d, and 
the number of terms //; then the last term will be I -f 
(f» — I )d; to which adding the tirst, we have 2 -f (w — l)r/, 
and multiplying bv tlie number of* terms, we have 2/i | 
w(n — I)d; whence we dciluee the sum of the progression 

«(» — l)d 
n +- r ,—• 

And by making d successively cipial to 1, 2, .‘J, 4, ifce., 
we obtain the following particular values, as shewn in the 
subjoined Table. 

, «(/i— 1) 

It d = 1, the sum IS n d--=:- 




d = 2, - - 
d = 3, - - 

d = 4, - - 

d = 5, - - 

d = (>,-- 
d = 7, - - 
d = 8, - - 

d=:9, - - 
d = 10, - - 


2«(//- i) 


- Z=i 


« + O 

iin(n— I) 5b/'—// 


n + 

« 4- 


o 

4w(ri — 1) 


o 


i} 


— 2 //- — u 


.j//(// “ I) 5//*’ - 5i// 

n d- D - ~ 


()// // — I) 

n -f--r.- -- .»/' 


o 


Mu 


u d- 


7//(// — I) 7//' - 5// 


o 


2 


««(7/-l) , 

n T-r:- = 4w — .>// 


o 


n p 
n -h 


9//(«—I) 9«' —7« 

• 2 ” “ 

= 5m® — 4m 


2 • 2 
10m(7I-I ) 


2 


QUESTIONS FOR PRACTICE. 

1. Required the sum of an increasing arithmetical pro. 

rression, having 3 for its first term, 2 for the common dif- 
erence, and the numlxrr <jf terms 20. Aiis. 440. 

2. lici|uircd the sum of a decreasing urithiiictical f>ro- 
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^resaion, having 10 for its first term, y for the common dif¬ 
ference, and the number of terms 21. 140. 

3 . lie(juired the number of all the strokes of a clock in 
twelve htnirs, that is, a complete revolution of the index. 

^ns. 78. 

4. The clocks of Italy go on to 24 hours; how many 
strokes do they strike in a complete revolution of the index ? 

Jins. 300. 

- 5 . One hundred stones being placed on the ground, in a 
straiglit line, at the distance of a yard from each other, how 
far will a perstni travel mIio shall bring them one by one to 
a basket, which is placed one yard from the first stone ? 

Ans. 5 miles tmd 13(K) ^ards. 


CHAP. V. 


O/’Figurate *, or Polygonal Numl>ers. 

42.'j. The summation of arithmetical progressions, which 
Ixjgin by 1, and the tlilfcrence of which is 1, 2, 3, or any 

The French translator has justly observed, in his note at the 
eonrhision of this chapter, that algebraists make a distinction 
between figurate and polygonal numbers; but as he has not en¬ 
tered far upon this subject, the following illustration may not 
be unacceptable. 

It will be immediately perceived in the following Table, that 
each series i-i derived immediately from the foregoing one, 
being the sum of all its terms from the beginning to that place; 
and lu-iice also th<‘ law of continuation, and the general term of 
each series, will be readily discovered. 

- n general term 

n(« + l) 


1, 2, 3, 4^, .0 

I, 3, 6, 10, 15 


Natural 
Triangular 

Pyramidid 1, 4, 10, 20, 35 

Triangular-1 r i - q - 
pyramidal J 


n.(«-f 1) . (w-b2) 

2.3 

».(n-Hl).(n-f2).(n-h3) 

2.3.4 


And, in general, the figurate number of any order m will be ex¬ 
pressed by the formula, 

w.(a + l) • (n4-2) . (w-f3) - - (w-f-wi —1) 

1.2. 3.4 - - fm 

Now, one of the principal properties of these numbers, and 
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Other integer, leads to the theory of numhtrsy 

which are formc<l by adding together tlie terms of any siieh 
progression. 

426. SiHipose the difference to be 1 ; then, since the first 
term is 1 we shall have the nrithnietieal progression, 1, 
2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, See. and if in this pro¬ 
gression we take the sum of one, of two, of three, See. lorins, 
the following series of luinibers will arise: 

1, 3, 6, 10, 15, 21, 28, 36. 45, 55, 66, &c. 
for 1 = 1, 1+2 = 3, i 42-!-3 = 6, 14 2-f3f 4 = 10, &e. 

Which numl)ers are ealltnl trimiffuhir, tir trifj^iuul miiii- 
l)ers, because \ve may alwny.s arrange as many }K)iiits in the 
ff>rm of a triangle as they contain units, thus; 

13 6 10 15 


427. In all thc.se triangles, we see how many ptiints 
each si(;e contains In the first triangle there is t)nly one 
point; in the sec<)nd tlicre are two; in the third there are 
three; in the fourth there are four, ite. : so that the tri¬ 
angular nunil>crs, or the miinber of |M>iiit.s, which is siinpiv 
called tlie trian^Uy are arranged aceoriling to the munlKT of 
points which the side contain.s, which inunher is called the 
nidi’; that is, the third triangular nuniher, or the thin! 
triangle, is that who.se side has thrt'e points; the fourth, 
that w'hose side has four; and so on ; which may he repre¬ 
sented thus; 


which Fermat considered as very interesting, {tee his notes on 
Diophantus, page 16), is this: that if from the nth lenn of any 
series the (n — 1) term of the same series be subtracted, the re¬ 
mainder will be the »th term of the preceding scries. Thus, in 


the third series above given, the nth term is 


) . («-f 2); 


consequently, the (n — 1 ) term, by substituting (n — 1) instead 
of n, is ———' ^ ^ ; arrd if the latter be subtracted from 


ti (n 1 ) 

the former, the remainder is --, which is the nth term of 

the preceding order of numbers. The same law will be observed 
between two consecutive terms of any one of these sums. 
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Side 


Trianfxlc 


.(• 

I 


428. A (jiK'stion therofc»rc presents here, wliicli is, 

how to (leterniinc the trianijle when the side is ^iven ? and, 
after uliat has been said, lliis may be easily resellved. 

For il' tlie side Ik* //•, the triangle will be 1 ■ 2 + 8 + 4-j- n. 

Now, the Sinn of this jirogression is —~ ; consequently 
the value of the triangle is —* 


o 


(» = o’) 

Thus, if Z q’ / the triangle 

= 4 !) 


" I i 

1 10 . 


and so on : and when n = 1(K), the triangle will be oOoO. 

“I 71 

—^— is called the general forninla of 


kiO. 'I'his formula 


triangular numlKTs; because by it we find the triangular 
nunil)er, or the triangle, \Uiich answers t<) any side indicated 
by a. 

This may Ik? transformed into ——which seri es also 

to facilitate the calculation ; since one of the two numbers 77 , 
or n b must always be an even number, and consequently 
iil\ isible bv 2. 

So, if n = 12, the triangle is — - -= 6x lf3=:T8; and 

15x10 

if n = lo, the triangle is —— =15 x 8 = 120, S:c. 

480. Let us now suppose the difference to be 2, and w'c 
shall have the following arithmetical progression : 

1, 8, 5, 7, 9, 11, 18, 15, 17, 19, 21, &:c. 
the sums ol* which, taking successively one, two, three, four 
terms, &rc. form tht* following series: 

1, 4, 9, 16, 25, 36, 49, 61, 81, 100, 121, &:c. 

* M. de .Toncourt published at the Hague, ih 17G2, a Tabic 
of trigonal numbers answering to all the natural nupibcrs from 
1 t<) 2(K)()0 j which Tables are found useful in facilitating a 
great number of arithmetical operations, as the author shews in 
a very long introduction. F. 'I\ 
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the terms of which arc called miadran^dar numbers, <»r 
squares; since they represent tiie stjuares of the natural 
numbers, as we have already setMi; and this dt*nominatinn 
is the more suitable from tfiis cy*cunistance, that we can 
always form a siiuarc with the number of points which tlu»s(' 
terms indicate, thus: 

1, 4, 9, 1C, 


OR 


431. We see here, that the side of any s<juare contaiio 
precisely the number of }x)ints whidi the s<juare root in¬ 
dicates. i hus, for example, the side of the stjuare Hi con¬ 
sists of 4 [x>ints; that of the square 23 coiimnIs of ;» points; 
and, in tjeneral, if the side be w, that is, if the miiulH r of the 
terms of the progression, 1, 3, 3, T, N:c. \vhich we IwaM* 
taken, be expressed by «, the square, or the tpuulraiigvilar 
number, will be etpial to the sum of those terms; that is to 
fi', as we have already seen. Article 422; but iu is un¬ 
necessary to extend our consideratitm of M[nare numbers am 
farther, having already treatwl of them at lenirth. 

432. If now wc eall the tliff ercnce 3, and lake the sums 
in the same manner as before, wc obtain mimlK'rs whieli are 
called penta^tis, or pcnta^nal numbers, tbough they can¬ 
not be s<j well represented by jxiints *. 

* It is not, however, that we are unable to represent. In 
points, polygons of any number of sides , hut the rule which I 
am going to explain for this jiurpose, seems to have escaped all 
the writers on algebra whom 1 have con.>u!ted. 

I begin with drawing a small polygon that Inus the number oi' 
sides required ; this number remains constant for one and the 
same series of polygonal numbers, and it is equal to 2 plus the 
difference of the arithmeticui progression from which the series 
is produced. 1 then choose one of its angles, in order to draw 
from the angular point all the diagonals of this polygon, which, 
with the two sides containing the angle that has been taken, arc 
to be indeffnitely produced; after that, I take these two sides, 
and the diagonals of the first polygon on the indefinite lines, 
each as often as I choose; and clraw, from the corresponding 
points marked by the compass, lines parallel to the sides of the 
brst polygon; and divide them into os many equal parts, or by 
as many points as there are actually in the diagonals and the 
two sides produced. This rule is general, from the triangle up 
to the polygon of an infinite number of sides: and the division 
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Indices^, I '2 3 4 .5 6 7 8 0 &c. 

Arith. ProfT. 1, 4, 7, 10, 13, 16, 10, 22, 25, &c. 

1, 5, 12, 22, 35, 51, 70, 92, 117, &c. 

the indices shewing tlie side of each pentagon. 

4.33. It follows I'rom tms, that if we make the side 7i, the 

, , , dn "—n n(3« —I) 

pentagonal mimber will he —^— =- - -. 

Let, for cxamj)le, « = 7, the |>cntagon will be 70; and il’ 
ihe j)eiitagi)n, wluise side is 100, lx* required, wi- make n = 
100, and obtain 14950 for the number siiught. 

431. If w'e suppose the difference to be 4, we arrive at 
hiXd^'tmal numbers, as we see by the following progressions: 

Indices, I 2 3 4 5 « 7 8 {) &c. 

Arith. Prog. 5, 9,1.3,17.21,25, 29, .33, &c. 
Hcxa^o7i, 1, 6, 15, 2K, 45, 66, 91, 120, 153, &c. 
where the indices still shew the siile tifeach hexagon. 

4.35. So that when the side i> a, the hexagonal number is 
2/r — ;/ = n{iln — 1); and we have farther to remark, that 
all the hexagonal numbers arc also triangular; since, if we 
lake of these last the first, the third, the fifth. See. we have 
preeiseVy the series of hexagons. 

4.36. In the same manner, we may find liie numbers 
which are heplagonal, octagonal, S:c. It will lx* sufficient 
therefore tt> e.vhibit the following 'I’able of formula* for all 
numlxTS that are comprehended under the general name of 

numbers. 

Supposing the side to lie rcpresentcxl by a. we have 
for the 


'rriangle 

o 

a^a-4-I) 


2«- 4- 0// 

= a-. 

Sip taro - 

It 



a(3a — 1) 

vgim - 

o 

o 


4«‘ —2m 

= 2a‘^ — a = a (2a 

\ IgOll 

o 


.5/1*—.3 a 

n[5ii — .3) 

Migon - 


• 

CM 

II 


of these figures into triangles might furnish matter for many 
curious con.*!iderations, and for elegant transformations of the 
general formula', by which the polygonal numbers are ex- 
pre.^sed in this chu|>ter ; but it is unnecessary to dw*ell on them 
at present. F. 'f. 
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viiigon 
ixgim - 
xgon - 
xigon - 
xiigon - 
xxgcm - 
xxvgon- 
mgqn 


— 4i/ 

--s= Sn^ — 2« = w(.‘}m — 2). 

2 “ 2 ♦ 

Hn* —6/» . _ 

--— = 4/i‘ — 3u = w(4» — 3). 

9«'-7n 

2 ““ 2 * 

lOfi^-Sn ^ ^ , 

- - -= — 4w = n{5n — 4). 

^ 9,,. _ 8„ = „^g„ _ 

23;*' ~ 21 w _ «(2,3n -21) 

2 “■ 2 “• 

(;;; — 2)« — (m — 4);; ^ 

_ . 


437. So that the side heing the w-g<>nal number will 

I I u (»« —2);i’—(wi-4);» 

be represented by--; wficnec ue may de¬ 


duce all the ^x;^sil)Ic ]X)lygoiial numhers which have the side 
n. Thus, K)r example, if the hig<;nui numlK-rs were re¬ 
quired, we should have m = 2, and consetiuentiy the numher 
sought = n ; that is to say, the bigonul numbers are the 
natural numbers, 1, 2,3, &c.* 

If we make »;* = 3, we have —for the triangular num¬ 


ber required. 

If we make m = 4, we have the srjuarc number lk.c. 
438. To illustrate this rule by examples, sup}x)se that 
the xxv-gonal number, whose side is 33, were required ; we 


* The general expression for the fit>gonal number is easily 

derived iVom the summation of an arithmetical progression, 

whose first term is 1, common dilfercnce d, and nunihcr of terms 

as in the following series ; viz. 14 >( 14 'd)-f(] +2d) •+•, &c. 

> t It (2-4-(a — 1 )./■/)« 

(1 1 ).a}, the sum oi which is expressed by- - -; 


ft 


but in all cascsr/ssni —2, therefore substituting this value fort/, the 

. 2n-»-(n^—n). (m—2) {ffi-2)n»—(»«—4)« 

expression becomes -- - -=s:- - - 

as in the formula. 
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look first in the Table for the xxv.gonal number, whose 

ude is n, xuid it is found to be -^-. Then making n 

s 36, we find 14526 for the number sought. 

439. Quesiio?i. A person bought a house, and he is 
asked how much he paid for it. He answers, that the 365^ 
gonal number of 12 is the number of crowns which it cost 
oim. 


In order to find tliis number, we make wi z= 365, and 
n = 12; and substituting these values in the general formula, 
we find for the price of the house 23970 crowns *. 


This chapter is entitled “ Of Figurate or Polygonal Num¬ 
bers.'* It is not however without foundation that some al¬ 
gebraists make a distinction hetvreen fig/iraie numbers and poly¬ 
gonal numbers. For the numbers commonly called Ji^uratc are 
all derived from a sin^'le arithmetical progression, and each 
series of numbers is fonnecl from it by adding together the 
terms of the scries which goes before. On the other hand, 
every series of polygonal numbers is produced from a different 
arithmetical progression. Hence, in strictness, we cannot speak 
of a single series of figurate numbers, as being at the same time 
a series of pol^'gonal numbers. Tliis will be made more evident 
by the following Tables. 

T.\BLr OK Flc:t;R4TE KLTM BBRS. 

C'onstaiit numbers - - 1.1. 1. I. 1. 1. &c. 

Natural ----- 1. 2. S. 4. 5. 6. &c. 

Triangular - - - - 1. 3. 6.* 10. 15. 21- &c. 

Pyramidal - - - - 1. 4. 10. 20. 35. 56. &c. 

Triangular-pyramidal - 1. 5- 15. 35. 70. 126. &c. 

TARLK OK POLYGONAL NUMBKRS. 

Diff. of the progr. Numbers 

1 triangular 1. 3. 6- 10. 15. &c. 

2 square - - 1. 4. 9. 16. 25. &c. 

3 pentagon - 1. .5. 12. 22. 3.5. &c. 

4 nexagon - 1. 6. 15. 28. 45. &c. 

Powers likewise form particular series of numbers. The first 

two are to be found among the figurate numbers, and the third 
amon^ the polygonal; which will appear b 3 ' successively sub¬ 
stituting for a the numbers 1,2, 3, &c. 


TAHLP. OF POWERS. 


flO . . . . 

1. 

1. 

1. 

1. 

1. &c. 

O* - - - - 

1. 

2. 

3. 

4. 

5. &c. 

m ^ m m 

1. 

4. 

9. 

16. 

25. &c. 

a'---- 

1. 

8. 

27. 

64. 

125. <ic. 

e* - - - - 

1. 16. 

81. 256. 

62.5. Ac. 


L 
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CHAP. VI. 

Geometrical Ratio. 

440. The Geometrical ratio of two numbers is found by 
resolving the question. How many Hmes is one of those 
numbers greater than the other ? This is done by dividing 
one by the other; and the quotient will express the ratio 
requii^. 

441. We have here three things to consider; 1st, the 
first of the two given numbers, which is called the antecedent; 
Sdly, the other number, which is called the consequent; 
3dly, the ratio of the two numbers, or the quotient arising 
from the division of the antecedent by the consequent. For 
example, if the relation of the numbers 18 and IS l)e re> 
quireo, 18 is the antecedent, 12 is the conseciucnt, and the 
ratio will be I == 11; whence we see that the antecedent 
contains the consequent once and a half. 

442. It is usual to represent geometrical relation by two 
points, placed one above the other, between the anU'cedenl 
and the consequent. Thus, a : b means the geometrical 
relation of these two numl>ers, or the ratio of a to b. 

W'e have already renmrked that this sign is employed to 
represent division *, and for this reason we make use of it 
here; because, in order to know the ratio, we must divide 
a hy b\ the relation expressed by this sign being read 
simply, a is to b. 

448. Relation therefore is expressed by a fraction, whose 
numerator is the antecedent, and whose denominator is the 
consequent; but perspicuity requires that this fraction 
should be always reduced to its lowest terms: which is 
done, as we have already shewn, by dividing both the 
numerator and denominator by their greatest common di* 
viaor. Thus, the fraction -fl ocoomes I-, by dividing both 
terms by 6. 

The algebraists of the sixteenth and seventeenth centuries paid 
great attention to these different kinds of numbers and their 
mutual connexion, and they discovered in them a. variety of 
curious properties; but as their utility is not great, they arc now' 
seldom introduced into the systems of nmiheinatics. F. T. 

* It will be observed that we have made use of the symbol 
- 4 - for division, as is now nstially done in books on this subject. 
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444. So that relations only differ according as their ratios 
are different; and there are as many different kinds of geo¬ 
metrical relations as we can conceive different ratios. 

The first kind is undoubtedly that in which the ratio 
becomes unity. This case liappens when the two numbers 
are equal, as in 3 : 3 : : 4 : 4 : : a : a; the ratio is here 1, 
and for this reason we call it the relation of ec|uality. 

Next follow those relations in which the ratio is another 
whole number. Thus, 4 : 2 the ratio is 2, and is called 
double ratio; 12 : 4 the ratio is 3, and is called triple ratio: 
21:6 the ratio is 4, and is called quadruple ratio. See. 

We may next consider those relations whose ratios are 
expressed ny fractions; such as 12 : 9, where the ratio is 
or 1 { ; and 18 : 27, where the ratio is &e. We may also 
distinguish those relations in which the consequent contains 
exactly twice, thrice, &c. the antecedent: such arc the re¬ 
lations 6 : 12, 5 : 15, See. the ratio of which some call sub- 
duple, subtriplcy Pcc. ratios. 

Farther, we call that ratio rational which is an expressible 
number; the antecedent and eonsetiuent being integers, such 
as 11 : 7, 8 : 15, See. and we call Inal au irrational or surd 
ratio, W’hich can neither l)C exactly expressed by integers, nor 
by fractions, such as ^ '5 ; 8, or 4 : x^3. 

41v5. Let a be the antecetlent, b the consequent, and d 
the ratio, we know' already that a and b being given, we 

find d =: : if the consequent b were given with the ratio, 

we should find the antecetlent a = bdy because bd divided 
by b gives d : anti lastly, when the antecedent a is given, and 

the ratio r/, we find the consequent b — \ for, dividing 

the antecedent a by the consequent , we obtain the quo¬ 
tient dy that is to say, the ratio. 

446. E very relation a : b remains the same, if we mul¬ 
tiply or divide the antecedent and consequent by the same 
number, b€>causc the ratio is the same: thus, for example, 

let d be the ratio of a : h. wc have d = --r- ; now the ratio 

b 

of the relation na : 7tb is also --r = d, and that of t he relation 

nh 

a b .... . na 

— : — IS likewise —r = “• 

n n nb 

447. When a ratio has been reduced to its lowest terms, 

I o 
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it IB easy to perceive and enunciate the relation. For ex- 

o 

ample» when the ratio has been reduced to the fraction 

—, we say a : b zz p : q, or a : b :: p : which is read, a is 

to 6 as p is to Thus, the ratio of 6 : d l>eiiig or 2, we 
say 6 : 3 : : 2 : 1. We have likewise 18 : i2 : : 3 : 2, and 
24 : 18 :: 4 : 3, and 30 : 43 : : 2 : S, &c. But if the ratio 
cannot be abridged, the relation will not become more evi¬ 
dent ; for we do not simplify it by saying 9 : 7 ; : 9.7. 

448. On the other hand, we may sometimes change the 
relation of two very great numln'rs into one that shall be 
more single and evident, by reducing both to their lowest 
terms. Thus, for example, w-e can sav, 28844 : 14422 : : 
2 ; 1 ; or, 10566 ; 7044 : : 3 : 2; or,' 57(K)0 ; 25200 : : 
16 : 7. 

449. In order, tluTefore, to express any relation in the 
clearest manner, it is necc'ssarv to reduce it to the smalicitt 
possible numlicrs; which is easily done, by dividinjj the two 
terms of it by their greatest common divisor. Thus, to re¬ 
duce the relation 57600 : 25200 to that of 16 : 7, we have 
only to perform the single oiK'-ration of dividing the num¬ 
bers 57600 and 25200 by 3600, which is their greatest 
common divisor. 

450. It is im^Kirtant, tiierefurc, to know how to (imi the 
greatest common divisor of two given numliers; but this 
requires a Rule, which we shall explain in the following 
chapter. 


CHAP. VH. 

Of the Greatest Common Divisor of two g^ven Numbers. 

451. There are some numbers which have no other com¬ 
mon divisor than unity; and when the numerator and 
denominator of a fraction are of this nature, it cannot Ije 
reduced to a more convenient form '^I’he two numlicrs 
48 and 35, for example, have no common divisor, though 
each has its own divisors; for wiiieh reason, we cannot 
express the relation 48 : .15 mure biinply, Ik cause the division 
of two numbers by 1 doc^ nut diminish them. 

♦ In this case, th« two numbers aie saiil to be prime to each 
ether. See Art W. 
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452. But when the two numbers have a common divisor, 
it is found, and even the greatest which they have, by the 
following Rule: 

Divide the greater of the two numl)ers by tlie less; next, 
divide the preceding divisor by the remainder; what remains 
in this second division will afterwards become a divisor for 
a third division, in which the remainder of the preceding 
divisor w'ill he the dividend. We must continue this opera¬ 
tion till we arrive at a divi.sion that leaves no remainder; 
and this last divisor will be the greatest common divisor of 
the two given numbers. 

Thus, for the two numbers 576 and 252. 

252) 576 (2 
504 


72) 252 (3 
216 


.%•) 72 (2 
72 

0 . 

So that, in this instance, the greatest common divisor 
is 36. 

453. It will be proper to iiliistratc this rule by some other 
examples; and, for this purpose, let the greatest common 
divisor of the numbers 504 and 312 be required. 

312) 504 0 
312 


192) 312 (1 
192 


120) 192 (1 
120 


72) 120 (1 
72 


48) 72 (1 
48 


24) 48 (2 
48 


0. 
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So that 84 is the greatest (*oiiimun divisor, and oun- 
sequentlv the rehitioii £04 : 018 is reduced to the ioroi 
81 : 10.' 

454. Let the relation G85 : 589 be given, and the greatest 
common divisor of these two numbers be required. 

529) 625 (1 
589 


96) 529 (5 
480 

49) 96 (1 
49 


47) 49 (1 
47 

47 12.; 

Hi 

1 ) 52 .2 

o 


0 . 

Wherefore 1 is, in this caM?, the greatest cuiiiiiion ilivisor, 
and consequently we cannot express the relation 685 : 529 
by less numbers, nor reduce it t<» simpler terms 

455. It may be necessary, in this place, to give a demon¬ 
stration of the foregoing Rule. In or<ler to tins, let a be 
the greater, and b the less of the given numbers; and let d 
he one ot their common divisors; it is evident lliat a and b 
being divisible by d, we may also divide the quantities, 
a — bj a — 85, a — 35, and, in genenil, a — nb by d, 

4o{>. The converse is no less true: that is, if the numlxTs 
5 and a — nb are divisible by d, the iiuiiilier a will also be 
divisible by d ; for nb being divisible by f/, we could not 
divide a — nb by d, if a were not also divisible by d. 

457. We observe farther, that if d be i\\egreatest common 
divisor of two numbers, 5 and a — nb^ it will also be the 
greatest common divisor of the two numbers a and 5; for if 
a greater common divisor than d could lie found for these 
numl)ers a and 5, that numl>er would also he a common 
divisor of 5 and a — nb; and consequently d would not be 
the greatest ctminion divisor of these two numbers: but wc 
have support d tiie greatest divisor common to 5 and 
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a ~ fi6; therefore d must also be the greatest common 
divisor of a and b. 

458. These things being laid down, let us divide, ac¬ 
cording to the rule, the greater number a by the less b ; 
and let us suppose the quotient to be n; then the remainder 
will be a — no, which must necessarily be less than b ; and 
this remainder a — nb having the same greatest common 
divisor with 6, as the given numbers a and 6, we have only 
to repeat the division, dividing the preceding divisor b by 
the rc^mainder a — nb; and the new remainder which we 
obtain will still have, with the preceding divisor, the same 
greatest common divisor, and soon. 

459. We proceed, in the same manner, till we arrive at a 
division without a remairKlcr; that is, in which the remainder 
is nothing. Let therefore j) be the last divisor, contained 
exactly a certain number of times in its dividend; this 
dividend will evidently l>e divisible by p, and will have the 
form mp ; so that the numbers p and mp are both divisible 
by p : and it is also evident that they have no greater 
common divisor, because no number can actually he di¬ 
vided by a number greater than itself; consequently, this 
last divisor is also the greatest common divisor of the given 
nunil>ers a and b. 

4(J0. We will now give another example of the same rule, 
requiring the greatest common divisor of the numbers 1728 
ana 2304. Tne operation is as follows: 

1728) 2304 (1 
1728 

.576) 1728 (3 
1728 


0 . 

Hence it follows that 576 is the greatest common divisor, 
and that the relation 1728 : 2304 is reduced to 3 ; 4; that 
is to say, 1728 is to 2304 in the same relation as 3 is to 4. 
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CHAP. VIII. 


Q^Geometricol Proportions. 


461. Two c^mctrical relations are equal when their 
ratios are equal; and this equality of two relations is called 
a geometrical proportion. Thus, for example, we write 
a : 6 == r : d, or a : 6 :: c : J, to indicate that the relation 
a : & is equal to the relation c : d; but tliis is more simply 
expressed by saying a is to 6 as c to J. The foliouing is 
such a proportion, 8 : 4 : : 12 : 6; for the ratio of the re¬ 
lation 8 : 4 is -f, or 2, and this is also the ratio of the re¬ 
lation 12 : 6. 

462. So that a : b :: c : d being a geometrical proportion, 
the ratio must be the same on both sides, consequently 

~ I we have 
d 

a : d : • c : d. 

463. A geometrical proportion consists therefore of four 
terras, such, that the 6rst divided by the st^cond gives the 
same Quotient as the third divideil by the fourth ; and hence 
wc deduce an important property, common to all geometrical 
proportions, which is, that the product of the first and the 
last term is alwavs equal to the product of the second and 
third; or, more simply, that the product of the extremes is 
equal to tlie product of the means. 

464. In order to demonstrate this projx.*rly, Ic-t us lake 


Mm C .a 

; and, reciprocally, if the fractions 


a 


the geometrical pro{jortion a : b : i c : d^ so that 

Now, if we multiply both these fractions by by we obtain 
be 

a = —, and multiplying both sides farther by d, w'c have 

ad r= be ; but ad is the product of the extreme terms, and 
Ifc is that of the means, w'hich two products are found to be 
equal. 

40.'>. Reciprocallv, if the four numbers a, 6, c, d, are such, 
that the product o^ the two extremes, a and d, is equal to 
the product of the two means, b and r, we arc certain that 
they form a geometrical pro|x)rtion: for, since ad = Ac, we 
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ad 

Iiave oiilv tn divide both bides by bd, which gives us ~ 

^ ~ f/ ’ consequently a \ b :: c i d. 

4G6. The four terms of* a geoirictrical proportion, as 
a : 6 : : c : d^ may be transposed in different ways, without 
destroying the projx>rtion ; I’or the rule being always, that 
the product of the extremes is equal to the product of the 
means, or ad — 6r, we may say, 


1st. 6 ; flr ; : d : r; 2dlv. a : c :: b : dy 

fhllv. d : h : : c : a; 4thly. d : c :: b : a. 

407. Beside tliese four geometrical proportions, we may 
deduce sojnc others from the same proportion, a : b :: c : d\ 
for we may say, a b : a \: c d : Cy or the first term, 
■^duis the second, is to the first, as the third, plus the fourtli, 
IS to the third ; that is, « + : c -f- d : r. 

We may farther say, the first, minus the second, is to the 
first, as the tiiird, minus the fourth, is to the third, or a — 
h : It :: c — d : c. For, if we lake the product of the ex¬ 
tremes and tlie means, we have <7r — he — ac — r/d, which 
evidently leads to the equality ad — be. 

And, in tlie same maimer, we may demonstrate that a -f- 
6 : 6 : : c -f d : d; and that a — b : b :: c — d : d. 

468. All tlie proptirtions wliich we have deduced from 
a : b :: r : d mav Ik? represented generally as follow's : 
ma -j- ?ib : pa -f- rjb : : me -f- rid : pc -f- qd. 

For tlie product of the extreme terms is mpuc '+■ nphe -f- 
mqud 4- nqbd\ which, since ad /&e, becomes mpac -f- npbc 
-f- ntqbc + nfjbd ; also the product of the mean terms is 
mpacmqhc nped nqbd or, since ad — be, it is 
rnpac -p niqbc -f- npbc + nqbd', so that the two products are 
equal. 

4(J9. It is evident, therefore, that a geometrical pro¬ 
portion being given, for example, 6 : 3 : : 10 : 5, an infinite 
number of others may be deduced from it. We shall, how- 
ever, give only a few : 

3:6:: 5: 10; 6: 10:: 3: 5; 9 : 6 : : 15 : 10; 

3 : 3 : : 5 : 5; 9 : 15 :: 3 : 5; 9 : 3 :: 15 : 5. 


470. Since in every geometrical proportion the product of 
the extremes is equal to the product of the means, we may, 
when the three first terms arc known, find the fourth from 
them. Thus, let the three first terms be £4 : 15 :: 40 to 
the fourth term: here, as the product of the means is 600, 
the fourth term multiplied by the first, that is by 24, must 
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al^ make (iOO; consequently, by dividing (JOO by 24 the 
quotient 25 will be the fourtb term required, and the whole 
proportion will be 24 : 15 : : 40 : 25. In general, there¬ 
fore, if the three first terms are a: b :: c; we put d for 
the unknown fourth letter; and since ad rr we divide 

be 

both sides by », ami have </ = —; so that the fourth term 

a, 

be 

is* whiah is found by multiplying the sfHX)nd term by the 


third, and dividing that product by the first. 

471. This is tlie foundation of the celebrated Rule 
Three in Arithmetic; for in that rule we suppose three 
numbers ^ven, and seek a fourth, in geometrical pro¬ 
portion wiui those three; so that the first may be to the 
second, as the third is to the fourth. 

472. But here it will lie necessary to pay attentioo to some 
particular circumstances. First, if in two projiortions the 
first and the third terms are the same, as in a : 5 : ; r : </, 
and a \/*: ; c : »•, then the two second and the two fourth 
terms will also lie in geometrical proportion, so that h d \ \ 

for the first proportion being transformed into this, 
a c b dy and the second into this, n \ e wj"'. fol¬ 
lows that tlic relations h ; d and J ; g are equal, since each 
of tliem IS equal to the relation a ; c. I'lius, for example, 
if 5 : 100 ; : 2 ; 40, and 5 : 15 : ; 2 : 6, we must have 100 : 
40 : : 15 : 6. 


47'i. ^ut if the two proportions are such, that Uie mean 
terms are the same m Ixith, I sa^^ that the first terms will be 
in an inverse proportion to the fourth terms: that is, if 
u : 5 : : c : d, and_/ ; 5 : : c : g, it follows that a :y*: : g : d. 
Let the proportions be, for example, 24 : 8 : : 9 : 3, and 
6 : 8 : : 9 : 12, we have 24 : 6 : ; 12:3; the reason is evi¬ 
dent ; for the first proportion gives ad zz be and the second 
ipves^^ = be ; therefore ad —and a : ff : dy or a 
g : : y*: dL 

474. Two proportions being given, we may always pro¬ 
duce a new one by se|Miratelv multiplying the first term of 
the one by the first term of the otner, tnc second by the 
second, and so on with respect to the other terms. Thus, 
the proportioDs a : b :: c i d^ and e : h will furnish 

this, ae : : eg : dhi for the first giving ad = be, and the 

second giving ek have also adeh zz brfg ; but now 

ia the product« the extremes, and he/g is the prodiACt 
o€ the meanain the new proportion: so that the two products 
bek^ equal, the proportion is true. 
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4^5. Let the two proiwrtions be 6 : 4 : : 15 : 10 and 9: 
12 :: 15 ! 20, their combination will give the proportion 
6 X 9 : 4 X 12 :: 15 X 15 : 10 X 20, 

or 54 : 48 :: 225 : 200, 
or 9 : 8 ; : 9 : 8. 

476. Wc shall observe, lastly, that if two products are 
equal, ad == 5f, wc may rcxiiprocally convert this equality 
into a geometrical proportion; for wc shall always have one 
of tlie factors of the first jjroduct in the same proportion to 
one of the factors of the second product, as the other factor 
of the second product is to the otlier factor of the first pro¬ 
duct : that is, in the present case, a : c :: : d, or d: o : : 

c : d. Let 8 x 8 = 4 x 6, and we may form tiom it this 
|)roportion, 8 : 4 :: 6 : 8, or this, 8 ; 4 : : 6 ; 8. Likewise, 
if 8 X 5 = 1 X 15, we shall have 8 : 15 :; 1 : 5, or 5.1 : : 
15 : 8, or 8:1 : : 15 : 5. 


( HAP. IX. 

(Mfserz>atiouA on the Hules o/‘l*roportion and their Utility. 

477. This theory is so useful in the common occurrences 
of life, tljat scarcefy any person can do ixilhuut it. There 
is always a proportion lietween pieces and commodities; and 
when different kinds of money arc the subject of exchange, 
the whole consists in determining their mutual relations. 
The examples furnished by these reflections will be very 
proper for illustrating the principles of proportion, and 
shewing their utility by the appUcation of them. 

478. if' M’e wished to know, for example, the relation 
between two kinds of money ; sup^xise an old louis (Tor and 
a dticai: we must first know the value of those pieces when 
comparetl with others of the same kind. Thus, an old 
louis living, at Bcrlioi worth 5 rixdollars and 8 drachms, and 
a ducat Ix'ing worth 8 rixduUars, we may reduce these two 
-lvalues to one denomination; either to rixdoUars, which 
gives tlie proportion IL : ID : : 54 H : 8R, or : : 16 : 9; or 
to drachmsi m which case we liave IL : ID :: 128 : 72 :: 
16 : 9; which prupurtioos evidently give the true relation of 
the old louis to the ducat; for tlie equality of the products 
of the extremes and the means gives, in lioth cases, 9 louis 
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= 16 ducaU; and, by means of this cotnpariscm, we may 
change any sum of old Inuis into ducats, and vice-versa. 
Thus, suppose it uere required to hod how many ducats 
there aie in 1000 old louis, we have this proportion; 

L(iu. Lou. Due. Due. 

As 9 . 1000 : : 10 : 1777-J, the nuinl)er sought. 

If, on the contrary, it wore required to find how many old 
louis d*or there are in 1000 ducats, we have the following 
proporiiou: 

Due. Due. Lou. 

A.s 16 : 1000 ; ; 9 : 5C2«- louis. Arts. 

479. At Petersburgh the value of the ducat varies, and 
depends on the course of exchange; winch txmrse determines 
the value of the ruble in stivers, or Duteii lialfpenee, 105 of 
which make a ducat. So that w hen the exchange is at 45 
stivers per ruble, w-e have this profiortion ; 

A s 45 : 105 : . fl : 7; 

and hence this equality, 7 rubles n S ducats. 

Hence again we .shall find the value of a ducat in rubles; 
for 

Du. Du. Uu. 

As .‘3 : 1 ; : 7 : 2f rubles; 

that i.s, 1 ducat is equal to rubies. 

But if the exchange were at 50 stivers, the proportion 
would be. 

As 50 ; 105 : ; 10 ; 21 ; 

which would give 21 rubles = 10 ducats; whence 1 ducat 
= Hrv rubles, l^astly, when the exchange is at 44 stivers, 
we have 

As 44 : 105 : : 1 : 2-^ rubles; 

w'hich is equal to 2 ruhlm, 38 copecks. 

480. It follow's also from this, that wc may compare dif¬ 
ferent kinds of money, which we have frequently occasion to 
do in bills of exchange. 

Suppose, for example, that a person of Petersburgh has 
1000 rubles to be paid to him at Berlin, and that he washes 
to know the value of this sum in ducats at Berlin. 

The exchange is at 47^; that is to say, one ruble makes 
47^ stivers; and in Holland, 20 stivers make a florin; 21- 
Dutch florins make a Dutch dollar: also, the exchange of 
Holland with Berlin is at 142; that is to si^, for 100 Dutch 
dollars, 142 dollars are paid at Berlin; and lastly, the ducat 
is worth 3 dollars at Berlin. 

481. To resolve the question proposed, let us proceed 
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step by step. Begtuning therefore with the stivers, since 
1 ruble 47 r stivers, or S rubles = 95 stivers, we shall 
have 

Ru. Ru. Stiv. 

As 2 : 1000 : : 95 : 47500 stivers; 

then again, 

Stiv. Stiv • Flor. 

As 20 : 4T500 : : 1 : 2S75 florins. 

Also, since 21 florins = 1 Dutch dollar, or 5 florins = 2 
Dutch dollars; we ^hall have 
Flor. Fior. D.D. 

As 5 : 2-575 : : 2 : 950 Dutch dollars. 

Then, taking the dollars of Berlin, according to the ex¬ 
change, at 142, we shall have 
D.D. D.D. Dollms. 

As 100 : 950 :: 142 : 1319 dollars of Berlin. 

And lastly, 

Dol. DoJ. Dn. 

As 3 : 1319 :: 1 : 449^ ducats, 

which is the number st>ught. 

482. Nt)w, in order to render thc.^e calculations still more 
complete, let us su|>im>sc that tlie Berlin banker refuses, 
under some pretext or other, to pav this sum, and to accept 
tlie bill of exchange without five per cent, discount; that is, 
paying only 100 instead of 105. In that case, we must 
make use of the following pro[X>rtion : 

As 105 : 100 : : 449|- : 428^^ ducats; 

which is the answer under those conditions. 

483. We have shewn that six operations are necessary in 
making use of the Rule of Three; but we can greatly 
abridge those calculations by a rule w'hich is called tlie Rule 
qf Reduction y or Double Ruie Three. To explain which, 
we shall first consider the two antecedents of each of the six 
preceding operations: 

1st. 2 rubles 95 stivers. 

2d. 20 .stivers 1 Dutch florin. 

3d. 5 Dutch flor. 2 Dutch dollars. 

4th. 100 Dutch dolK 142 dollars. 

5th. 3 dollars ^ : 1 ducat 

Gth. 105 ducats 100 ducats. 

If we now look over the preceding calculations, wc shall 
observe, that wc have alw'ays miiltijidied the given sum by 
the third terms, or second antecedents, and divided the pro¬ 
ducts by the first: it is evident, therefore, that we'''''^all 
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arrive at the same rcsulte by inultiplying at once the sum 

^ 611 by the product of all the third terms, and dividing 
product of all the first terms; or, which amounts to 
the same thing, that we have only to midce the following 
proportion : As the product of all the first terms, is to the 
given number of rubles, so is the product of all the second 
terms, to the numl>er of ducats luiyable at Ilcrlin. 

484. This calculation is abridged still more, when 
amongst the first terms some are found that have common 
divisors with the second or third terms; for, in this case, we 
destroy those terms, and substitute the (juoticiit ari^ng ft*oni 
the division by that common divisor. 'I he preceding ex¬ 
ample will, in this manner, assume the following form. 

As (2.20.5.100.3 105) : 1000 :: (95.2.142.100) : 

1000.95.2.142.100 ^ , 

and alter caucclJmg the common 


220.5.100.8.105 


di¬ 


visors in the nimierator and denominator, this will become 
10.19.142 


3.21 


— ® — 428^1- ducats, as Iwfore. 


485. The method which must lie ohservetl in using tlic 
Rule of Reduction is this; we bt'giii with the kind of money 
in question, and compare it uitli anotiier which is to begin 
the next relation, in which we compare tliis second kind 
with a third, and so on. Each relation, therefore, begins 
with the same kind os the preceding relation ended with; 
and the operation is continued till we arrive at the kind of 
money which the answer requires; at the end of which w'e 
must reckon the fractional remainders. 

486. Let us give some other e.xamples, in order to facilitate 
the practice of this calculation. 

If ducats gain at Hamburgh 1 per cent, on tw'o dollars 
banco; that is to say, if 50 ducats arc worth, nut 100, but 
101 dollars banco; and if the exchange between Hamburgh 
and Konigsberg is 119 drachms of Poland; that is, if 1 
dollar banco is equal to 119 Polish drachms; bow many 
Poli^ florins are equivalent to 1000 ducats ? 

It being understood that 30 Polish drachms make 1 
Polish flonn. 


Here 1 : 1000 ;: 2 dollars banco 
100 — 101 dollars banco 

1 — 119 Polish drachms 

80 — 1 Polish florin; 


therefore. 
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(100.30) : 1000 : ; (2.101.119) 


1000 . 2101.110 

100.80 


2.101.119 _ Polish florins. Ans. 


487. Wc will propose another example, which may still 
farther illustrate this method. 

Ducats of Amsterdam are brought to Leipsic, having in 
the former city the value of & flor. 4 stivers current; that is 
to say, 1 ducat is worth 104 stivers, and 5 ducats are worth 
26 Dutch florins. If, therefore, the a^o of the bank at 
Amsterdam is 5 per cent.; that is, if 105 currency are equal 
to 100 banco; and it' the exchange from Lcipsic to Am- 
stertlaiii, in bank money, is 133^^ per cent.; that is, if for 
100 dollars we jiay at Lcipsic 133^ dollars; and lastly, 2 
Dutch dollars making 5 Dutch florins; it is required to 
determine how many dollars we must pay at Leipsic, ac¬ 
cording to these exchanges, for 1000 ducats? 

By the rule, 

5 : 1000 ; : 26 flor. Dutch curr. 

105 — 100 flor. Dutch banco 

400 — 533 doll, of Leipsick 

5 — 52 doll, banco; 


tliercfore. 

As (5-105.400.5) : 1000 : 
1000.26.100.5533.2 4.26.53,3 


(26.100.533.2) : 


5.105 400.5 
ber Houglit. 


21 


= 2639dollars, the num- 


CHAP. X. 

Compound Relations. 

488. Cfmpound Relaiums are obtained by multiplying 
the terms of two or more relations, the antecedents by the 
antecedents, and tlie consequents by the consequents; we 
then say, that the relation between those two products is 
compmindcd of the relations given. 

Thus the relations a ; 5, c : c give the compound 

relation acc : bdf*, 

* Each of these three ratios is said to be one of the roots of 
the compound ratio. 
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409* A relation conunuiiig always the same* when we 
divide both its terais by the same number* in order to 
abridge it, we may greatly facilitate the above compoutioti 
by comparing the antecedents and the consequents, for the 
purpose of making such reductions as we perfurinecl in the 
last chapter. 

For example, we (Ind the compound relation of the fol¬ 
lowing given relations thus: 

lielationa ffiven. 

12 : 25, 28 ; 33, and 55 : 56. 

Which becomes 

(12.28.55) : (25.33.56) = 2 : f 
by cancelling the common divisors. 

So that 2 : 5 is the compound relation required. 

490. The same operation is to be jK*rformed, when it is 
required to calculate generally by letters; and the most re¬ 
markable case is that in whicli each antecedent is equal to 
the consequent of the preceding relation. If the given re¬ 
lations ore 

a : b 
b , c 
c : d 
d : e 
e : a 

the compound relation is 1 : 1. 

491. The utility of these principles will l>e perceived, 
when it is observed, that tlie relation between two square 
fields is compounded of the relations of the lengths and 
the breadths. 

Let the two fields, for example, be A and II; A having 
500 feet in length by 60 feet in breadth; the length of 11 
being 360 feet, and its breadth 100 feet; the relation of the 
lengths will be 500 : 360, and that of the breadths 60 : 100. 
So that we have 

(500.60) ; (360.100) =5 :6 

Wherefore the field A is to the field B, as 5 to 6. 

402. Again, let the field A l>e 7S50 feet long, 88 feet 
broad; and let the field 11 be 660 feet long, and 90 feet 
broad; the relations will be compounded in the following 
manner: 

Relation of the lengths 720 : 660 
Relation of the breadths 88 ; 90 

and by cancelling, the 

Relation of the fields A and B is lf> : 15, 
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4^. Farther, it’ it be- rcc|uiretl U» compare two rtxmis 
with respect to the siiace, or contents, wc observe, that thai 
relation is coinpouncK'cl of three relations; namely, that oi 
the lengths, breutlths, and heights. Let there Ih*, tor ex¬ 
ample, a room A, whose length is 30 feet, breadth 10 feel, 
aiKi height 14 feet, and a room H, wliosti length is 42 feet, 
breadth 24 feet, and height 10 feet ; we shall have these 
three relation^: 

For the lengtli iid : 42 
For the breatUh 16 : 24 
For the height 14 : 10 

And catu*(.lhn|| the common rne.'isiires, these become 4 : “i. 
So that the content'^ of the niom A, is to the contents of ihi- 
room B, ns 1- to o. 

494. When the relati«jns which we compound in this 
manner are etnial, there result multiplicale relations. Namelv, 
two cijiial relations give a tlupHcatc ratio^ or I'atto of ifii 
.sffnari v; three e<ji:a] relations produce the tiuplicnii rafin. 
or intin nf the tnhi.s: and so tin For example, the re¬ 
lations a ft and <t • h giM' the eoinpumd relation a' : /*'; 

u herefore we s;i\. lliat the s<ptarcs are in the du])lieate ratio 
oi their roots. -Vnd the ratio a . h multiplied t'viee, givni.. 
the ratio a' . h\ we s.av that the eulx’v an* in tlie triplicate 
ratio of their n>ots. 

H)5. Geometry leaches, that two circular .spaces ruv in tlu 
duplicate relation ul‘ their tliameters; this means, that the\ 
are to each other as the .squares of thour diameters. 

Lot A he Mich a space, having its diameter -4^5 feet, and 
1> another circular space, whose diameter is 30 feet; the first 

space w’ill he to tin* strond as 15 x 15 is to 30 x 30; or. 

eompounding these two eijual relations, a.s 9:4. Thcrefon 
the two areas are to each other as 9 to 1. 

496. It is alst) dennmstraletl, that the solid contents of 


spheres are in the ratio of the cubes of their diameters • so 
that the tliometer <if a globe. A, being 1 ItKii, and the 
diameter of a globe, B, being 2 feel, the solid content ot A 
W’ill be to that of B, as 1 ' : 2'; or ;t> I to 8. If, therefore, 
the .spheres are formed of the .s.ime sulistantv, the latter w'lU 
weigh 8 tiinv’s iis much as the rornier. 

497. It is evident that we may m this manner liiul tlie 
weight of cannon Iiall.s, thei' di uiutcis. and the weight m 
one, being given. For exumpli’, let theie he the ball A, 
whose iliameter is K nu'ii. , anit ight > jKiiind.s; and if the 


weight of another baii i>e requin'il, -vlmse diameter »■ 8 
inche-s we have tin*- proportion, 

2’ 8' j • 32ff pound-, 



16 « 


KI.EMKNTS 


SECT. Ilf. 


which gives the weight of the hall H; oiul for another Imll 
C, whose diameter is 15 inches, we should have, 

iJ* ; 15’ : : 5 : 21()9^lb. 

ft c 

4{)8. When the ratio of two fractions, as —r» >s re¬ 

ft a 

qiiiretl, we may always express it in integer numbers; f«>r 
we have only to multiplv tne two fractions by M, in ortler 
to obtain the ratio ad : 6c, which is equal to t!ie other; and 


from hence results the proportion 


c 

7l 


ad ; fte. If. 


therefore, ad and he have common divisors, ratio inav Ik- 
rediiceil to fewer teniis. Thus • • (t5.3(>) : (Sj4.;i5'> 

: : 9 : 10. 

499. If we wished to know the ratio of the fraction'. 

— and -7-, it is evident that we should have --- • -v- ; ft 
oft oft 

o; which is expressed by saying, that two fractions, wliuh 

have unity for their numerator, arc in the rrcijtnxcd, or in- 

trrvc ratio of their denominators; and the same thing 

said of two fractions which have any common numerator ; foi 


o 


~h 


a. 


Hut if two fractions have their deno- 
ft 


o 


ininators equal, as — : —, they are in the direct ratio ol 

the numerators;, namely, as a : ft. Thus, ’ ; * 

or 6 : 3 : : : 1, and V° • *r ■ • 19 : 15, »>r 2 : 3. 

500. It ha.s bet'll oliscrvcil, in the free descent of IhuIic", 
that a Ixxlv falls alxnit l(i Knglish leet in a stvond, that m 
two secontfs of time it falls from the height of ()!• fevt, and in 
three seconds it falls 144 feet. Hence it is concluded, that 
the heights are to each other as the .«i<piares of the times; 
and, recipnx'ally, that the times are in the sulKluplicate ratio 
<rt‘ tlie heights, or as the square ro<its of the heights *. 

If, therefore, it lx* retpiired to determine how long a stone 
will lie in falling from the height of 2304 feet; we have l(i : 
2304 : : 1 : 144, the square of the time; and consequently 
the time required in 12 ^ccond^. 

501. If it Ik! required to determine how far, or through 


• The space, through which a heavy body descends, in the la¬ 
titude of London, and in tlic fir.st second of time, has been found 
by •xperiment to be 1^3KnghVli feet , but in calculations 
where great accuracy i.** not rcijuired, the fraction may be 
omitted. 
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what height, a stone will pass by descending for the space fii 
an hour, or .SCiOO seconds; wc must say. 

As 1- : 36(H)* : : 16 : 207360000 feet, 
the height required. 

Which iK'ing retluccd is found c([ual to .39272 miles; and 
consequently nearly five times greater than the diameter of 
the earth. 

502. It is the same \\ith regard to the price of precious 
stones, which are not sold in the projxirtion of their weight; 
every IkkIv knows that their prices follow a much greater 
ratio. The rule for diamonds is, that the price is in the 
duplica'e ratio %)r the weight; that is Uj say, the ratio of 
the ]>rices is i ijual to the sijuare of the ratio of the weights. 
The weight ot diamonds is exprc.ssed in carats, and a carat 
i.s etjuiialeiil to 4 grains; if, therefore, a diamond of one 
carat is wcirlh 10 livres, a diamond of 1(K) carats will hi- 
\\ortli .as many times 10 livres as the Mpiare of' 100 contains 
1 ; so that we shall have, according to the Rule of 'Fliree, 

A 1 lOtHM) . 10 : KKHKIO liv. Anit. 

There i.s a diamond in Portugal which weighs KiSO carats; 
it-* price will Ik* iiniiui. therefore, hy making 

P 16h 0 ; 10 : 2822RHX) livres. 

503. The jK>sts, or mode of travelling, in France, furnish 
sullieient examples of eomjxiund ratios, bt'causc the price is 
regulated hv the eonipound ratio of the mimlwr of horsi's. 
and the number of leagues, or |xisis. Tlqis, for example. 
If one horse cost 20 .si>us }ier jxist, it is required to find how 
much must lx* paitl for 28 luirses for 4^ ptists. 

\\\‘ write first the ratio .if the liorses - - 1 : 28 

Under this ratio ^ve put that of the stages - 2 : 0 

And, eonqxninding the two ratio.s, we have - 2 . 252 

(.)r, 1)V abridging the two terms, 1 : 126 : ; 1 liv. to 12(> fr. 
or 42 erown.s. 

Again, If I pav a ilueal lor eight horses for .3 miles, ho^\ 
inueh inii.st I |uiy for lliirtv liorses f<ir four miles!" Tht* 
calculation is ,ns follows : 

8 : 30 
3 I 

liy eomjxmiiding these two ratios, and ;ibridging, 

1 ; 5 . : 1 due. ; 5 ducats; the sum required. 

504. The .siime conqKisiiion ociuis when workmen are lo 
he paid, since those pnvmenls geiu'rall\ follow the r.itio 
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rompoumletl of the mimljor of workmen and lhat of the <bvs 
which they have Ixvn euiployecl. 

If, li*r example, i2S sous jhm* day be given lo one mason, 
and it is requiretl what must bir (mid to masons who have 
workini for 50 days, we state the calculation thus • 

1 : 24 ‘ 

1 : 50 

1 : 1200 : : 25 : 30000 sous, or 150(> francs. 

In these e\am|>les, five things iK'iiig gi\eti, the rule which 
serves lo resoUe them is culled, in Ixmlks of* arithmetic, The 
Rule of Five, or Ilonblc Rule of Three 


CHAP. XI. 

O/' Geometrical Pnigrcssioiit.. 

505. A series t*l iiumln'rs, \%hicii are al\vay> bettniimi: < 

certain number <»}' limes greater, or i*. lalleil a 

meirical because each U rni i>. eonstantiy to llu 

following one in the siinie gi'onietrical ratio, and the nnnibu 
which ex(ires.st‘s how many times each term is greater than 
the (^receding, !.*> culled the caywacw/, t>r ratio. Thus, wlien 
the first term is 1 and the cx{x>nent, or ratio, is 2. the geo 
metrical (irogressloii becomes. 

Terms i J a t .5 6 7 8 ’* i\t . 

Pro^. 1, 2, 4. H. 16, 32, 64. 128, 256, ixe. 

The inunbers 1, 2, 3, ^c. always marking the (>lace wlneli 
each term holds in the progression. 

506. If we sn|>(H>>c*, in general, the first term to In- it. 
and the ratio 5, we have the following getniielrival pro 
gression : 

1, 2. 3. 4, 5, 6, 7, 8 . . . . 

Profr. ay alK alr^ nlr\ nb\ a//', ah' .... «/>**— 

So lhat, when thi.s |)rogrcs.sion con.si.^ts of n term-, ilu 
last term is ab —We must, however, remark hero, lhat ii 
the ratio b lie greater than unity, the term.'* increase eon- 
tiiiuully; if 5 = 1, the terms are all cipiai; lastly, if h Ik 
less than 1, or a fraction, the tena?. eontiniiully deeiea.st' 
Thus, when a = 1, and 5 = we have tluK geometrical 
progression: 
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1 I I I I I I I 

•' > I f, j 11' I ii*» 

507. Mere therefore wo have lo oonsidor: 

1. 77ic first term, whicli wo have called a. 

2. The ex{K>ncut, whicii we call h, 

ii. The number of terms, which we have expressed b^ w. 
4. And the lost term, which, wo have already seen, is ox- 
}>rc'8sed by 

So that, when the first lhrc*e of those are ^ivon, the last term 
IK I’uund by multiplying the ;< — 1 jiower of />, or by 
the first term a. 


If, therefore, the 50lh lerni »»f the fjeometrical progression 
I, 2, 4, 8, &c. were ro<|uired, wo should have « = 1, = 2, 

.lud n = 50; con.se(|uontiy the 50lh term would be 2*''; and 
AS 2' = 512, wo shall have 2"’ — 1021-; whert'forc the sipiaro 
of 2“*, or 2*'*, = 1048576, ami the srjuare of this nunilior, 
which is 101)1)511627776, -- 2*^’. Multiplying thorofore this 
vitluo of 2*^' by 2', <»r 512, wo have 2*" = 562911)050421312 
lor the 50th term. 

508. One of the piuaipal <pu'sUons which (K'curs on this 
subject, is to fiinl the sum ol all ila* tiTiiis of a e;eoiuolrical 
proj^rossion ; wo shall thoi\foiv explain the motlwul oftloin^ 
this. Lrot there Ik? ^ivon, first, tlio I’ollowiujjj proj;ro>.siou, 
i'oiisisling of ton terms : 

i; 2, 4, 8, 16, 02, 6 4, 128, 256, 512, 

• lie sum of which wc shall represent by s, st> that 

v = l } 2 + 4 + 8 ^ 16 I 02 + 64 + 128 \ 256 + 512; 


tiuubiinir lK)th siilos, we shall have 


‘iv = 2+ 4 + 8 + 16 ^ 02 + 64 + 128 + 256 + 512 1 1024; 


and siihtraefni" from this the prop;ression represented hy s, 
there remains .v = 1024 — 1 ^ 1020; wherefore the sum 
retpured is 1020. 

509. SiipjKise now, in the same prt*^res*ion, that the 
mimiKT i>f terms is nndetermined, that is, let tliem be 
iierally j\-presented by //, so that the sum in tpiestion, or 

V — 1 o . i>i t 01 4 . ot On— > 

— f ^ f rw i Or • • • • or 

If we multiply by 2, we have 

25^2 + 2M'2’» + 2*.2 s 

then siibtraeting from this etjuation the preectling one, we 
have X = 2" — 1. It is evident, tlierefore, that the sum re- 
<]uired is found, by multipfying the last term, 2""*, by the 
1 x{M)nenl 2, in order to have 2", and .subtracting unity fnuii 
dial priMhict, 

510. This is made still more evident by the ftillowiiig 
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examples, in which we substitute successively lor w, the 
numMrs 1, 6 , 4, &c. 

1 = 1 ; l+a = 3;l+2 + 4 = T;l + 2 + 4 + 8=15; 
l-l-2 + 4f84l6 = 31;1^2+4484-16 + 32 = 
63, &c. 

oil. On this subject, the following question is generally 
proposed. A man offers to sell his horse on the following 
condition; tliat is, he demands 1 penny for the first nail, 2 
for the scx.’ond, 4 fbr tlie third, 8 for the fourth, and so on, 
doubling the price c»f ciich succeeding luiil. It is required 
to find tile price of the hor.se, the nails bring 32 in number ? 

This cpiestion is evidently reducetl to finding the sum of 
all the tenns of the geometrical progression 1, 2, 4, 8 , 16, 
&c. contiiiuod to the 32d term. Now, that Ia.st term is 2^^; 
and, as wc have already found ^ = 1048576, and 2'^’ = 
1024, we shall hnve 2^ > 2'^* = 2" = 1073741824; and 
multiplying again by 2, the last term 2’* = 214748^48; 
doubling therefore this numl>cr, and faibtracting unity from 
the product, the sum required becomes 42944>(»7295 f)ence; 
which lx?iiig rcducetl, we have 17895627/. l.v. iiti. tor the 
price of the horse. 

512. Let the ratio now lie 3, and let it lie rt quiretl U> liiui 
the sum of the geometrical progre:^sion 1 , 3, 9, 27, 81, 24Jj, 
729, consisting of 7 terms. 

Calling the sum .y as lieforc, wc have 

^=l-f3 + 9-^27^Hl+ 24,3 ^ 72<). 

And multiplying by 3. 

3^ q ^ 9 -L 07 ^ HI _ 243 ^ 729 ^ 21cS7. 

Then subtracting the former scries fix)jn the latter, \^e ha\e 
2 ^ = 2187 1 -= 2186: .so that the double of the sum is 

2186, and eonsequciuly the sum required is 1093. 

513. In the .same progression, let the number of terms be 
n, and the sum .v; so that 

.y = 1 -r 3 h 3- - 3’ -r 3* + . . . . 3" >. 

If now we multiply by 3, wc have 

3,y = 34-3- + 3’ + 3 * 4 .... fi\ 

Then subtracting from this expression the value of .y, as 

fj«_I 

before, wc shall have 2 .s- = 3" — 1 ; therefore .y = —^—. So 

that the sum required is found by multiplying the last term 
3, subtracting 1 from the product, and clividiiig the re¬ 
mainder by 2 ; a.< will np[>car, alsci, from the following jiar- 
ticular cases - 
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1 - . - _ 

1 -f 3 - 

I 4-3-f 9+ 27 - 

1 + 3 + 9 + 27 + 81 


(1 x3)—1 
2 

{3x3)-I 

Q 


1 

4 


{3x9)-l 

= 13 

2 

(3x27)—1 

= M) 

2 

(3x81)-l 

2 

= 121. 


.514. I.A't ihs now siip{X).sc% generally, the first term to Ik; 
a, the ratio 6, tlic numlKT of terms 7i, and their simi 
.so that 


s = a i- ab ah'- ob^ ab* + ... . ab^^^. 

If we multiply by />, we have 

bs — ab + ah- (itr f nb* (^b^ + . . . . ab'‘f 
.uui taking the difference lietwcen this and the al>ovc equa- 
tii>n, there remauns (6 — 1) a' = ub' — a; whence we easily 

deduce the sum required s = — ^ Consequently, the 


sum t)f any geometrical progression i.s foun<l, by inulliplying 
the last term by the ratio, or ex]X)ncnt of the j)rogre.ssion, 
and dividing the difference Ix.*twecn this product and the 
first term, by the tlifference between 1 and the ratio. 

.515. Let there Iw a geometrical progression of seven 
lernis, of which the first is 3; and let the ratio be 2: we 
shall then have a = 3, 5 = 2, and »i = 7; tlicreforc the last 
term i.s 3 x 2**, or 3 x G4, = 192; and the whole pi*o- 
gressitJii will be 

3, 6, 12, 24, 48, 96, 192. 

Farther, if we multiply the last term 192 by the ratio 2, 
we have Jl84; subtracting the first term, there remains 381; 
.md diviiling this by b — 1, or by 1, we have 381 for the 
sum of the w'hole progression. 

.516. Again, lot there be a geometrical progression of ax 
terms, of which the first 18 4; and let die ratio be 4-: then 
the progression is 

4fiQl7 8i l+S 

If we multiply the last term by the ratio, we shall have 
; and subtracting the first term = the remainder is 
'■|V » which, divided by // — 1 = f?ives = 83j- for 
the sum of the series. 
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517. When the exponent is less thun I. :ui<l, eonseipiently, 
when the terms of the progri'sskm continnniiv diminish, the 
sum of such a decreasing pmgression, curried on to iiiHiiity, 
may he accunjtelv expressed. 

For example, fet the first term he 1, the ratio and the 
sum s, so that : 

,v = 1 i- ; -K ^ &c. 

ud infinitum. 

If w’c multiply by !i, we have 

tiv = »» + 1 -I- 1 -I- » -f- ; + i-, icc. 

ad infinitum : and, subtracting the preceding progressitm, 
there remains .v = for tiu* sum of the pr(>|xjseu infinite 
progression. 

518. If the first term Ik* 1, the ratio 1, and the sum.?; 
so that 

•v = 1 ' ■ - ' ^ , ice. ad infinitum: 

Then multiplying llie wliole hy 8, we ha\e 

:i.v = 4 1 -f ! ' , &.C. atl infinitum; 

and subtracting the value of there remains 2.v = ii; where¬ 
fore the sum .v = 1 

519. Let there be a progression whose sum is ,v, the first 
term 2, and the ratio I ; so that 

.V = 2 4 i ^ r j ^ j ^'d infinitum. 

Multiplying hy t, we have 

^ -r 2 -r I s ^ ^ iwl infinitum; 

and .subtracting from lhis> progression ,v, there remains t,v — 
wherefore the sum retpiired is 8. 

520. If we suppose, in general, the first term to Ik* o, aiul 

the ratio of the progression to In* -- , so that this frnetion 

may be less than 1, and eoiiscqiiently c greater than />; liie 
sum of the pn^ression, carrietl on at! infinitum, will be 
found thus: 

«/> «/r* ah* 

Make .v = a 4 — - + —; + —r +, ^c. 

c t c r* 

Then multiplying by —, wc shall have 

b fib fiif^ fib* , . . , 

—A = —h -1-- f — -h , &c. ad infinitum ; 

f. f. f ~i (.* 

and subtraeting this equation from the preceding, there rcr 

mains (i — —) -s = //. 
r 
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a 


( onscqucntly, s =- - = l>y multiplying both tlu 

c 

numerator and denominator by c. 

The sum of tlie infinite geometricfil progression pro[x>sed 
is, therefore, found by dividing the first term a by 1 minus 
the ratio, or by multiplying the first term n by tlie de¬ 
nominator of the ratio, and dividing the prcKluet bv the 
.same denominator diininishe<l liv tl»c nuiiieraior of the 
ratio *. 

. In the same manner we hnd the siiniK of progre.s.sion.>, 
the terms of’ wliich are alternately affected by the signs + 
and —. Sii{)|)oso, for example, 

ah . ah' ah' ab*^ ^ 


r-J * 




Muiti{)(ymg by , we have, 

b ah ah' ah^ ah* ^ 

And, adding this equation to the preceding, we obtain 
(1 H -)•’ = 0 : whence we detluce the sum retjuired, s -- 


a 


uc 


or s = 


1 + 


v\li 


c 




5i?2. It i.s evident, therefore, that if the first term a = 
and the ratio l3e y, that is to say, h = 2, and c = 5, we shall 
find the sum of the prt)gression | -r \ AV f “I”> 
ixc. = 1 ; .since, by subtracting the ratio from 1, there re¬ 
mains and by dividing the first term by that remainder, 
the (pKitient is 1. 

It is alst> evident, if the terms lx; alternately positive anti 
negjitivc, anti the progression assume this form : 

! 6 l • I _ »4 Si-n 

that the sum will be 


a 


1 + 


■5 


523. Again : let there be prtqxjsed the infinite progrcssioin 


'fhi.< puitieulur t’a^(‘ i> inehitiotl in the geneial Kule, 
Art. .511. 
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TC)*C)’o rc^co"* + 9 ^*-‘‘ 

The first term is here -*<?* and the ratio is ^ ; therefore 
suhtracting this last frt>m 1, there remains and, if we 
tlivide the first term l>^ tfiis fracdon, we have -f for Uic sum 
of die given progression. So that taking only one term of 
the progresaon, namely, the error would lie 

And taking two terms, would 

still be wanting t4ts make the sura, which we have seen 

IS 

524. Let there now be given the infinite progression, 

9 ire T'oTT Tii*c*c TTsSirs' "f» 

The first term is O* and the ratio is So that 1 lniml^ 

9 

ilic ratio is ; and ~ = 10, die sum rcipiirctl : which 

scries is expressed liy a decimal fraction, ihii.s, 9*fH)99999, 

^:c. 


UlESTlON.s rOK 1-KACTICE. 

1. A servant agretxl with a master to serve him eleven 
years without any other reward for his .service than the pro¬ 
duce of one gniin of wheat for the first year ; and that jwixliict 
to Ik' sown the second year, and so on from year to year till 
the entl of the time, allowing tlie increa.se to f>e only in a ten¬ 
fold proportion. What was the sum of the whole prixiutx'.^ 

A/w. lllllllllIlO grains. 

N.B. It is farther requirtxl, to reduce this mnnber of 
grains to the propter measures of capacity, and then by .sup- 
)x>sing an average price of wheat to compute the value of the 
corns in money. 

2. A .servant agreed with a gcndeinan to .serve him twelve 
months, provided he wouhl give him a farthing for his first 
inondfs service, a |)cimy for the .second, and 4</. for the 
third, &c. What did his wages amount top 

An*. 5825/. Ss. 5;d. 

3. One Scssoj an Indian^ having first invenlctl the game 
of* chess, shcwcxl it to his prince, who was so delighted with 
it, that he promised him any reward he should a.sk; iijKtn 
which Sessa requested that he might lx? allowed one grain of 
wheat for the first square 011 the chess lx>ard, two for the 
second, and so on, doubling continually, to 64, the whole 
number of squares. Now*, supposing a pint to contain 7680 
of those grmns, and one quarter to l>e worth 1/. 7.^. (W., it is 
required to compute the value of the whole sum of grains. 

Am. G4l8l4882<)(j/. 
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CHAP. XII. 

fy'Infinite Decimal Fraction^. 

.725. We have already secMi, in logarithmic caleiiiatioiis, 
that Decimal Fractions are employed instead of* Vulgar 
l'’r;u:tions: tlie smne are also advantageously cmj>Ioved in 
(Uher calculations. It will therefore be very necessary to 
shew how a vulgar fraction may be transformed into a de¬ 
cimal fraction ; and, conversely, how we may express the 
value of a decimal, by a vulgar fraction. 

.52(1. Lei it he retjuired, in general, to change the fraction 

, into a decimal. As this fraction expresses the quotient 

of the division of the numerator a by the denominator //, let 
us write, instcatl of/^/, tlie cjuantity flf(KHKK)00, whose value 
il(H*,s not at all differ from that of a, since it contains neither 
tenth parts, hiindretlth parts, nor anv other parts whatever. 
If we now divitle the quantity by the numlx*r according 
to the common rules of division, observing to pul the point 
in the proper place, which separates the decim^ and the in¬ 
tegers, we shall obtain the decimal sought. This is the 
whole of the operation, which we shall illustrate by some 
examples. 

Let there be given first tlic fraction L and the division in 
ilecimals will assume this form : 

2) l-0000000 
0-5000000 “ 

Hence it appears, that {- is equal to 0*5000000 or to 0*5; 
which is suflieiently evident, since this decimal fraction re¬ 
presents which is equivalent to *. 

.527. Let now i be the given fraction, and we shall have, 

3) 10000000 
0*3333333 “ 

This shew's, that the decimal fraction, whose value is f, 
cannot, strictly, ever be discontinued, but that it goes on, ad 
infinitiiin, rejx?ating alivavs the number 3; which agroi's 
with what has been already shewn, Art. 523; namely, that 
the fractions . 

A . 0 . ^ -rc.^6c» injinitum, = f. 
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The decimal fraction which cxpres.M.*s the value of ], is 
also continued ad infinituin; for we have. 

i3)2-(KX)0(X)0 
0 () 66 (i ()66 ■* ^ 

4 

Which is also evident from what we have just said, becuusi' 
' is the double of 7 , 

5,^38. If ^ be the fraction pro{K}scd, we have 

4)1000(XXX) 

O iiSOtHXX) ~ ^ ’ 

So that f is equal to 0*£50(XX)0, or Ut . uliich 
cNideiitly true, since , or — [■ 

In like manner, wo should have for tlie iVaclioii I 

W tXKXKXK) _ 

0*75tXMX)0 “ 

So tliai ‘ = 0*77 • and in fact 

T _ ' S__ 

( I - 1 . _ ‘ 

The traction ^ i> cliantred inti) a decimal hactitui, l»v 
iiiukiiiix 

ff5-(>fMK«KX) 
l iiotMKXK) 


Now, 1 -t- = i- 

In the siime manner, ^ will Ik? found I'ljual t«* , 

; = 0 4; ’ = 0-(>; t ^ OH; : l ; ;• ^ l ii, Cvc. 

When the denominator is 6, we find ’ — (>• l(i(>f>(i()(i, ice 
which is ecjual to -- 0‘.5 ; !)ut (HKifkifib - and 

0 5 = wherefore O'KXXXXXi = ] — ^ ; or 

We find, also, f. = 0'i33.‘i.'33.‘J, ice. = -} ; hut ‘ bceonu-^ 
O-5000000 = • ; also, ^ = 0-8J3.‘3i3fit3 = 0;5:j.>H:3H i 0 5, 
that is to say, ^ ; or * + J = ,% 

530- When the denominator is 7, the* dcrimal fraction.-, 
become more coniplicatixl. For example, «c tind J 
0*142857; however it must be observetl that these six 
figure's are continually re]X'atetf. To be eonvincetl, tberi'- 
fore, that this decimal fraction precisely expresses the value 
of 4 , we ma}' transfomi it int») a geometrical progression, 
whose first term is the ratio lieing ^-r x ^6-ci i 


consequently, the sum 


I 4. a « ^ 7 

i Cj .. 

1 _ « 


t 4 2 (t S 7 

T 6 c o t, 'c 'a 


1 

7 • 


531. We may prove, in a manner still more easy, tliat 
the decimal fraction, which wc have found, is exactly etpiul to 
4 ;’^or, by substituting for its value the letter we have 
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,v = 0 1428571452857142857, Sic. 
10.V = 1- 42857142857142857, &c. 
100.V = 14* 2857142857142857, hcc 


l(KM).v = 142- 857142857142857, &c. 
UmO^ = 1428* 57142857142857, &c. 
ItXKKK);? = 142a5- 7142857142857, &t. 
UK)0(K)0.v = 142857' 142857142857, &c. 
Subtract « -r ()• 142a57142a57, he. 


999999.V 1428,57. 

And, dividinir by 90iM)i)9, we have, s = = 4 , 

Wherefore the tlwinial I'ractioii, wbicli was represented by .v, 
is = i. 

582. Ill the same manner, 4 niay be transformed into a 
di'cinial fraction, wliicli will be 0*28571428, ice. and this 
enables us to fiiut more easily the value of tlie det'imal 
fnu'lion which wc h.ivc reprcscMitctl by ,v; Ix’cause 0*28571428, 
icc. must Ik* the double of it, and, conseijucntlv, = 2,v. Now 
we have seen that 

I (Kb ^ 11^*28571428571, .\c. 

So that subtracting 2.> 0-28571428,571, tvc. 

there remains 08jf — 14 
whoreibre ,v = 

Wv also lind ’ = 0-42857142857, i^c. which, acconluiL, 
lo our siip{>osition, inu.st lx? ctpial to .8.v; and we liavc found 
that 

10.S = 1-42857142857, Xc. 

So that subtracting Us = 0-42857142857, Nc. 

\\ c have 7 a = 1, whoreibre ,v = 

CtiiS. When a proposeil fraction, thcrellare, lias the do- 
nominator 7, llic ilecimai fraction is infinite, and f> lij^ure-^ 
arc eontiiiiialiy n-|X‘ated; the reason t)( w Inch is easy to 
jx*rceive, namely, that when we continue the division, a re- 
niaiiider must return, stxjner or later, which wc have hait 
already. Nf»w, in this division, 6 different numbers onl\ 
can form the remainder, namely 1, 2, 8, 4, 5, 0; so dial, 
at least, after the sixth di\ isioii, the saline figui*es must return ; 
but when the denominator is such as to lead to a divi.sion 
without ivniaiinler, lIie,M.' casi*^ do not happen. 

584. Supjx>.He wow that 8 is the deiiotniiiator of tiw- 
fraiuion projio.sed - we nIiuH fnd the following dt-cmiai 
I'ractious: 
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I = 0 125; I = 0-25; ’ = 0*375; ♦ = 0-5; 
4- = 0*625; 4 = 0*75; ' = 0*875, &c. 


535. If the denooiinator be 9, wc have 

= 0*111, &C. y = 0*222, &c. 4 = 0*333, &c. 

And if tlic denominator be 10, we have = 0*1, =■ 

0 2, — 0*3. This i.s evident from the nature of decinink. 


as also that 


'o'a 


= 0*01 


‘ 4 

I O o ? ,5 


= 0*0024, ike. 


1 7 
T v'A 


= 0*37 


* 5 f. 

11 ' i! ~o 


= 0*2.56; 


536. If 11 lie the denominator of tlie given fraction, wo 
shall have r-,- — 0*0909090, Jkc. Now, siippo.sc* it were re¬ 
quired to find the value of tliis decimal fraction ; let us call 
it 5, and we shall have 


,v = 0*090909. 
lOs - (K)*f)0tK)90. 
lOO^f = 9*09090. 


I/, therefore, we subtract from the last the value »>f .v, ue 
shall have 99v = 9> and consequently v - . thus, 

also. 


= 01818 US, ike. 

= 0-272727, &e. 

= 0 545454, ike. 

537. There arc a great niunbcr of (hcinia! iVaetloii". 
therefore, in wliich one, two, or more figures eonstaiitlx 
recur, and which continue thus to infinitv. Such fraction- 
arc curious, and we sh.i!! shew how their values inav he 
easily found *. 


* These recurring decimals furnish many interesting it 
searches; 1 hud entered upon them, before 1 saw the prest le 
Algebra, and should perha{>8 have prosocutetl iny inquiry, h.id 
1 not likewise found a Memoir in the Philosophical Transaith',. ~ 
for 1769, cnUtled The Theory of circulating Fractious. I ^h;l!! 
content myself with stating here the reasoning with which 1 
began. 

Let ~ be any real fraction irreducible to lower terms. Anti 

suppose it were required to find how many decimal places wc 
must reduce it to, before tlic same terms will return again 
In order to determine this, I begin by supposing that lO/i 
is greater than d; if that were not the case, and (»nly JW 77 01 
lOOOn >d, it would be necessary to begin with trying to reduce 
lOw 10()« „ ■ 

—or—&c. to less terms, or to 0 traction ——. 
d d d' 

" This being e.«tablishcd, I say that the same period cun return 

only w-hen the same remainder n return.s in the continual division. 
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Let us first suppose, that a single figure is constantly re- 
atefi, and let us represent it by < 7 , so that s = O’aaaaaaa. 
have 

10s = a'auaanaa 
and subtracting s = Q'oaauaaa 


wc have 9s = fl; wherefore s — 


a 


9‘ 


538. When two figures are repeateil, as ab, we have s ~ 
O’abahab. Tlierefore 100,y = ab-abnhab and if wc sub¬ 
tract s froniit, there remains 99** = ob: consequentlv, = 
ab 

When three figures, as aiH\ arc found rcfieated, wc have 
.V =. O’abrabcabi- eonsetiuently, lOfKXy = ubewthrnbe; and 
subtracting s fi-oin it, there remains 999.v = afn'i where- 
afn- 


liire .9 


mny 


aiul NO on. 


Whenever, therefore, a decimal fraction of this kind oe- 


SuppoNC that 'll thiN happens we liave niUlcd 5 cyphers, and that 
7 In the integral part of the quotient; then abstracting from the 

1111 n X1Q* « , ,, « 

point, we shall have-:—-; whcrelore o = — x (Id 

‘ d d a 

— 1 ). Now, as q must be an integer number, it is required to 

}} 

determine the least integer number for», suclt that — x( 10 ' — 


1, or only ih-il -;—, mav be an integer number. 

d ' 

This problem requires several cases to be distinguished: the 
first is that in wliicli d is a divisor of 10, or of 100, or of 10(X), 
live, and it is evident that in this case there can be no circulating 
fraction. For the second case, we shall take that in which d i.s 
an odd number, and not a factor of any power of 10; in this 
ease, the value of .9 may rise to rf — 1, but frequently it is loss. 
A third case is that in which d is even, and, consequently, with¬ 
out being a factor of ariy power of 10, has nevertheless a com¬ 
mon divisor with one of those powers: this common divisor can 

only be a number of the form 2‘‘; so that if, — = e, I say, the pc- 


riod will bo the same as for the fraction , but will not com- 

d 

mcnce before the figure represented b\ c. This ease comes to 
the same therefore w'ith the second ease, on which it is evident 
the theory depends. F. T. 
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ciir% it is cnsy to find its value. Let there be given, for 
example, 0 JsJfKiJiJK*: its value will l»e ~ by lUviding 
iKJtli Its tenus by J57. 

Tlii.s fniction cnight to give again the dt'ciniul fraction 
pt*u|)osed; and we may easily be convinced that this is the 
real result, by dividing 8 by 9, and then that quotient by 3, 
Ix'cause 27 = 3 x 9 : thus, we have 

9) 8-OOOOOt) 

3) 0-888888 
()-296296, S^e. 

which is the decimal fraction that was pro|x>sctl. 

539- Suppose it were required to reilucc the fraction 

1 

z ——T —I — 71 —s- - —77—77., U\ a dtx-iinul Tin 

1 X 2 X ,1 X t X .> X (> X 1x8x9x10 

operation would be as follow> : 

2) 1 •OOOOOOOOOtMKK'O 

3) 0*5(MKXHMHK)000<><> 

1) o 


5) OOnCfHJOOGfkKXMl 

6) 0 (H)8ii:3,‘i3a33Ji;);). J 

7) 0-00138888888888 

8) 0*00019841269841 

9) 0*(K)0024801587r>0 
10) (HKX)0027.'5o7.‘J192 

0 (Hl(XKK>27r>5731<t 
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CHAP. XIII. 

Of the Calculation ^Interest*. 

540. We are accustomed to express tlic intercut of any 
princij>al bv per centvy signilying now much interest is an¬ 
nually paid ior the sum of 100 pounds. And it is very 
usual to put out the principal sum at 5 per cent, that is, on 
such terms, that wc receive 5 (Hounds interest for every 100 
|x>unds princi|)al. Nothing therefore is more easy than to 
calculate the interest for any sum; lor we have only to say, 
according to the Rule of Tnrt'e: 

As 100 is to the principal proposed, so is tlie rate per 
cent to the interest required. Let the principal, for ex¬ 
ample, l)c 8G0/., its annual interest is found hy this pro- 
{xjrtion ; 

As 100 : 5 : : 860 : 16. 

Therefore 46/. is the annual interest. 

541. We shall not dwell any longer on examples of 
Simple Interest, but pass on immediately to the calculation 
of Compound Interest; where the thief subject of inquiry 
is, to what sum d<K"s a given principal amount, after a 
certain numl>er of years, the interest being annually added 
to the principal. In order to resolve this question, we begin 
with the consideration, that 100/. placed out at 5 per cent, 
lK*comes, at the end of a year, a principal ol' 105/.: therefore 
let the principal l)e a ; its amount, at the end of the year, 
will lie found, by saying; As 100 is to a, so is 105 to the 
answer; which gives 

* The theory of the calculation of interest oAves its first im¬ 
provements to Leibneitz, who delivered the principal elements 
of it in the Acta Erudilorum of Leipsic for 1683. It was after¬ 
wards the subject of several detached dissertations written in a 
very interesting manner. It hits been most indebted to those 
mathematicians who have cultivated political arithmetic; in 
which arc combined, in a manner trul}' useful, the calculation 
of interest, and the calculation of probabilities, founded on the 
data furnished by the bills of mort.ility. We arc still in want of 
a good elementary treatise of political arithmetic, though this 
extensive branch of science has been muph attended to in 
England, France, and Holland. F. T. 

N 
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105a _ 21a 

loo 


Tri' ^ ® * 4 " Tre' ^ 


542. So that, when we add to the original prindpal its 
twentieth part, we obtain the amount of tnc pnncipal 
at the end of the first year: and adding to this its twentieth 
part, wc know the amount of the given principal at the end 
of two years, and so on. It is easy, therefore, to compute the 
successive and annual increases of the principal, ana to con¬ 
tinue this calculation to any length. 

548. Suppose, f<nr example, that a principal, which is at 
present lOOOf., is put out at five per cent; tlint the interest 
18 added every year to the prinapal; and that it were re¬ 
quired to find its amount at any time. As this calculation 
must lead to fractions, we shall employ decimals, but with¬ 
out carrying them fairer than the thousandth parts of a 
pound, since smaller parts do not at present enter into con¬ 
sideration. 

The given principal of 1000/. will lie wortli 
oner 1 year - - - 1050/. 

52-5, 


after 2 years - - - 1102*5 

55-125, 


aAer 3 years - - - 1157-625 

57*881, 


after 4 years ... 1215*506 

60 775, 


after 5 years » . - 1276*281, &;c. 

which sums are fcH-med by always adding of tlic pre¬ 
ceding pnncipal. 

544. We may continue the same method, for any number 
of years; but when this number is very great, the calcu¬ 
lation becomes long and tedious; but it may always be 
abridged, in the folmwing manner: 

Let the present principal be a, and since a pnncipal of 
20^ amounts to 21/. at the end of a year, the principal a will 
amount to ^ . a at the end of a year: and tthe same prin- 

21 * 

cipal will amount, the following year, to . a = (rv)* * o. 

Also, this prindpal of two years will amount to (|^)*. a, the 
year aHer: which will therefore be the principal of three 
years; and still increadng in the same manner, the given 
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principal will amount to (li)* > ^ the end of four years; 
to (s^)* - a, at tlie end of fire years; and after a century, 
it will amount to . a; so that, in general, (1^)" . a 

will be the amount of this principal,'after n years; ana this 
formula will serve to determine the amount of the principal, 
after any numlier of years. 

543. The fraction which is used in this calculation, 
de^K'nds on the interest having been reckoned at 5 per cent., 
and on H being equal to But if the interest were 

estimated at 6 per cent, the principal a would amount to 
. o, at the end of a year; to Cf-|4)* • the end of 
two years ; and to V o o" • the end of n years. 

It the interest is only at 4 per cent, the principal a will 
amount only to (J ® . a, after n years. 

546. When the principal a, as well as the number of 
years, is given, it is easy to resolve these formula? by loga¬ 
rithms. For if the question l)e according to our first sup¬ 
position, we shall take the logarithm of (14)" • '*'hich is 
— ( 1\ )" + ** i because the given formula is the 

J mxluct of (**)’* and a. Also, as (i-')* is .a power, we shall 
lave /og. (1 i)" = n lo^. : so that the loganthm of the 
anifiunt retjuiretl is w log, J-' "h ®farther, the 

logarithm of the fraction *' = /tjg. — log. 20. 

547. lA?t now the principal be HXK)/. and let it be required 
to find how much this principal will amount to at the end of 
100 years, reckoning the interest at 5 per cent. 

Here we have « = 1(X); and, conse<|uently, the logarithm 
of the amount required will be 100 + log. 1000, 

which is calculated thus; 

log. 21 = 1*3222193 
subtracting log. 20 s 1*3010300 


log. = 0*0211893 
multiplying by 100 ' 


100 /qg. *4 =3 2*1189800 
adding log. 1000 = 3*0000000 

gives 5*1189300 which is the loga¬ 

rithm of the principal riiquired. 

We perceive, from the characteristic of this logarithm, 
that the principal required will be a number consisting of 
six hgurcs, and it is found to be 131501/. 

548. Again, suppose a principal of 3452/. were put out at 
p per cent, what would it amount to at the end of 64 
years? 

N 2 
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IVe hlive here a ~ 3458, and n ass 64. Wher^brc the 
logarithm of the amount sought is 

64 log. j-l- + log. 3458, which is calculated thus: 

log.m = 1-7248759 
subtracting50 = l*698i>700 

TO = 0-0253059 
multiplexing by 64 

64 loff. 4-’ = 1-6195776 
loff. 3452 = 3-5380708 

which gives 5*1576484 

And taking the number of this logarithm, we find the 
amount nxiuircd equal to 143763/. 

549. When the number of years is very great, os it is re¬ 
quired to multiply thi& number by the logarithm ot'a frac¬ 
tion, a considermne error might arise from the logarithms in 
the Tables not being calculate<l beyond 7 figures of decimals; 
ftwr which reason it will be necessitry to employ logarithms 
carried to a greater number of figures, us in the following 
example. 

A prindpal of 1/. being placf^d at 5 jkt cent., conqxnind 
interest, for 500 years, it is recpiired to find to what sum this 
principal will amount, at the end of that {it^ricxl. 

We have here 0 = 1 and n = 500; consequently, the 
logarithm of the principal sought is etpial to 500 log. 4- 
1, which produces this calculation : 

Itjff. 21 = 1-3222192047/13910 
subtracting log. 20 = l-301029f>95663981 

fog. = 0 02118929fX)69i). 18 
multiply by 500 

500 fog. = 10-591649534%9000, the lopu 
rithm of the amount required; which w-ill be found equal to 
39323200000/. 

650. If wc not only add the intcrcft annually to the prin¬ 
cipal, but also increase it every year by a new sum 5, the 
original principal, which wc call a, w-ould increase each year 
in uie following manner: 

after 1 year, + 5, 

after 2 years, (tS)*® + + 5, 

after 3 yc-ars, (l^ya f HD'lf -t 1 5, 
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after 4 years, -h (14)’^ + (^)** + 14* + ^ 

after n years, + (I4)**** + 44*# &c. 

This amount evidently consists of two parts, of which the 
first is and the other, taken inversely, forms the 

series ^ -f- + (4c)’** + (14)^* + • • * •^(44)****5 which 

senes is evidently a geometrical progression, the ratio of 
which is equal to and we shall therefore find its sum, by 
first multiplying the last term (40"“** hy the exponent 44; 
which gives (4^)"6. Then, subtracting the first term 6 , tlwre 
remains (lo)"* “ *; and, lastly, dividing by the exponent 
mintis 1, that is to say by 4^, we shall find the sum required 
to Ih? — therefore the amount sought is, 

-f 20(H)"* - 204 = (H)- X (a + 206) - 206. 

551. The resolution of this formula requires us to cal¬ 
culate, separately, its first term (4o)" x (a -f- 206), which is 
9t H 4- iP" “i" 206); for the numlier which answers 
to this logarithm in the Tables, will be the first term; and 
if from this we subtract 206, we shall have the amount 
sought. 

5.>2. A person has a principal of 1000/. placed out at 
five |K*r cent, compound interest, to wliich be adds annually 
100/. besitle the interest: w'hat will lx; the amount of this 
principal at the end of twenty-five years ? 

We have here a — 1000 ; 6 = 100; n = 25; the opera¬ 
tion is therefore as follows: 

/o^. I’ = 0 021189299 


IMultijilying by 25, w’c have 

25 6^/. 4* = 0*5297324750 
/og. (a + 206) = 3*4771213135 

And the sum = 4*0068537885. 

S«) that the first part, or the numlicr which answers to this 
iogarithin, is 101591, and if w'e subtract 206 = 2000, we 
liiid that the principal in question, after twenty-five years, 
will amount to 8159*1/. 

553. Since then this principal of 1000/. is always in¬ 
creasing, and after twenty-five years amounts to 8159^-o/. 
wc may require, in how many years it wull amount to 
1000000/. 

I.ot n be the number of year§ retjuiretl: and, since a — 
1000, 6 — 100, the principal will be, at the end of n years, 
(H)" • (J3000) — 2000, which sum must make 1000000; 
from it therefore results this etjuation; 

3000. (\IY - 2000 = 1000000; 
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And adding dOOO to both sides, we have 
3000. (»-*y = 1002000. 

Then dividing both sides by 3000, we have (‘^V* = 334. 
Talcing the logarithms, n lag. = b^. 334; and di^^ 

viding by log. 44 , we obtain n = Now, log. 334 

= 2 5237465, and log. H = 04)111893; therefore n = 
2'5237465 

0 4 ^ 11^5; and, lastly, if we multiply the two terms of this 

fraction by 10000000, we shall have » = *»= II 9 
years, 1 month, 7 days; and this is the time, in which the 
principal of 1000/. will be increased to 1000000/. 

554u But if we sup)x>sed that a person, instead of annually 
incrcaring his principid by a certain fixed sum, diminished 
it, by spending a certain sum every year, we should have 
the following gradations, as the values of that principal o, 
year aAer year, supposing it put out at 5 per cent, com¬ 
pound interest, and representing the sum which is annually 
taken from it by 5 : 

after 1 year, it vrould be — />, 
afler 2 years, 

after 3 years, (*-c)‘a — — I'J* — 

after « years, (*4)"a — 

555. This principal consists of two iMtrts, one of nvhieli is 

(i-!)" • ^^^d the other, which must l>e subtracted from it, 

taking the terms inversely, forms the following geometrical 
progression : 

+ (Hr6 + <ur6 -f.... (UY •/». 

Now we have already found (Art. 550.) that the sum t»f this 
progression is 20(-|-* I'A — 205; if, tliercfcirc, wc subtract this 
quantity from we shall have for the prii)ci{Kil re> 

quired, after n years =: 

(^)- . (« — 205) + 205. 

556 . We might have deduced this formula immediately 
from that of Art. 550. For, in the same manner os wc an¬ 
nually added the sum 5, in the former sup|M)sitioii; so, in 
the present, we subtract the same sum 5 every year. We 
have therefore only to put in the former formula, — 5 every 
where, instead of -f 5. But it must here be particularly re¬ 
marked, that if 205 is greater than 0 , the first part becomes 
negative, and, consequently, the principal will continually 
diminish. This will be easily perceived ; for if we annually 
take away from the principal more tlian is added to it by the 
interest, it is evident that this principal must continually bo* 
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come lessy and at last it will be absolutely reduced to 
nothing; as will appear from the following exanmle: 

557, A person puts out a principal of 100000/. at 5 per 
cent interest; but be spends annually 6000/.; which is 
more than the interest of his prindpd, the latter being only 
5000/.; consequently, the principal will continuajly diminish;' 
and it is required to determine, in what time it will be all 
spent. 

L.et us suppose the number of years to be n, and sintie 
a = 100000 , and b = 6000, we know that after n years the 
amount of the principal will be — SOOOO (^-)" -f" 120000, 
or 120000 — 20000 ( 44 -)** where the factor, — 20000 , is the 
result of o - 205; or 100000 - 120000. 

So that the principal will become nothing, when 20000(|^^)* 
amounts to l^KXX); or when 20000(4-^)* = 120000. Now, 
dividing both sides by 20000 , we have (|^)'* = 6 ; and 
taking the logarithm, we have n log, (^) = /eg*. 6 ; then 


dividing by loff. 


, /qs*. 6 

we have n = t ° , or n = - 

loff. U 


0*7781513 
0 0211893 


; and, consequently, n = 36 years, 8 months, 


22 days; at the end of which time, no part of the principal 
will remain. 

658. It will here be proper also to shew how, from the 
same principles, we may calculate interest for times shorter 
than whole years. For this purpose, we make use of the 
fornuila (* ^)" . a already found, which expresses the amount 
of a princijial, at 5 per cent, compound interest, at the end 
of n years; for if the time lie less than a year, the exponent 
7t becomes a fraction, and the calculation is ixirformcd by 
logarithms as Iwfore. If, for example, the amount of a 
principal at the end of one day were required, we should 
make n zz ; if after two days, n = ^”d so on. 

559. Suppose the amount of 100000/. for 8 days were 
retniircd, the interest being at 5 per cent. 

Here a = 100000 , and n yl-s-, consequently, the 

amount sought is X 100000; the logaiithm of which 

quantity is log, 100000 =. 3 -^- 5 - loj;, - 1 - log. 

100000. Now, log, = 0*0211893, which, multiplied by 
gives 0’0004i644, to which adding 

/orj. 100000 =5-0000000 

CD 


the sum is 5*0004644, 
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The natiual number of this logarithm b found to be 
100107. So that, subtracting the prindpal, 100000 from 
this amount, the interest, for eight days, is 107/. 

560, To this subject belong also tlie calculation of the 

present value of a sum of money, which is payable only after 
a tenii of years. For as 20/., in ready money, amounts to 
9\L in a year; so, reciprocally, a sum of 21/., which cannot 
be received till the end of one year, is really worth only £0/. 
If, therefore, we express, by a, a sura whose pa^raient is due 
at the end of a year, the present value of this sum is ; 
and therefore to find the present worth of a principal a, 
payable a year hence, we must multiply it by to find its 
value two years before the time of jiaymcnt, we multiply it 
by i in general, its value, n'years before the time 

of payment, will be expressed by 

561. Suppose, for example, a man has to receive for 
five successive years, an annual rent of 100/. and that he 
wishes to give it up for ready money, the interest being at 
6 per cent; it is required to find how much he is to re>- 
ceive. Here the calculations may be made in the following 
manner: 

For 100/. due 

after 1 year, he receives 0*5*259 
after 2 years - - - tK>'704 

after 3 years - - - 86-385 

afler 4 years - - - 82*272 

after 5 years - - - 78'355 

Sum of the 5 terms = 432*955 

So that the possessor of the rent can claim, in ready money, 
only 432-955/. 

w2. If such a rent were to last a greater number of 
years, the calculation, in the manner we have |)erformed it, 
would become very tedious; but in that case it may be 
facilitated as follows: 

Let the annual rent be a, commencing at present and 
lasting n years, it will be actually worth 

-f (x4)a + . . • . + 

Which is a geometrical progression, and the whole is re¬ 
duced to finding its sum. Wc therefore multiply the last 
term by the incjionent, the product of which is (^r; 
then, subtracting the first term, there remains — a; 

and, lastly, dividing by the exponent 1, that is, by 

— or, which amounts to the same, multiplying by —21, 
we shall have the sum rec|uired. 
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—21 . (14)"'^^ • ® or> 21a — 21 . (4°)"'*'* • 

and the value of the second term, which it is required to 
subtract, is easily calculated by logarithms. 


aUESTIONS FOB PRACTICE. 

1. What will 375/. 10a. amount to in 9 years at 6 per 

cent, cum^iound interest ? Ana. 634/. 8a. 

2. What is the interest of 1/. for one day, at the rate of 

5 per cent.Ana. 0*0001369863 parts of a pound. 

3. What will 365/. amount to in 875 days, at the rate of 

4 per cent, y Ana. 400/. 

4. What will 256/. 10a. amount to in seven years, at the 
rate of 6 per cent, compound interest ? Ana. 3851. 13a. 7|d. 

5. W^hat will 563/. amount to in 7 years and 99 days, at 

the rate of 6 per cent, comptnind interest .f* Ana. 860/. 

6. What is the amount of 400/. at the end of 3~ years, at 

6 per cent. coni]M>und interest? Ans. 490/. 11«. 7^. 

7. What will 35/0/. 10.?. amount to in four years, at 5 per 

cent. com{H)uiid interest? Ana. 389/. lljf. 4Jd. 

8. Wluit will 050/. amount to in 5 years, aX. 5 per cent, 

compound interest? Ana. 829/. 11^. l\d. 

9. What will 550/. 10#. amount to in 3 years and 6 
months, at Gper cent. com|x)und interest? Ana, 675/.6#.5d. 

10. What will 15/. 10#. amount to in 9 years, at 3\ per 

cent, compound interest? Ana. 21/. 2#. 4tld, 

11. What is the amount of 550/. at 4 per cent, in seven 

months ? Ana. 562/. 16#. Sd, 

12. What is the amount of 100/. at 7*37 per cent, in nine 

years and nine months ? Ana. 200/. 

13. If a principiU .r be put out at compound interest for x 
years, at x per cent, required the time in which it will gain x. 

Ana. 8*49824 years. 

14. What sum, in ready money, is equivalent to 600/. 
due nine months hence, reckoning the interest at 5 per cent,^ 

Ana. 578/. 6#. 3J</. 

15. What sum, in read^ money, is equivalent to an an¬ 

nuity of 70/. to commence 6 years hence, and then to condnue 
for 21 years at 5 per cent? Ana. 669/. 14#, Ojd. 

16. A man puts out a sum of money, at 6 per cent,, to 
continue 40 years; and then both princijial and interest are 
to sink. What is that per cent, to cont'mue for ever ? 

Ana. 52 per cent. 
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SECTION IV. 

(y* Algebraic Equations, and of die Resolution of those 

Equations. 


CHAP. I. 

Of tfte Solution ^Problems tn general, 

563. The principal object of Algebra, as well os of all the 
otlicr branches of Mathematics, is to determine the value of 
quantities that were before unknown; and tliis is obtained 
by considering attentively the conditions given, which are 
always expressed in known numbers. For tliis reason. 
Algebra has been defined. The science lohich Uttches how to 
determine unknown quantities by means of those dmt arc 
known. 

564. The above definition agrees with all that has Ix'en 
hitherto laid down: for we have always seen that the know¬ 
ledge of certain (luantities leads to tliat of otlier quantities, 
which before might have been considered ns unkiKJwn. 

Of this. Addition will readily furnish an example; for, in 
order to find tlie sum of two or more given numlxrs, we had 
to seek for an unknown number, which should be equal to 
those known numbers taken together. In Subtraction, 
we sought for a number which should be equal to the dif¬ 
ference of two known numbers. A multitude of other ex¬ 
amples arc presented by Multiplication, Division, the In¬ 
volution of powers, and the Extraction^of roots; the (pies- 
tion being always reduced to finding, by means of know'n 
quantities, other quantities which arc unknown. 

565. In the last section, also, different ejuestions were re¬ 
solved, in which it was required to determine a number that 
could not be deduced from the knowled^ of other given 
numbers, except under certain conditions. All those ques¬ 
tions were reduced to finding, by the aid of some given 
numbers, a new number, which should have a certain con¬ 
nexion with them; and this connexion was determined by 
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certain conditions, or properties, which were to agree with 
the quantity sought. 

5d 6. In Algebra, when we have a question to resolve, 
we refwesent the number sought by one of the last letters of 
the alphabet, and then consider in what manner the given 
conditions can form an equality between two quantities. 
This e(]uality is represented by a kind of formula, called 
an equiUlofif which enables us finally to determine the value of 
the number sought, and consequently to resolve the questknu 
Sometira€!8 several numbers are sought; but they are found 
in the same manner by equations. 

56T. Let us endeavour to explain this farther by an ex-> 
ample. Sup{X)se the following question, or probi^f was 
proposed : 

Twenty persons, men and women, dine at a tavern; the 
share of the reckoning for one man is 8 shillings, for one 
woman 7 shillings, and the whole reckoning amounts to 
7/. 5s. Requirt^ the number of men and women sepa* 
rately ? 

In order to rest>Ive this question, let us suppose that the 
nnmlK'r of men is = x; and, considering this number as 
knt>wn,. wo shall proceed in the same manner as if we wished 
to try whether it corrospinded with the conditions of the 
question. Now, the nutnl)er of men being = x, and the 
men and women making together twenty ^lersons, it is easy 
to determine the num})er of the women, having only to sub-' 
tract that of the men from 20, that is to say, the number of 
women must l)c 20 — .r. 

But each man spends 8 shillings; therefore x men must 
spend Hr shillings. And since each woman spends 7 shil¬ 
lings, 20— X women must sjwnd 140—7x shillings. So that 
ailding together Sx and 140 — 7ir, we see that the whole 20 
jHTstMis must spend 140 -f- x shillings. Now, we know 
already how much they have s|)cnt; namely, 7/. 5s. or 1 4>5s. ; 
there must be an equality, therefore, between 140 x and 
14^ ; that is to say, we nave the equation 140 -f- x = 145, 
and thence we easily deduce x = 5, and consequently 20 — 
jr = 20 — 5 = 15; so that the company consisted of 5 men, 
and 15 women. 

568. Again, Suppose twenty persons, men and women, 
go to a tavern; the men spend 24 shillings, and the women 
as much: but it is found that the men have spent 1 shilling 
each more than the women. Required the number of men 
and women separately ? 

Let the number of men be represented by x. 
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' Then the women will be £0 x. 

Now, the X men having spent £4 sliiliings, the share c£ 
24 

eacli man is —. The 20 — x women having also spent 24 


shillings, the share of each woman is 


24 

20-x* 


But we know that the share of each woman is one shilling 
less than that of each man; if, therefore, we subtract 1 from 
the share of a man, we must obtain that of a woman; and 


24 24 ♦ 

consequently-1 = -. This, therefore, is the equa¬ 


tion, from which we arc to deduce the value of x. This 
value is not found with the same ease ns in the preceding 
question; but we shall afterwards see that x = b, which 
value answers to the equation; for Y* ■” 1 — 1 1 includes 
the ec|uaUt^' 2 = 2. 

569- It IS evident therefore how essential it is, in all pro¬ 
blems, to consider the circumstances of the <}uestion at¬ 
tentively, in order to detluce Ironi it an expiation that shall 
express by letters the iuinil>ers sought, or unknown.. After 
that, the whole art consists in resolving those eejuations, or 
deriving front them the values of the unknown numbers; 
and this shall be the subject of the present sectiuo. 

570. We must remark, in the first [dace, the diversity 
which subsists among the questions themsi'lves. In some, 
we seek only for one unknown c|uantity; in others, we have 
to hiid two, or more; and, it is to he observetl, w'ilh regard 
to this last case, that, in order to determine them all, we 
must deduce from the circumstances, or the conditions of 
the problem, as many equations as there are unknown 
quantities. 

571. It must have already been perceived, that an equa¬ 
tion consists of two parts separated by the sign of equality, 
=, to shew that those two quantities are e(|uai to one an¬ 
other ; and we are often obliged to perform a gix'at numlier 
pf transformations on those two parts, in order to deslucc 
from them the value of the unknown quantity: hut these 
transformations must be all founded on the follow'ing prin¬ 
ciples, namely. That two.e(|ual quantities remain equal, 
wncther we add to them, or subtract from them, equal 
quantities; whether we multiply them, or divide them, hy 
the same number; w'hether we raise them lK>th to the some 
power, or extract Uieir r<H>ts of the same degree; or lastly, 
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whether we .take the logarithms of those quantities, as we 
have already done in the preceding section. 

572. The equations which are most easily resolved, are 
those in which the unknown quantity does not exceed the 
first power, after the terms of the equation have been pro- 
|)crly arranged ; and these are called simple equations, or 
equations of the first deface, But if, after having reduced 
an equatioii, wc find in it the sejuare, or the second power, 
of the unknown quantity, it is called an equation of the 
second decree, which is more difficult to resolve. Equations 
of the third decree are those which aintain the cube of the 
unknown <|uantity, and so on. We shall treat of all thes^ 
in the present section. 


CHAP. II. 

Of the Resolution o/'Simple K(|ualioiis, or Equations of the 

First Degree. 

57S. When the number sought, or the unknown quantity, 
is reprcscntetl by the letter j’, and the et]uatioii wc have ob¬ 
tained is such, that one side contains only that .r, and tlie 
other simply a known number, as, for example, a = 2.5, the 
value of .r is already known. We must always endeavour, 
therefore, to arrive at such a form, however complicated the 
etpiation may lie when first obtained: and, in the course of 
this section, the rules shall be given, and explained, which 
serve to facilitate these reductions. 

574. la?t us iK'gin with the simplest cases, and suppose, 
first, that we have arrivctl at the equation a* 9 = 16. 
Here wc see immediately that a* = 7: and, in general, if 
we have found x -j- « = 5, where a and b express any 
known numlx'rs, wc have only to subtract a from botn 
sides, to obtain the equation x b — which indicates the 
value of X. 

575 If wc have the equation a — a = 5, we must add 
a to lx>th sides, and shall obtain the value of a- = 5 + a. 
We must proceed in the same manner, if the equation have 
this form, x — a = o® -f- 1: for wc shall find immediately 
X zzz a* a -|~ 1. 

In the equation r — 8a =s 20 — 6a, we find 
X = 20 — 6a 8a, or x =• 20 2a. 
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And in this, jr + 6a s= 5d0 3a, wc have 

X = 90 + 3a — 6a, or a: = 20 — 3a. 

576. If the original fx]uation ha%'e this form, .r — a + 
b :=z c, we may begin by adding a to both sides, which will 
^ive .r 6 = c -4“ «i and tlicn subtracting b from l)Oth 
sides, we shall find x =: c -f- a — b. But we might also 
add -{-a — b at once to both sides; and thus obtain ini- 
meiliately x s c a — b. 

So likewise in the following examples: 

Ifx — 2a -f- 35 ac 0, we have x = 2a — 35. 

If X — 3a -[■ 25 =r 25 ® + 25, we have .r = 25 -h 

Ifx — 9 + 6a = 25-{- 2a, wc have x = 3+ — 4a. 

577. When the given equation has the form ax = 5, we 

only divide the two sides by a. to obtain x = —. But if the 
' a 

cx)uation has the form ax -j- 5 -- r = t/, wc must first make 

the terms that accomnan}’ ax vanish, by adding to both 

sides — 5 -f- c; and llieii dividing the new equation ax — 

- , , , ,1 , — b \ c 

o — 5 + c by a, we shall have x = --. 

a 


The same value of x would have lieen found by sul>- 
tracting + 5 — c from the given oij nation; that is, we 
should have had, in the same form. 


ax = d — 5 -4- c, and x = 


d —5+0 
a 


Hence, 


If 2x -H 5 = 17, we have 2x = 12, aiul x = 6. 

If 3x — 8 = 7, we have 3x = 15, and x = 5. 

If4x — 5—3a = 15-f- 9a, wc have 4x = 20 + 12a, 
and consequently x = 5 + 3a. 


578. When the first equation has the form — = 5, we 

imikiply both udes by a, in order to have x = ah. 

But if it is-4-5 — c = dl,wc must first make — = d 

a a 

— 5 4- c; after which we find 

X = (d >— 5 + c) a = od — ab + ac. 

Let fir — 3 = 4, then = 7, and x = 14. 

Let 4J?‘--l4'2a = 3 + a, then ^ = 4 — a, and x = 

12- 3a. 


X X 

Let-- — 1 = a- then-- = a -4- I, and x = a* — I. 

a—1 a—1 

579. When we have arrived at such an equation os 
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= c, we first multiply by in order to have as- = ftc, 

be 

and tlien dividing by a, we find ^ ^ 

If —- c •=■ we begin by giving the equation this 


ax 


form — d + c\ after w'hich we obtain the value of 
b 


ajp =. bd -{- bCf and then that of x = 


bd-\-hc 


Let — 4 = 1, then |.r = 5, and 2.r = 15; whence 

X — £ J — I !• 

If 1 = 5, we have lx = 5 — I = |; whence 3.r = 
18, and jr = 6. 

580. Let us now consider a case, which may frequently 
occur; that is, when two or more terms contain the letter .r, 
either on one side of the equation, or on lx)th. 

If those terms are all on the same side, as in the equation 
X -f- 4 -r + 5 = 11, wc have x q- 4 r = (5; or 3x = 112; and 
lastly, X = 4. 

Let X -j- Jx + jX = 44, W an equation, in which the 
value of X is required. If wc first multiply by 3, we have 
4x -f i-r = 182 ; tlien multiplying by 2, wc have llx = 
264; wherefore x = 24. We might have proceeded in a 
more concise manner, by beginning with the reduction of 
the three terms which contain x to the single term yx; and 
tlien dividing the equation yx==44byll. This would 
have given -gS = 4, and x = 24, as before. 

Let — |x + 4x z= 1. We shall have, by reduction, 
T*jX = 1, and X = 2^. 

And, generally, let ax — bs-hcx=:d; which is the 
same as ^ — 5 + c)x = d, and, by division, we derive x = 
d 

a — 5 + c’ 

581. When there are terms containing x on both sides of 
the equation, we bemn by making such terms vanish from 
that side from which it is most easily expunged; that is to 
say. in which there are the fewest terms so involved. 

If we have, for example, the equation Sx* + 2 = x 4* 10, 
we must first subtract x from both »des, which gives 2x + 
2=10; wherefore 2x = 8, and x = 4. 

Let X + 4 = 20 — X; here it is evident that 2x + 4 =? 
20; and consequently 2ir = 16, and x = 8. 
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Let » 4* 8 = 82 — 8r, this gives us 4s + 8 s 82; or 
4r s 24, whence s = 6. 

Let 15 — s = 20 - here we sbaU ha%’e 
15 4- « =K 20, and # n 5. 

Let 1 4- X = 5 —• ^; this becomes 1 4 - = 5, or l-xss: 

4; therefore 8 x s 8 ; and lastly, x =s ^ as S^. 

If -s — -j-r = ^ — |x, we must add -fSi whidK gives 4 = 
■j 4- TV*» subtracting and transporang the terms, there 
remains a: then roultipiving by 12 , we obtain x = 2 . 

If 1= -t -f .»x, we adfd wliich gives 1 i = ^ 4- 
-J^x; then subtracting j, and transposing, we have Jx = Ij, 
whence we deduce .r 1 jij. = I ^ by multiplying by 6 and 
dividing by 7. 

582. If we have an equation in which the unknown num¬ 
ber X is a denominator, we must make tlie fraction vanish by 
multiplying the whulo equation by that denominator. 

100 

Suppose that we have found- 8 = 12, then, adding 


g, we have 


100 


= 20 ; and multiplying by x, it becomes 


100 = 20x; lastly, dividing by 20, wc find x ~ 5, 

Let now — = 7; here multiplying by x — 1, wc 

have 6x 4" 8 = 7x — 7; and subtracting 5x, there remains 
8 =: 2r — 7; then adding 7, we have 2r = 10; w'hcncc 
X = 5. 

588. Sometimes, also, radical dgns arc found in equations 
of the first degree. For example; A numlicr x, below 100, 
is required, such, that the square root of 100 — x may l>e 
equal to 8; or -v/(100 — x) = 8. - The square of both «dcs 
will give 100 X = 64, and adding x, wc have 100 = 64> 
x; whence we obtain x = 100 — 64 = 86. ^ 

Or, nnce 100 ~ x = 64, we might have subtr^ted 100 
from both sides; which would have given — jr = ^ or, 
multiplying by — 1, x = 36. 

584. Lastly, the unknown number x is sometimes found 
as an expemen^ of which wc have already seen some ex¬ 
amples; and, in this case, we must have recourse to lo¬ 
garithms. 

Thus, when we have 2** = 512, we take the logarithms of 
^ both ades; whence we obtiun x log, 2 = log, 512; and 

dividing by log, 2, we find x ss Tables then 
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give, X =s 


2-7092700 


— « 709 X 7 

— TTmS T t w X 


9. 


0-3010000 

\jet5 X 3^— 100 = 305; we add 100, which ^ves 5 x 

O*' = 405; dividing by 6, we have 3^ = 81; and taking 

the logarithms, log* 3 = log. 81, and dividing by 2 log. 

« , log. 81 log. 8l - 

3, wc have X = prf—3, or x = ^ ; whence 

iUog. 3 log, 9 


_ 1-9084850 
“ 0-9542425 


•9«>84'SS0 — O 
“ 7T*TT^T — '*• 


QUESTIOKS FOR PRACTICE. 

1. If X—4 + 6 = 8, then will x = 6. 

2. If 4a* — 8 = 3x + 20, then will x = 28. 

3. If oa* = a5 —> 0, then will x = 5 — 1. 

4. If 2x -f- 4 = 16, then will x 6. 

3c* 

5. If ax + 26a =: 3c% then will x =-26. 

a 


6. If = 5 + 3, then will x = 16. 

7. If ^ — 2 = 6 + 4, then will ^ — 6 = 18. 


8. If a-- c, then will x = -. 

X a—c 

9 . If 5x — 15 = 2x + 6, then will x = 7. 

10. If 40 — 6r - 16 = 120 — 14x, then will x = 12. 

11 . If ~^ 

12. + -^ = *0 — , then will x = 23^;. 

13. If s^\x 4-5 = 7, then will x = 6. 


2a* 

14. If X + -^/(a* + x') = then will x = 0^4. 

a ^ , . .11 6—3a 

15. If 3ax 4--g-3 = 6x — o, then will x = 

16. If 4- x) = 2 4- v'x, then will x = 4. 

2a* 

17. If y -f >/(«* + y*) = (SqiyJT* then = |a >/S. 

,8. If ?±i + »4? = 16 -«±?, then wffl = 13. 



194 


XLSMXKTS 


»BCT.IT* 


19. If 4- -h then will X =:. 

90. If -✓(«« + Jw) = Hh 4^)> then will x = 

V(^4^) 

2a* 


2 l. If y = ✓(a* -I" \/(6* -f-4:*)) — a, Uicai will j: = 


bb 


4a 


— a. 


22 . If 


128 


216 


then will x = 12. 


8X-4”” &r-6’ 

42x S&r 

23. If-=-s» then will x = 8. 

X—2 X—3 


24. If 


45 


57 


2x4-3"“ 4r-5* 


then will x = 6. 


X* —12 X" — 4 

25. If —^ Uicn will X = C. 

3 4 

26. If 615x — 7x’ = 48x, tlicn will x = 9. 


CHAP. III. 

Of the Solution ^Questions relating to tiu preceding 

Chapter. 

585. Question 1. To divide 7 into two such ports that the 
greater may exceed the less by 3. 

Let the greater port be x, then the less will be 7 — x; so 
that X =: 7 — X + 3, or X = 10 •— X. Adding x, we have 
2x = 10; and dividing by 2, x = 5. 

The two parts thereiore are 5 and 52. 

Qaestion 2. It is required to divide a into two parts, so 
that the greater may exceed the less by b. 

Let the greater part be x, then the other will be a — x; 
so that X = a — x 6. Adding x, w% have 2x = a + ^; 

and dividing by 2, x =: 

Another method of solution. Let tlie greater part =: x; 
which as it exceeds the less by b, it is evident that this is less 
than the other by b, and therefore must be =r x — 5. Now, 
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these two partft, taken together, ought to make a; so that 
iir — 5 =: a; adding 5, wc have ^ = a + 5, wherefcHV 




a-\-b 


which b the value of the greater part; and that 


of the less will be 


0 + 5 

"IT 


— 5, or 


0 + 5 


2 * 


0—5 



586. Question S. A father leaves 1600 pounds to be 
tlivided among his three sons in the following manner; viz. 
the eldest is to have 200 pounds more than the second, and 
tile .second 100 pounds more than the youngest. Required 
the share of eacii. 


Let the share of the third son be x 

Then the second's will be - - x + 100; and 

The first son's share - - - jr + 300. 

Now, these three sums make up together 16004 ; we have, 
therefore, 

fir + 400 = 1600 
3.r = 1200 
and X = 400 

The share of the youngest is 400/. 

That of the second is - - 500/. 

That of the eldest is - - 700/. 

.587. Question 4. A father leaves to his four sons 8600/- 
and, according to tlie will, the share of the eldest is to be 
double that of the second, minus 100/.; the second is to 
receive three times as much as the third, minus 200/.; and 
the third is to receive four times as much as the fourth, minus 
300/. What are the respective portions of these four sons.^ 
Call the youngest son's share x 
Tlicn the third son’s is - 4r — 300 
The second son's is - - 12x — 1100 

And the eldest's - - - 24cr — 2300 

Now, the sum of these four shares must make 8600/. We 
have, therefore, 41x — 3700 = 8600, or 
41x = 12300, and x =: 300. 

Therefore the youngest’s share is 300/. 

The third^son's . . _ - - 900/. 

The second’s.2500/. 

The cldcst's ------- 4900/. 

588. Question 5. A man leaves 11000 crowns to be 
divided lietween his widow, two sons, and three daughters. 
He intends that the mother should receive twice the share 
of a son, and that each son should rcf:eive twice as much 

o 2 
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as a daughter. Required how much each of them is to 
reemve. 

Suppose the ^orc of each daughter to be x 
Then each son's is consequently - - • &r 
And the widow's 

The whole inheritance^ therefore, is 3x + 4r + 4x; or 11 x 
= 11000, and, consequently, x — 1000. 

Each daughter, therefore, is to receive 1000 crowns; 
So that the three receive in all SOOO 
Each son receives 2C00; 

So that die two sons receive - 4000 

And the mother receives - - 4000 

Sum 11000 crowns 

589- Question 0. A father intends b}' his will, that his 
three sons should share his pro]>erty in the following man¬ 
ner: the eldest is to receive 1000 crowns less than half the 
whole fortune; the second is to receive 800 cn)W'ns less 
than the third of the whole; and the third is to Iiavc 
()00 crowns less than the fourth of the whole. Rctjuinsl 
the sum of the whole fortune, and the [lortion of each 
son. 

Let the fortune be expressed by x : 

The share of the first son is {x — 1000 
That of the second - - - |x — 800 

That of the third - - - — 600 

So that the tliree sons receive in all 4*^ ■+• j**' I-r — 
2400, and this sum must be equal to x. We have, tliere- 
fore, the equation ^Ix — 2400 = x; and subtracting x, 
there remains tV-** — 2400 = 0; then adding 2400, we 
have f\x = 2400; and, lastly, muldplyingby 12, wc obtain 

X = 28800. 

'I'hc fortune, therefore, connstsof 28800 crowns; and 
The eldest son receives 13400 crowns 
The second .... 8800 

The youngest . . - 6600 


28800 crowns. 

590. QuesHofi 7. A fatlier leaves four sons, who share 
his property in the following manner: the first takes the 
half of the fortune, minus 80004; the second takes the 
third, minus 1000/.; tlie third takes exactly the fourth of 
the property; and the fourth takes 600/. and the fifth part 
of tnc property. What was the whole fortune, and Ik>w 
much did each son receive? 
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Let the whole fortune be represented by x ; 

Then the eldest son will have \x — 3000 
The second ^ — 1000 

The third. 

The youngest ----- + 600. 

And the four will have leceived in all ^x -4- -Jx ^x + 
[x — 3400, which must be equal to x. 

Whence results the equation l^x — 3400 = x; then sub¬ 
tracting X, we have -^x — 3400 = 0; adding 3400, we ob¬ 
tain llx zz 3400; then dividing by 17, wc have = 
i^OO; and multiplying by 60, gives x = 12000. 

The fortune therefore consisted of 12000/. 

The first son received 3000 
The second - - - 3000 

The third - - - - 3000 

The fourth - - - 3000 

.591. Qiti’stion 8. To find a number such, that if wc 
add to it its lialf, the sum exceeds 60 by as much as the 
number itself is less than 65. 

Let the number be represented by x: 

Then x -f 4-x — 60 = 65 — x, or I-** — 60 = 65 — x. 
Now, by adding x, we have -lx — 60 =: 65; adding 60, we 
have lx — 125; dividing by 5, giv^ ^x = and mul¬ 
tiplying by 2, we have x = 50. 

Conscq^ueutly, the number sought is 50. 

592. QuestUm 9. To divide 32 into two such parts, that 
if the less be divided by 6, and the greater by 5, the two 
t{uotients taken together may make 6. 

Let the less of the two parts sought be x; then the 
greater will Iks 32 — x. The first, divided by 6, gives 

IT 3^ JC X 

; and the second, divided by 5, gives —-—. Now + 
^ 

—-— = 6: so that multiplying by 5, we have + 32 — 

.r = 30, or — Jx -b 32 = 30; adding we have 32 = 
30 + 4x; subtracting 30, there remains 2 = ^x; and lastly, 
multiplying by 6, we have x zz 12. 

So that the less part is 12, and the greater part is 20. 

593. Question 10. To find such a number, that if mul¬ 
tiplied by 5, the product shall l)e as much less than 40 as 
the numlror itself is less than^ 12. 

Let the numlier be x; which is less than 12 by 12 — x; 
then taking the number x five times, wc have 5x, whicli is 
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less than 40 by 40 — 5dr, and this quantity must be equal to 

12 ““ JCm 

We have, therefore, 40 -- = 12 — x. Adding 6r, 

we have 40 = 12 + 44 p; and subtracting 12, wc-obtain 
28 = 4r; lastly, dividing by 4, we have x = 7, the number 
sought. 

594. Question 11, To divide 25 into two such parts, 
that the greater may be equal to 49 times the less. 

Let the less be x, than the greater will be 25 — x; 
and the latter divided by the former ouglit to give the 


25—X 

quotient 49: we have therefore- = 49. Multiplying 


by X, we have 25 — x = 49^; adding x, wc have 25 = 
50x; and dividing by 50, gives x = 4. 

The less of the two numbers is and the neater is 24i; 
dividing therefore the latter by 4, or multijdying by 2, wc 
obtain 49. 


595. Question 12. To divide 48 into nine parts, so that 
every part may be always 4 greater than the part which 
precedes it. 

Let the first, or least part be x, then the second will be 
X + 4, the third x + 1, sic. 

Now, these parts fexm an arithmetical progression, whose 
first term is x; therefore the ninth andf last term will be 


X -f 4. Adding those two terms together, we have 2x + 4; 
multiplyiim this quantity by the number of terms, or by 9, 
we have ikr + 86; and dividuig this product by 2, wc 
obtain the sum of all the nine parts =9x4 18; which 
ought to be equal to 48. We have, tlicrefore, O-r + 18 = 
48; subtracting 18, there remains 9x =: 30; and dividing 
by 9^ wc have x = 8f. 

The first part, therefore, is 84, and the nine parts will 
succeed in the following order: 


1 234.56789 

34 4 34 + 44 + 44 4 54 + 5 J + 64 + 6* + 74. 

Which together make 48. 

596. Que^ion 18. To find an arithmetical progrestiion, 
whose first term is 5, the last term 10, and the entire 
sum 60. 

Here we know neither the difference nor the number of 
terms; hut we know that the first and the last term would 
enable us to expre^ the sum of the progression, provided 
only the number of terms were given. Wc shall therefore 
suppose this number to be x, and express the sum of the 
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progresnon by We know alio^ that this sum is 60; 


so that 


= 60; or 4a? s 4, and a? s 8. 


Now, since the number of terms is 8, if we suppose the 
difterence to be z, we have only to seek for the eighth term 
u{x)n this supposition, and to make it equal to 10. *1^0 

second term is 5 + z, the third is 5 + Sz, and the eighth is 
5 + 7z; so that 

5 + 7z = 10 
72 = 5 
and z = ^. 

The difference of the progression, therefore, is and the 
number of terras is 8; consequently, the progression is 
I 2 3 4 5 0 7 8 

5 -f- 5 y + Oy "f“ "I" 

the sum of which is 60. 

697* Qu&tticn 14. To find such a number, that if 1 be 
subtracted from its double, and the remainder be doubled, 
from which if 2 be subtracted, and the remainder divided by 
4, the number resulting from these operations shall be 1 less 
than the number sought. 

Sup{x>8c this number to be x; the double is 2x; suh- 
tKcting 1, there remains 2x — 1; doubling this, we have 
4 j: — 2; subtracting 2, there remains 4x — 4; dividing by 
4, we have x — 1 ; and this must be 1 less than x; so 
that 

a* — 1 5= X — 1. 

But this is what is called an identical equation; and 
shews that x is indeterminate; or tliat any number whatever 
may be sUbstitutini for it. 

598. Question 15. I bought some ells of cloth at the 
rate of 7 crowns for 5 ells, which 1 sold again at the rate of 
11 crowns for 7 ells, and I gained 100 crowns by the trans> 
action. How much cloth was there ? 

Supposing the number of ells to be x, we must first see 
how much tne doth cost; which is found by the following 
proportion: 


As 5 : X :: 7 : the price of the ells. 

This being the expenditure; let us now sec the receipt: 
in order to wliich, we must make the following proportion: 
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As 7 : 11 Y* crowns; 

and tills receipt ought to exceed the expenditure by 100 
crowns. We nave, therefore, this equation: 

yx = ^ + loa 

Subtracting there remains JUr = 100; tliereforc Or = 
3500, and x = 583^ 

There were, therefore, 583|- ells bought for 810} crowns, 
and sold again for 916} crowns; by which means the proOt 
was 100 crowns. 

599. Qu^^twn 16. A persem buys 12 pieces of cloth for 
140/.; of which two are white, tliree are olack, and seven 
are blue: also, a {uece of the black cloth costs two pounds 
more than a |Mece of the white, and a piece of the blue cloth 
costs three jxiunds more than a piece the black. Rcqiiircil 
the price of each kind. 

I^t the mice of a white piece be x pounds; then the two 
pieces of this kind will cost 2x ; also, a black piece costing 
X + 2, the three pieces of this color will cost 8x -4- 6; and 
lastly, as a blue piece costs x + 5, the seven blue pieces will 
cost 7x -}> 35: so that the twelve pieces amount in all to 
12x-h41. 

Now, the known price of these twelve pieces is 140 
pounds; we have, therefore, 12x-|- 41 = 140, and 12x = 
99; wherefore x = 8^. So that ♦ 

A piece of white doth costs 8;^/. 

A piece of black doth costs 10;^/. 

A piece of blue doth costs Id^/. 


600. Question 17. A man having bought sonic nutmegs, 
says that three of them cost as much more than one penny, as 
four cost him more than tw-o pence half^nny. llet|uired 
the price of the nutmegs ? 

Let X be the excess of the price of three nuts above one 
penny, or four fartliin^ Now, if three nutmegs cost x + 4 
farthings, four will cost, by the condition of the question, 
X -J" farthings; but the price of three nutmeg 
of four in another way, namely, by the Rule of Three. 
Thus, 


3 : X -|- 4 : : 4 : 


4x-|-16 
"3 * 


So that rr X •}“ 4sx-f“16 = 3x-|- 30; 

therclbru x + 16 = 30, and x = 14. 



CflAF. HI. 


or ALOfiBBA. 


201 


Three nutmegs, therefcMH*, cost 4^, and four cost 6d.: . 
wliereforfe each costs \\d. 

601. Qiteation 18. A certain parson has two silver cups, 
and only one cover for both. The first cup weighs 12 
ounces; and if the cover be put on it, it weighs twice as 
much as the other cup: but when the other cup has the 
cover, it weighs three times as much as the first. Required 
the weight of the second cup, and that of the cover. 

Suppose the weight of the cover to lie x ounces; then the 
first cup being covered it will weigh j* 4“ 1^; and this weight 
being double tliat of the second, the second cup must weigh 
4j: + 6; and, with the cover, it will weigh -r + 4x 4- 6, 
4- 6; which weight ought to be the triple of* 12; that is, 
three times the weight of the first cup. We shall therefore 
have the equation 4a: -|- 6 = 36, or 4:^ == 30; so that \x — 
10 and X — 20. 

The cover, therefore, weighs 20 ounces, and the second 
cup wdghs 16 ounces. 

602. Qjustum 19. A banker has two kinds of change: 
there must be a pieces of the first to make a crown ; and b 
pieces of the second to make the same. Now, a person 
wishes to have c pieces for a crown. How many pieces of 
each kind must the banker give him? 

Suppt)sc the banker gives x pieces of the first kind ; it is 
evident that he will give c — x pieces of the other kind; 

but the .r pieces of the first are wortli —- crown, by the pro¬ 
portion a X : : 1 • ~ i the c -- jt pieces of the second 

kind are worth —7— crown, because we have 4 : c — x :: 1 : 
0 

v—x , X c—X 

-'T—. Ibo that, — H- r- = 1; 

0 a o 

1 

or — 4- c — X == 6; or 6x + ac — ax ab; 
a 

or, rather bx -- ax “ ab aci 

ab—ac a(h—c) 

whence wc have x = —j- or or = —r-; 

o—a o—rt 

consetpicnlly, c — .r, the pieces of the second kind, must be 

be — ab b(c — a) 

”” b—a b'^a 
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The banker must therefore give ^ pieces of the first 

kind, and pieces of the second kind. 

Remark* These two numbers are easUy found by the 
Rule of 'Fhree, when it is required to apply the resuiu 
which we have obtained. Thus, to find the first we say, 

o(A—r) 


b — a 


b c 


6 - 


and the second number is 


found thus \b a', b 


e — a 


b{c — a) 
b-a * 


It ought to be observed also, that a is less than 6, and that 
c is less than b ; but at the same time greats than a, as the 
nature of the thing requires. 

603. Question A banker has two kinds of change; 
10 pieces of one make a crown, and 20 peces of the other 
make a crown; and a person w^es to cl^ge a crown into 
17 pieces of money: how many of each sort must he have ? 

We have here a =s 10, b = !20, and e = 17, which fur^ 
nishes the following proportions: 

First, 10 : 10 :: 3 : 3, so that the number of pieces of the 
first kind is 3. 

Secondly, 10 : Stt):: 7 : 14, and the number of the second 
kind is 14i. 

604. Question 21. A father leaves at his death sev eral 
children, who share his pre^rty in the following manner: 
namely, the first receives a hundred pounds, and tlie tenth 
part m the remainder; the second receives two hundred 
pounds, and the tenth part of the remidnder; the third 
takes three hundred pounds, and the tenth part what 
remains; and the fourth takes four hundred pounds, and 
the tenth part of what then remains; and so on. And it is 
found that the property has thus been divided equally 
among all the children. Required how much it was, how 
mi^ children there were, ana how much each received ? 

Tnis question is rather of a ungular nature, and therefore 
deserves particuiar attention. In order to resolve it more 
easily, we shall suppose the whole fortune to be z pounds; 
and since all the chil^en receive the same sum, let the share of 
each be x, by which means the number of children will be ex- 

.pressed by —. Now, this being laid down, wc may proceed 
to the solution of the question, as follows: 
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Suni, or Order of 
property to the 
be mvioed. children. 


Portion of each. 


Diflerences. 


2—100 I 

a 1st X :5s 100 + —rrr- 

1 

* 2—x-200 X—loo ^ 

2 — ar 2d x sz 200 + - ^ - jlOO- 

2—2x—f?00' X —100 

z-2x 3d x=:;i00-f-- 100-r7;^=0 


2 —3x 1th X = 400 + 
2 —4>x Jth X = 500 + 


’ 10 I 

s_3x—400; 

^ 10 I 

—500' 


100 — 


100 — 


10 

X- 1(X) 
10 

X— 100 


_ ^ 2 —5x—600 j 

2 —5r! 6th X = 600 + - - -'nnd so on. 

10 i 

Wc have inserted, in the last column, the differences 
which we obtain by subtracting each portion from that which 
follows; but all the portions being equal, each of the dif¬ 
ferences must be = 0. As it happens also, that all these 
differences are expressed exactly aukc, it will be sufficient to 
make one of them equal to nothing, and wc shall have the 

jp _ 100 

ei|uation 100-= 0. Here, multiplying by 10, we 

have 1000 r — 100 = 0, or 900 — x = O; and, consc- 
(piently, x = 900. 

We know now, therefore, that tlie share of each child Was 
900; so that taking any one of the equations of the third 
column, the first, iw example, it becomes, by substituting 
_ __ 2; —100 


the value of x, 900 = 100 -f- 


-, whence we immedi¬ 


ately obtain the value of x; for we have 

9000= 1000-l-x —100, or 9000 = 900-1-; 

2 

ihercf«>rc 2 = 8100; and consequently — = 9- 

So that the number of children was 9; the fortune left 
by the father was 8100 pounds; and the share of each child 
was 900 pounds. 


QUESTIONS FOR PRACTICB. 


1. To find a number, to which if there be added a half, a 
third, and a fourtli of itself, tlic sum will be 50. Am. 24;. 
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A person beinj;^ asked what his age was, readied that 
^ of his age multiplied by of his age gives a product 
equal to his age. What was his age ? Jns. 16. 

3. I’he sum of 660/. was raisecT for a particular purpose 
by four jx'rsons. A, B, C, and D; B advanced twice as 
much as A; C as much as A and B together; and D as 
much as B and C. What did each contribute ? 

Afu. 60/., 130/., 180/., and 300/. 

4. To 6nd that number whose -f l>art exceeds its 1 part 

by 12. 144. 

5. What sum of money is that whose 4 {)art, ^ part, and 
^ {lart, added together, shall amount to 94 f)uund8^ 

Ans, 120/. 

6. In a mixture of copper, tin, and lead, one half of the 
whole —16/6. was copper; one-third of the whole —12/6. 
tin; and one-fourth of the whole -}“4/6. lead : what quantity 
ol’ each was there in the composition ? 

Arts. 128/6. of copper, 84/6. of tin, and T6/6. of lead. 

7. A bill of 120/. was paid in guineas and moidores, and 

the number of pieces of^th sorts were just 100; to find 
how many there were of each. A ns. 50. 

8. To find two numbers in the proportion of 2 to 1, so 

that if 4 be added to each, the two sums shall be in the pro- 
|x>rtioa of 8 to 2. An^. 4 and 8. 

9. A trader allows 100/ per annum for the ex|ien.scs of 
his family, and yearly augments that part of his .stock uhich 
is not so expended, by a uiird part of it; at the end of three 
years, his original stock was doubled : what hod he at first ? 

Ans. 1480/. 

10. A fish was caught whose ta|| weighed 9/6. Ilis head 

weighed as much as his toil and ^ his iKxly; and his Ixxly 
weighed as much as his head and tail: what did the whole 
fish weigh? 72/6. 

11. One has a lease for 99 years; and Ix^ing aske<{ how 

much of it was already expired, answered, that two-thirds of 
the time past was equal to four-fifths of the time to come: 
required the time pasL A-ns, 54 years. 

12. It is required to divide the number 48 into two such 

parts, that the one part may be three tim^s as much above 
20, as the other wants of 20. Ans. 32 and 16. 

13. One rents 25 acres of land at 7 pounds 12 shillings 
per annum; this land consisting of two sorts, he rents the 
Wtter sort at 8 shillings per acre, and the worse at 5: re¬ 
quired the number of acres of the better sort. 

Ans. 9 of the better. 

14. A certain cistern, which would be filled in 12 minutes 
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by two pipes runniog into it, would be filled in 20 minutes 
by one alone. Required in what Ume it would be filled by 
tne other alone. Ans. 30 minutes. 

15. Required two numbers, whose sum may be s, and 

tlieir proportion os a to 5. Ans. ^^ -^,and 

16. A privateer, running at the rate of 10 miles an hour, 

discovers a ship 18 miles off making way at the rate of 8 
miles an hour: it is demanded how many miles the ship 
can run l)cforc she will be overtaken ? Aim, 72. 

17. A gentleman distributing money among some poor 
people, found that he w’anted 10s. to lie able to give 5s. to 
each ; therefore he gives 4 n». only, and finds that no has 5s. 
left: required the number of shHlings and of poor people. 

A/is. 15 poor, and 65 shillings. 

18. There are twt) nunilx?rs whose sum is the 6th part of 

their product, and the greater is to the less as 3 to 2. Re- 
quii-ed those numliers. Ans. 15 and 10. 

A. B. This question may be solved by means of one un¬ 
known letter. 

19. To find three numliers, so that the first, with half the 

other two, the scxwnd with one-third of the other two, and 
the third with one fourth of the other two, may be equal to 
34. Ans. 26, 22, and 10. 

20. To find a number consisting of three places, whose 

digits are in arithmetical progression: if this number be di¬ 
vided by the sum of its digits, the quotients w'ill be 48; and 
if from the number 198 be subtracted, the digits will be in¬ 
verted. Ans. 432. 

21 . To find three numbers, so that 4 the first, j. of the 

second, and ^ of the third, shall be equal to 62: of tlic 
first, ^ of the second, and 4- of the thira, equal to 47; and 
4. of the first, 4- of tlie second, and 4^ of the third, equal to 
38. Ans. 24, 60, 120. 

22. If A and B, tc^ther, can perform a piece of work in 

8 days; A and C together in 9 oa^’s; and B and C in 10 
days; how many days will it take each person, alone, to per¬ 
form the same work f Ans. 14|^ 

23. What is that fraction which will become equal to 4, if 
an unit be added to the numerator; but on the contrary, if 
on unit be added to the denominator, it will be equal to 4? 

Ans. 

24. The dimensions of a certain rectangular floor are 
such, that if it had been 2 feet broader, and 3 feet longer, it 
would have lK?en 64 square feet larger; hut if it had been 3 
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feet broader and 2 foot longer, it would then have been 68 
square feet larger: required the length and breadth a£ the 
floor. uiiM. Length 14 feet, and breadth 16 feet. 

525. A hare is 50 leaps l)efore a greyhound, and takes 
4 leaps to the gn'yhtjumfs 3; but two of the greyhound’s 
leaps arc as much as three of the hare's: how many leaps 
must the greyhound take to catch the hare? Ans, iKH). 


CHAP. IV. 

Of the Resolution of two or more Equations of the First 

D^rec. 

605. It frequently happms that we are obliged to intr<»- 
duce into algebraic calculations two or more unknown quan* 
titks, represented by the letters r, v, 2: and if the question 
is determinate, we are brought to the same number of ecnia.- 
dons as there arc unknown quantities; frenn which it is tnen 
required to deduce those quantities. As we consider, at 
present, those equations only, which contain no powers of an 
unknown quantity higher than the first, and no products of 
two or mcH*e unknown quiuitities, it is evident that all those 
equations have the form 

as + ^ ex = d. ^ 

606. Beginning therefore w'ith two equations, w’c .shall 
endeavour to find from them the value of x and y : and, in 
order that we may consider this case in a graeral manner, let 
the two equations be, 

ax hy ^ c\ and Jx -f gy = h ; 
in which, a, 5, c, and gy hj ore known numbers. It is 
reqtiired, therefore, to obtain, from these two equations, tlie 
two unknown quantities x and y. 

607. llie roost natural method of proceeding will readily 
present itself to the mind; which is, to determine, from both 
cqnatioiis, the vidue of one of the unknown quantities, as for 
example x, and to consider the equality of those two values; 
for then we ^all have an equation, in which the unknown 
quantity y will be found by itself, and may l)e dclermiued 
1^ die rules already given. Then, knowing^, we shall have 
<^y to substitute its value in one of the quantities that 
exfiresa e. 
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608. According to this rule, we obtain from the first 

equation, x = » and from the second, * = " : 

then putting these values equal to each other, we have this 
new equation: 

« / ’ 


multiplying by a, the product \%c ^ Inj 


_ = " h-^ , 


f 


and 


then bvyj the product \^ fc—Jl)y = uh^nfry% addingwe 
have jc —~,fhy + agy = ah ; subtractingj^, gives — 
thf^y = aJi —Jc ; or {ag- — ^)y = a/i — Jc; bstly, dividing 
by ag — h/l we have 

ah—Jc 
^ ~ ag-hf" 

In order now to substitute this value of y in one of the 
two values which we have found of x, as in the first, where 

T = - - y we shall first have 


ahh — bcf ahh — bef 

— by - --; whence c — by — c - 

aeg — f*cf'— abh + bef aeg + abh , 

= - y ; and dividing by a, 

c —by eg— bh 
a ~ ag—hf' 


X — 


609. Question. 1. To illustrate this method by examples, 
let it lx; proposed to find two numbers, whose sum may be 
15, and difference 7. 

LiCt us call the greater number x, and the less y: then we 
shall have 


X + y = 16, and x — y = 7. 

The first equation ^ves 

X = 15 - jy 

and the second, x = 7 4-^; 

whence results this equation, 15 — ^ = 7 -f- So that 
15 = 7 + = 8, and y = 4; by which means we 

find X = 11. 

So that the less number is 4, and the greater is Jl. 

610. Question 2. Wc may also generalise the preceding 
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questuMi, W-requiring two numbers, whose sum may be a, 
and the difference b. 

Let the greater of the two numbers be expressed by and 
the less by y; we shall then liave x -f- ^ = o, and ar—y = 6. 

Here the first eejuation gives x = a — y, and the second 
JP = ^ + y. 

Therefore ,a — yssb+y; a = 6 +-2^; 2// = a — h; 
lastly, y = and, consequently, 


x-=.a—y — 


a^b a-\~b 

“F" “ ~2~' 


Thus, we find the greater numWr, or is 
the less, or y, is —; or, which comes to the same, 


niul 

X — 


4a + 46, and y = i" — Hence we derive the following 
theorem : 'When the sum of any two numlKTs is a, anil their 
difference is 6, the greater of the two numbers will Ik? equal 
to half the sum plus half the difference; and the less of the 
two numbers will lie equal to half the sum miim* half the 
difference. 

611. We may resolve the same question in the following 
manner: 

Since the two equations are, 

j + y = a, and 
X — y = A; 

if we add the one to the other, wc have 2r = o -1- A. 


Tlierefore x = 


a-f-A 


Lastly, subtracting the same equations fnmi each other, 
wc have 2y = a — A; and therefore 

a—b 

y — 


612. QueUion S. A mule and an ass were carrying 
burdens amounting to several hundred weigliL The ass 
complained of his, and said to the mule, I need only one 
hundred weight of your load, to make mine twice as heavy 
as yours; to which d>e mule answered. But if you give 
me a hundred weight of yours, I shall be loaded three times 
ax much you will be. How many hundred weight did each 
carry? 
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Suppose the mule’s load to be ar hundred wdght, and that 
of the ass to be ^ hundred weight If the mule gives one 
hundred wdght to the ass, thecnie will have^ +1, and there 
will remain for the other or — 1; and since, in' this case, 
the ass is loaded twice as much as the mule, we have y -|- 
1 = ar - 2. 

Farther, if the ass gives a hundred weight to the mule, 
the latter has x -f* 1, and the ass retains y — 1; but the 
burden of the former being now three times that of the 
latter, we have x ^Qy — 

Consequently our two equations will be, 

y \ 9 jc 9,, and a? -f-1 = 3^ 3. 


From the first, x = 


9 


, and the second gives x = ^ — 


I g 

4; whence we have the new equation ■ = Qy —4, which 

# 

gives y = this also determines the value of Xy which 

becomes 24- 

The mule therefore earned hundred weight, and the 
ass 2f hundred weight. 

613. When there are three unknown numbers, and as 
many equations; as, for example. 


X + y - 2 = 8, 

X + 2 —y = 9, 
y 4- 2 — X = 10; 


we begin, os before, by deducing a value of .r from each, 
and have, from tlie 


1st X = 8 -f" * ~ y; 
2d X = 9 A-y — =; 
8d X = y -f" 3 — 10. 


Comparing the first of these values with the second, 
and after that with the third, we have the following 
equations: 

S + z - y = 9 +y - 

8-l-r-y = y4‘*“- !<>• 

Now, the first mves 2z — 2y = 1, and, by the second, 

= 18, ory = 9; if therefore we substitute tliis value of 
y in 2s — 2y = 1, we have 9z — 18 = 1, or 2s = 19, so 
that s = 9t'; it remains, therefore, only to determine x', 
whidb is easily ibund = 84. 

Here it happens, that the letter z vanishes in the last 
equation, and that the value of y is found immediately; 
but if this had not been the case, we should have hiu 
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two equadom between z and to be resolved by the pre¬ 
ceding rule. 

6lll Suppose we had found tlie three following equa¬ 
tions: 

3jr +— 4s = 25, 

5x — 2j/ -f- 3s = 46, 

8y + 6s — jp = 62. 

If we deduce from each the value of o', wc shall have 
fhnn the 


2d X = 


46+^—3s 


3d x = S|y + 5s — 62. 

Comparing these three values together, and first the third 
with the first, 

u o e 25-5j^ + 4s 

we have % + 5s — 62 = -^-; 

multiplying by 3, gives -f- los — 186 = 25 — 5y + 4s; 
8Q that 9y 4- 15s = 211 — 5y -j- 4s, 
and \Ay + 11s = 211. 

Comparing also the third with the second. 


we have Qy 5z — 62 = 


46 -f 3s 


or 46 + 2y — 3s = 1^ -f* 25s — 310, 
which, when reduced, becomes 356 = 13y 28s. 

We shall now deduce, from these two new e(|uations, the 
value ofy: 

1st 14y + 11s = 211; or 14^ = 211 - 11s, 

^ 211-lls 

andj, =-. 

2d 1% + 28s = 356; or = .356 - 2«s, 

, 356-28S 

andj, = ——. 

These two values form the new equadon 

211-lls 356 - 28S 

-rr— =-— , whence, 


2743 - 143s = 4984 — 892s, or 2492 = 2241, and s == 9. 

This value bang substituted in one of the two ^uadons 
of y and s, we Sod y =s 8; and, lastly, a dmilar sub¬ 
stitution in one of the three values ^ x, will give x = 7. 
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615. If there were more than three unknown quantities to 
determine, and as many equations to resolve, we diould pro¬ 
ceed in the same manner; but the calculations would often 
prove very tedious. 

It is proper, therefore, to remark, that, in each particular 
case, means may always be discovered of greatly facilitatiim 
the solution; which consist in introducing into the caU 
culation, beside the principal unknown quantities, a new 
unknown quantity arbitranly assumed, such as, for example, 
the sum of all me rest; and when a person is a little ao 
customed to such calculations, he eamy perceives what is 
most prc^r to be done*. The following examples may 
serve to f^Uitate the ^plication of these artifices. 

616. Qjtcstioti 4. Three persons, a, b, and c, play to¬ 
gether ; and, in the first game, A loses to each of the other 
two, as much money as each of them has. In the next 
game, b loses to cacn of tlie other two, as much money as 
they then had. Lastly, in the third game, a and b gain 
each, from c, as much money as they had before. On 
leaving off, th<^ find that each has an equal sum, namely, 
24 guineas. Required, with how much money each sat 
down to play ? 

Suppose that the stake of the first person was or, that of 
the second and that of the third z: also, let us make the 
sum of all the stakes, or or y -|- z, = g . Now, a losing in 
the first game as mucli money as the other two have, he 
loses s — r (for he liimself having had or, tlie two others 
must have had s — j:) ; therefore there will remain to lum 
20* — ^; also b will have and c will have 2z. 

So that, after the first game, each will have as follows: 
A = 2.r — 6“, b = 2y, and c = 

In the secirnd game, b, who has now 2y, loses as much 
money as the other two have, that is to say, s — 2y; so that 
he has left — g. With regard to the other two, they 
will each have double what toey had; so that after the 
second game, the three persons have as follows: a = 4ir — 
2 a, b = — at, and c = 4z. 

In the third game, c, who has now 4z, is the loser; he 
loses to A, 4z' — 2s, and to b, 4^ — g; consequently, after 
this game, they will have: 

* M. Cramer has given, at the end of his Introduction to the 
Anal 3 r 8 i 8 of Curve Lines, a very excellent rule for . determining 
immediately, and without the necessity of passing through the 
ordinary operations, the value of the unknown quantities of such 
equations, to any number. F. T. 

p 2 



XLEMENT8 


SECT. IV. 


ns 


— — and c = 8ar — 

Now, each having at the end of this game 24 guineas, we 
hiwe three equations, the first of whicli immcdiatdy gives x, 
the second V, and the third z ; farther, a is known to be 72, 
since the three persons have in all 72 guineas at the end of 
the last game; hut it is not necessary to attend to this at 
first; nnoe we have». 

1st 8r — 4 j = 24, or Rr = 24 4s, or jr = 3 4- {s; 

2d % — 2s = 24, or % =24-4- 2s, or = 3 4- is; 

3d 8z — s = 24, or&=s24-i- s, orz=3+i.»; 

and adding these three values, we have 

X -t- » = 9-his. 

So that, j^oe x y 4* * = s, we have s = 9 -h v* i 
consequently, -^s = 9, and s = 72. 

If we now substitute this value of s in the expressions 
which we have found for x,^, and z, we shall find tfial, 
before they began to play, a had 39 guineas, d 21, and 
c 12. 

This solution shews, that, by means of an expresaitm for 
tlie sum of the three unknown quantities, we may overcome 
the difficulties which occur in the ordinary method. 

617. Altliough the preceding question appears difficult at 
first, it may be resolved even without algebra, by procetuling 
invearsely. For since the playei*s, wlien they lell of!*, had 
each 24 guineas, and, in tne third game, a and n doubled 
their money, they must have had before that last game, as 
follows: 

A =r 12, B = 12, and c = 48. 

In the second game, a and c doubled their money; so 
that before that game they had ; 

A = 6, B = 42, and c =: 24. 

Lastly, in the first game, a and c gained each as much 
money as tliey began with ; so tliat at first the tlirce persons 
had: 

A = 39> B 21, c = 12. 

The same result as we obtained by the former solution. 

618. Question 5. Two persons owe conjointly 29 pis¬ 
toles ; they have both money, but neither of them enough 
to enable him, singly, to discharge this common debt: tne 
first debtor says therefore to the second. If you give me \ of 
your mon^, I can immediately pay the debt; and tlic 
second answers, tliat he also could disdiarge the debt, if tlic 
other would give him I of his money. Required, how many 
pistoles each iiad ? 
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Suppose that the first has x pistoles, and that the second 
has^ pistoles. 

Then we shall first have, ar -4" xy = ^ 5 
and also, ^ 

The first equation gives a* = 29 —• 


and the second x = 


116 —^ 
3 ’ 


so that 29 — tJ/ = 


116 --%/ 
3 * 


From which equation, we obtain y = 14^ ; 

Therefore x = 194- 

Hence the first person had 194 pistoles, and the second 
liad 1 44 pistoles. 

GI 9 . ^ttestum 6. Three brothers bought a vineyard for 
a hundred giiineas. The youngest says, that he could pay 
for it alone, if the second gave hun half the money which he 
had ; the second says, that if the eldest would give him only 
the third of his money, he could pay for the vineyard singly ; 
lastly, the eldest a.'^ks only a fourth part of the money of 
the youngest, to pay for the vineyard himself. How mucli 
money had each ? 

Suppose tlie first had x-guineas; the second,guineas; 
the third, z guineas; we shall then have the three lollowing 
e(]uations: 

X ly = 100; 
y -f 4s = 100 ; 
x; -f- 4^" = 100; 

two of which only give the value of x, namely, 

1st i- = 100 - \y, 

3d a: = 400 — 4z. 

So that we have the equation, 

100 — ^y = 400 — 4s, or 4r — 4y = 300, which must 
be combined with the second, in order to determine y and 
s. Now’, the second equation was, y q- 4.2 = 100: we 
therefore deduce from it ^ = 100 — 4 *^; and tlie equation 
found last being ^ — \y zz 300, we have y =s Sz — 600. 
The final equation, theretbre, becomes 

100 •— -Js = 8z — 600; so that 84s: = 700, or ” 
700, and z — 84. Consequently, 

y = 100 - 28 = 72, and X = 64. 

The youngest therefore had 64 guineas, die second had 72 
guineas, nnet tlic eldest had 84 guineas. 
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6 SQ. As, in exninple^ ench (^uatkni contains only two 
unknown quantities, we may obtun the soluticm requim in 
an easier way. 

The first equation gives y =: 200 — Sar, so that y is de¬ 
termined by X ; and if we substitute this vaJue in the second 
equation, we have 

200 — 2» ^2 =r 100 ; therefore 42 = 2 x — 100 , 

and z n Gz’ — 300. 

So that z is also determined by x; and if we introduce 
th'is value into the third equation, we obtain 6 x — 300 -f- 
=: 100 , in which x stands alone, and which, when reduced 
to 25x — 1600 = 0 , gives x * 64. Consequently, 
y = 200 - 128 = 72, and r = 884 - 300 = 84. 

621. We may follow the same method, when we have a 
greater number of equations. Suppose, for example, that 
wc have in general; 


■ ^ 

1 . tt 4- — =: n. 

V 

2 . X -|- =r n, 

0 

_ z 


3, y + — = fi. 

4. 2 + ~r = n ; 
a 

or, destroying the fractions, these equations beconte. 

1 . ou -f- X = an. 

2 . ix -f y r= bn. 

3. <y -j- 2 = cn. 

4. dr + M z: dn. 


Here, the first gives immediately x zz an — an, and, thi> 
value being substituted in the .second, we have al/n — abu 
-1- y = ; so that bn — abn abu ; and the sub¬ 

stitution of this value, in the third equation, gives ben — 
aben -|- abcu -f- z =: c« ; therefore 

z — cn — ben -f- oben — abcu. 

Substituting this in the fourth equation, we have 

edn — bedn -f- abedn — abedu -j- w dn. 

So that dn — edn bedn — abedn — abedu — «, 
or {abed — 1) . u = abedn — bedn -f- edn — dn ; whence wc 
have 

___ abedn ’—bcdn-\-cdn~-dn __ n . {abed — hed-{- eti—d) 
abcd~-l abcd-^l 

And, consequently, by substituting this value of u in tlio 
etpiation, x — an — an, we have 

abcfln — acdn~\-adn —an n . {abed — aed + od — /?) 

“ abed —1 «6cd—1 
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^ ^ nm{abcd—eibd*\'4ib<^b) 

^ abcd—\ ~~ abcd-^l 

abcdn — abcn-\~bcn-^cn _ n . {abed — ab c’^bc — cl 
* “ abcd^l 

abcdn — bedn + edn — dn_n. {abed — bed-^cd^d) 

“ abcd“- \ ”” o5cd—1 

622. Question 7. A captain has three companies; one of 
Swiss, another of Swabians, and a third of Saxons. He 
wishes to storm with part of these troops, and be promises a 
reward of 901 crowns, on the following condition; namely, 
that each soldier of the company, which assaults, shall re¬ 
ceive 1 crown, and that the rest of the money shall be equally 
distributed among tlie two other companies. Now, it is 
found, that if the Swiss make the assault, each soldier of the 
other companies will receive half-a-crown; that, if the Swa¬ 
bians assault, each of the others will receive -f of a crown ; 
and, lastly, if the Saxons make the assault, each of the others 
will receive of a crown. Required tlie number of men in 
each company F 

Let us suppose the number of Swiss to be x, that of 
Swabians and that of Saxons z. And let us ^so make 
z = Sf because it is easy to see, that, by this, we 
abrid^ the calculation considerably. If, therefore, the Swiss 
make the assault, their number liein^ :r, that of the otfier 
will be j? — jt: now', the former receive 1 crow'n, and the 
latter half-a-crown ; so that we shall have, 

or + 4^ — = 901. 

In the same manner, if the Swabians make the assault, 
we have 

y ^ \s - — 901 . 

And lastly, if the Saxons make the assault, we have, 
s 4- ^ = 901. 

Each of these three equations will enable us to determine 
one of the unknown quantities, a*, and z ; 

For tlie first gives x = 1802 — «, 
the second — 2703 — s, 
the third 3; = 3604 — s. 

And if w’e now take the values of 6.r, 6^, and Gz, and 
write those values one above the other, we shall have 

6-^ = 10812 — 6.S 

6j/= 8109 —3^, 

Gz = 7208 — 2s 

and, by addition, 6« = 26129 — lltf; or 17^ = 26129; 
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80 ihiA s s 15S7 ; which is the whole Dumber of soidien. 
^ this metns we find, 

4* =1802- 1537 = 265; 

2y = 2703 - 1537 = 1166, or = 583 ; 
ar = 3604 - 1537 = 2067, or s = 689. 

Tile company of Swiss therefore has 265 men; that of 
Swabians 5^; and that of Saxons 689. 


CHAP. V. 

Qf the Resolution qf Pure Quadradc Equations. 

623. An equation is said to be of tlie second degree, when 
it contains the square, or the second power, of the unknown 
quantity, without any of its higher powers; and an wjua- 
tion, containing likewise the third power of the unknown 
quantity, belongs to cubic equaUons, and its resolution re¬ 
quires |)articular rules. 

624. There arc, therefore, only three kinds of terms in 
on equation of the second degree: 

1. The terms in which die unknown quantity is not 
found at all, or which is ccmiposcd only of known numbers. 

2. The terms in which we find only the first jxjwer of the 
unknown quantity. 

3. The terms which contain the square, or the second 
power, of the unknown quantity. 

So that X representing an unknown quantity, and the 
letters o, 5, c, d, &c. the known quantities, the terms of 
the first kind will have the form «, the terms of the sec<iiul 
kind w'lll have the form hx, and the terms of Uie third kind 
will have the form cx-. 

625. We have already seen, how two or more terms of 
the same kind may be united together, and considered as a 
angle term. 

For example, we may consider the formula 
ox* — hx* + car’ as a angle term, representing it thus, . 

(a — 5 -f- e)ar®; since, in fact, (« — 5 + c) is a known 
quantity. 

And also, when such terms are found on both sides of the 
f«gn =, we bftve seen bow they may be brought to one side. 
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and then reduced to a single term. Let us take, for ex. 
ample, the equation, 

2jr* — 3ar -f 4 = 5x* — &r + 5 

we first subtract and there remains 

— 3j: 4- 4 = 3x^ — 8r 4- 11 j 
then adding 8x, we obtain, 

5x + ♦ = 3 j^ + 11; 

lastly, subtracting 11, there remains Sir* = Sir — 7. 

We may also bring all the terms to one side of the 
sign =, so as to leave zero, or 0, on the other; but it must 
lie remembered, that when terms are transposed from one 
side to the other, their signs must be changed. 

Thus, the above equation will assume this form, Sir* — 
Sx + 7 = 0; and, for this reason also, the following general 
formula represents all equations of the second degree ; 

a.r* ± bar ± c = 0; 

in which the sign + is read plits or minue, and indicates? 
that such tcrnis as it stands before may be sometimes 
|Kisitivis and sometimes negative. 

()XJ7. Whatever therefore be the original form of a qua¬ 
dratic equation, it may ahvays be reduced to this formula of 
tiirec terms. If we have, for example, the eejuation 

ox-j-A ex 
ex + d h 

w’c may, first, destroy the fractions; multiplying, for this 
pur^iose, by cx -f- d, which gives 

ce.v^ ->r cfx edx + fd i t i 

«r -f- 6 = - ^ then by gx -f- h, we have 

agx^ 4" 4* “h bh = cfx- -}- cfx -f- edx -f- Jd, 

which is an ck] nation of the second degr€*e, reducible to 
the threos fc^lowing terms, which we shall transpose by ar¬ 
ranging them in the usual manner: 

We may exhibit this equation also in the following form, 
which is stiU more clear: 

{ixg — ce)x' -|- (%■ + o/i — — e4)x •+• 6^ — /d = 0. 

6^. Equations of the second degree, in which all the 
three kinds of terms are found, arc called complete, and the 
resolution of them is attended with greater difficulties; fqr 
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/ jrhidi ream we eluill ^rat consider tho8e» in wlnoh one of 
the terms is wanting. 

Now, if the term iV* were not found in the equation, it 
would not be a quadratic, but would belong to those of 
which we have alr^y treated; and if the term, whii^ con¬ 
tains only known numbers, were wanting, the equation 
would have this form, ax* + 6* =b 0, which bcmg divisible 
b^ JT, may be reduced to ox ± 6 = 0, whiedh is likewise a 
simple equation, and belongs not to the present class. 

oi^. Aut when the mimile term, which contains the first 
power of X, is wanting^ the etjuation assumes this form, 
oj^ ± c = 0, or ax* = ^ c; as tlie ugn of c may be citlier 
po^tive, or negative. 

We shall call such an equation a pure equation of the second 
degree, and tlie resolution of it is attended with no difiiculty; 

c 

for we have only to divide by o, which gives x® = ~; and 

taking the square root of both sides, we find x = — ; by 

vrhich means the equation is resolved. 

630, But there are three cases to be considered here. In 


the first, when 


c 

- is a square number (of which we can there¬ 


fore really assign the root) we obtain for the value of x a 
rational number, which may be cither integral, or fractional. 
For example, the equation x* =: 144, gives x =: 12. And 
X* = -j’-g-, gives X = 


The second case is, when — is not a square, in which case 


wc must therefore be contented with the sign v^* If> 
example, x* = 12, we have x r=^12, the value of which 
may be determined by approximation, os wc have already 
shewn. 


The third case is that, in which — becomes a negative 

number: the value of x is then altogether impossible and 
imaginary ; and tliis result proves that tlic question, which 
Icacis to such an equation, is in itself impossible. 

631. We shall also observe, before proceeding farther, 
that whenever it is required to extract the square root of a 
number, that root, as we have already remarked, has always 
two values, the one positive and the oilier negative. Sup¬ 
pose, for example, wc have the equation x* = 49, the value 
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of s will he not only -f:?* but also —7f which ie evpre$sed 
by jc = dt 7. So that all those questicuis admit of a double 
answer; but it will be easily perceived that in several cases, 
RS those which relate to a certain number of men, the ne¬ 
gative value cannot exist. 

632. In such equations, also, as ox* = frr, whei^ the 
known quantity c is wanting, there may be two values of x, 
though we find only one if we divide by x. In the equation 
a^* =■ Sr, for example, in which it is required to assim sw^ 
a value of x, tliat *• may become equal to 3x, this is done by 
supposing X ss 3, a value which is found by dividing the 
equation by x; but, beside this value, there is also another, 
whicli is equally satisfactory, namely, x = 0; for then 
or' = 0, and 3x’ =: 0. Equations therefore of the second 
degree, in general, admit of two solutions, whilst simple 
equations admit only of one. 

We shall now illustrate what we have said with regard to 
pure CMjuations of the second degree by some examples. 

633. Question 1 . lie([uired a number, the half of which 
inulti[)!ied by the third, may produce 24. 

Let this number be x; then by the question {x, mul¬ 
tiplied by must give 24; we shall therefore have the 
eipiation 

Multiplying by 6, we have x* = 144; and the extraction 
of the rtKJt gives x = zn 12. We put ±: ; for if x = + 12, 
we have [x = 6, and = 4: now, the product of these 
two numbers is 24; and if x = — 12, we have ^x = — 6, 
and ^x = — 4, the product of which is likewise 24. 

()i34. Question 2. Required a nuinlier such, that being 
increased by 5, and diminished by 5, the product of the sum 
by the diflerencc may be 96. 

Ijct this numlier be x, tlicn x 5, multiplied by x — 5, 
must give 96; whence results the equation, 

a-2 — 25 = 96. 

Adding 25, we have x' = 121; and extracting tlie root, 
we have .r = 11. Thus x 5 = 16, also x — 5 = 6; and, 
lastly, 6 X 16 = 96. 

635. Question 3. Required a number such, that by 
adding it to 10, and subtracting it firom 10, the sum, mul- 
tiplieci by the difference, will give 51. 

Let X be this number; then lO+x, multiplied by 10—x, 
must make 61, so that 100 — x« = 51. Adding x®, and 
subtracting 51, we have x' = 49, the square root of whicli 
gives O’ = 7. 

636. Q^estuyn 4. Three persons, who had been playing, 
leave off'; the first, with as many times 7 crowns, as the 
second has tlirue crowns; and the second, witH as many 
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&mes 17 crowns, as the third has 5 crowns. Farther, if we 
multiply the mon^ of the hrst by the money of the second, 
and ttie money or the second by the money of the third, 
and, lastly, the money of the diird by that of the firsts the 
sum'of these three products will be 8830}. How much 
money has each ? 

Suppose that the ^rst player has x crowns; and since 
he has as many times 7 crowns, as the second has 3 crowns, 
we know that his money is to that of the second, in the ratio 
of 7: 3. 

We shall therefore have 7 : 3 :: x ; the money of the 
second player. 

Also, as the money of the second player is to tJiat of the 
third in the ratio of 17 : 5, we shall have 17 : 3 :: j-r : 
the money of the third player. 

Multiplying x, or the money of the first player, by Jx, the 
money of the second, we have the product }x*: then, ^x, the 
money of the second, multiplied by the money of the third, 
or by T-iV*** ; and, lastly^ the money of the third, 

or multiplied by x, or the money of the first, gives 

Now, the sum of these three products is -^x® -|- 
and reducing these fractions to the same 
denominator, vre find their sum wliich must be etjuai 

to the number 3830}. 

We have therefore, = 3830}. 

So that *^Jx* r= 11492, and 1521x* being equal to 
9572836, dividing by 1521, we have x* = “nd 

taking its root, we find x = This fraction is reducible 

to lower terms, if we divide oy 13; so that x zr = 
79}; and hence we conclude, that *•«•== 34, and -,'|\.r=:10. 

The first player therefore has 79} crowns, the second has 
34 crowns, and the third 10 crowns. 

Remark. This calculation may be performed in an easier 
manner; namely, by taking tlie factors of the numbers which 
present themselves, and attending chiefiy to the squares of 
those factors. 

It is evident, that 507 = 3 x 169* and that 169 is the 
square of 13 ; then, that 833 = 7 X 119, and 119 = 7 x 


3 V 16Q 

17: therefore |^=—= 3830}, and if we multiply by 3, 

If X 49 

9x169 


we have 


17x49 


x^ = 11492. L^t us resolve this num¬ 


ber also into its factors; and we readily perceive, that 
the first is 4, that is to say, that 11492 = 4 x 2873; 
farther, 2873 is divisible by 17, so that 2873 = 17 x 169. 
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Consequently, our equaUon will assume the fiodlowing form. 


9x169 


^ = 4 X 17 X 169, which, divided by 169, is re- 


17X49 


duced to ,r= —75’*'* = 4x17; multiplying also by 17 x 49, 

and dividing by 9, we have ** = whl<di ^ 

the factors are scjuares; whence we have, vnthout any 
further calculation, the root x = =: *1-* = 791, 


as before. 

637. Qticstion 5. A company of merchants appoint a 
factor at Archangel. Each of them contributes for the 
trade, which they nave in view, ten times as many crowns 
as there are partners; and the profit of the factor is fixed at 
twice as many crowns, per ccuty as there are partners. Also, 
if part of his total gain l>e multiplied by Si, it will give 
the numlicr of partners. That number is required. 

Let it be X; and ance, each partner has contributed lOx, 
the whole capital is 10.r\ Now, for every hundred crowns, 
the factor gains so that with tlie capital of lO-r* his profit 
will be The ^ part of his gain is i raulupiying 

by 2.^-, or by we have orTl-T**’^ must 

be e()ual to the numl)cr of partners, or x. 

We have, tlierefore, the ctpiation = x, or = 

225x; w'hich appears, at first, to be of the third degree; 
but as we may divide by x, it is reducetl to the quadratic 
X* rr 225; whence x zz 15. 

So that there are fifteen partners, and each contributed 150 
crowns. 


QUESTIONS FOR PRACTICE. 

1. To find a number, to which 20 l>eiiig added, and 
from which 10 being subtracted, tlie square of the sum, 
added to twice the square of tlie remainder, shall be 17475. 

Jm. 75. 

2. What two numbers arc those, which aj^e to one an¬ 

other in the ratio of 3 to 5, and wliose squares, added t^ 
gether, make 1666? Ans. 21 and 35. 

3. The sum 2flr, and the sum of the squares 26, of tw’o 
numbers being given ; to find the numbers. 

Arts, a — — or*) and a A- y/{b — a*). 
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4. 'To divide the number 100 into twb such narts, that 
the sum of their square roots may be 14. Ans, 64 and 

6. To find three such numbers, that the sum of the first 
and second multiplied into the third, may be equal to 63; 
and the sum of the second and Uiiid, multiplied into the 
first, may be ^ual to 28; also, that the sum of the first and 
third, multiplied inta||he second, may be equal to 55. 

Ans. 2, 5, 9. 

6. What two numbers are those, whose sum is to the 
greater as 11 to 7; the dificrence of their 8(|uare8 being 
132? Ans. 14 and 8. 
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638. An equation of the second degree is said to lie mixi^ 
or complete, when three terms are found in it, namely, that 
which contmns the square of the unknown quantity, as «*'*; 
that, in wliich the unknown qiianuty is found only in tlie 
first power, as bx ; and, lastly, the term which is composed 
of only known quantities. And since we may unite two or 
more terms of the same kind into one, and bring all the 
terms to one side of the sign the general form of a mixt 
equatiem of the second degree will be 

ox® + ftx + c r: 0. 


In this chapter, we shall shew how the value of x may l>c 
derived from such etiuations: and it will be seen, that Uicrc 
are two methods of ootaining it. 

689. An equation of the kind that w'e are now considering 
may be reduced, by division, to such a form, that the first 
term may contain only the scjuarc, x"*, of the unknown quan¬ 
tity X. We shall leave the second term on the same side 
with X, and transpose the known term to the other side of 
the rign =. By these means our equation will assume the 
form of X* ± px = ±: y, in which p and q represent any 
known numbers, poritive or negative; and the whole is at 



'resolution would be attended wnth no difficulty, because 
It would only be required to take the square root of both 
rides. 
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640. But it is e^dent fliat ** -f* cannot be a squ^; 
since we have already seen, (Art. 307.) that if a root con¬ 
sists of two terms,' for example, x -f- n, its square always 
contains three terms, namely, twice the product of the two 
parts, beside the square or each part; that is to sav, the 
square of Jc + n is x* + Snx -f- n\ Now, we have already 
on one side x* px\ we may, thcrefoni, consider x* as the 
square of the first part of the root, and in this case px must 
represent twice the product of x, the first part of the root, 
by the second part: consequently, this second part must bo 

and in fact the square of x -j- Ip, is found to be 

641. Now, x‘ •+ px -f being a real square, which has 
for its root x + if we resume our €K|uation x" px -zz. q, 
we have only to add to botli sides, which gives us 

+ px -f- -|p* =r jr -f- ^p\ lire first side being actually 
a square, and the other containing only known quantities. 
If, therefore, vie take the square root of both sides, we 
find X -‘p = \/('P* 4- fj)\ subtracting 4p, we obtain 
j: = — Ip -I- V'C 4- q) ; and, as every square root may be 
taken cither affirmatively or negatively, w'e shall have for 
X two values expressed thus; 

* =-ip+ <?). 

642. This formula contains the rule by which all qua¬ 
dratic ct|uations may be resolve<l; and it will lie proper to 
commit it to memory, that it may not lie necessary, every 
time, to rciicat the whole operation which we have gone 
through. We may always arrange the equation in such a 
manner, that the pure square x« may be found on one side, 
and tlie above equation have the form x* == — px -\~q, where 
we see immediately that a: = — |p ± v'l^p® 4- q)- 

643. The general rule, therefore, which we deduce from 
that, in order to resolve the c(]uation .i® =r — px 4 is 
founded on this consideration ; 

That the unknown quantity x is equal to half the co¬ 
efficient, or multiplier of xron the other side of the equation, 
plus or minus the square root of the square of this number, 
and the known quantity which forms the tliird term of the 
equation. 

Thus, if we had the equation = 6r 4" 7, we should 
immediately say, thatx = 3 ±: v^(9 4 7) = 3 d: 4, whence 
we have these two values of x, namely, x a= 7, and x t= 
— 1. In the same manner, the equation .r® = lOx — 9, 
would give x = 5 ± {^5 — 9) = 5 ± 4, th^ is to say, 

the two values of x arc 9 and 1. 

644. This rule wilt be still iK'ttcr understood, by distin- 
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ffuuluiiff ihe following cates; 1st, Whra d is an oven num- 
ber; When is an odd number; ana 9d, When J 9 is a 
frac^kni^ number. 

1st, Let /I be an even number, and the equation sudi, 
that = 2px + 7 ; we shall, in this case, have 

4r = |» ±^(p«-h y). 

Sd, Let p be an odd number, and the equation ss 
px + f; we shall here have x =3 + y); and 

anoe q sx —we may extract the square root of 

the denominator, and write 


xzs ^p± 


^(p»+4f) _ p±:v^(p«+47) 


2 


3d, Lastly, if p be a fraction, the equation may be rc> 
solved in the following manner. Let the et]uation be «jr® = 

bx c 

i&x 4 - <■> or x*=-f- —, and we shall have, by the rule, 

a a 


b ^ 
* 2a 


c 


+ -)• = 


6*4-4ac 
4o* 


, die de¬ 


nominator of which is a square; so tliat 

_ 6 ± ^/(6* + 4<ir) 

I = ^ ■ 


645. The other method of resolving mixt quadratic cqua> 
rions is, to transform them into pure equations; whicn is 
done by substitution: for example, in ttie equation = 
px -f 9 , instead of the unknown quantity x, we may write 
another irnknown quantity, j/, such, that x = y 4 Ip; by 
which means, when we have determined wc may imme¬ 
diately find the value of x. 

If we make this substitution of y -f- tP instead of x, wc 
have x*=:^ + ijp"*px = py -f- -jp’; consequently, 
our equation will become 

y* -f = fy + xp* + y i 

which is first redu<^, by subtracting py, to 

y«-4 4p* = ^ + y; 

and then, by subtracting 4 p% to y* r= Ip*- -4 q^ This is 
a pure quadratic equation, whi^ immediately gives 

y = ± V'(4 p* 4 9 ). 

Now, since x =s y 4 - xPf we have 

x — 4 V), 
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as we found it before. It only remains, therefore, to il¬ 
lustrate this rule by some examfues. 

646. Queitiian 1. There are two numbers; the one exceeds 
the other by 6, and Uieir product is 91: what are tliose 
numbers ? 

If the less be the other will be x + 6, and their pro¬ 
duct 6x = 91. Subtracting 6x, there remains » 
91 — 6x, and the rule gives 

X = — 3 + ^(9 4-91) = — 3 + 10; so that x = 7, or 
X = - 13. 

The question therefore admits of two solutions; 

By the one, the less number x = 7, and the greater x + 
6 = 13. 

By the other, the less number x = — 13, and the greater 
X + 6 = — 7. 

617. Question 2. To find a number such, that if 9 be 
taken from its square, the remainder may l>e a number, 
as much greater than 100, as the numner itself is less 
tiinn 523. 

Let the number sought be x. We know that x* — 9 ex¬ 
ceeds 100 by X* — 109: and since x is less than 23 by 
23 — X, we have this equation 

X* — 109 = 23 - X. 

Therefore x® = — x + 132, atid, by the rule, 

•'=-;+ + 132) = - 1 ± =- T ± V- So 

that x = lI,orx= — 12. 

H ence, when only a positive number is required, that 
niiml>er will be 11, the square of which minus 9 is 112, and 
consequently greater than 100 by 12, in the same manner 
as 11 IS less than 23 by 12. 

648. Question 3. To find a number such, that if we 
multiply its half by its third, and to the product add half 
the numl)er required, the result will be 30. 

Supposing the number to be x, its half, multiplied by its 
third, will give-gX*; so that gx* + ^x = 30; ano multiply¬ 
ing by 6, we have x® + 3x = 180, or x® = — 3x ISO, 
which gives x = — 1 + -f- ISO) = — | ± V* 

Consequently, either x = 12, or x = — 15. 

649. Question 4. To find tvro numbers, the one being 
double the other, and such, tliat if we add their sum to their 
product, we may obtain 90. 

Let one of the numbers be x, then the other will be 2i; 
their product also will be 2x’, and if we add to this 3x, 
or their sum, the new sum ought to make 90. So that 
2x® + 3x = ^; or 2r* = 90 — 3x; whence x® =s — “f* 

45, and thus wc obtain 
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=~ i ± V- 

Consequently j- =: 6 , or x =: — T-*-. 

650. C 5. A horse^ealer bought a horse fcH* a 

certain number of'crowns, and sold it again for 119 crowns, 
by which means his profit vras as much per cent as the horse 
cost him; what was his first purchase ? 

Suppose the horse cost x crowns; then, as the dealer gains 
.r per cent, we have this proportion: 


As 100 : 


X : 





JT* 

since therefore he has gained and the horse originally 


cost him X crowns, he must have sold it for .r -f- 


1(K) ’ 


therefore j.’ 4" = 119; and subtracting j, wc have 


100 


= — a: + 119; then multiplying by 1(X), we obtain 


ar* = “ lOOor^^9^* Whence, by the rule, we find 
j = - 50 + ^ (2-500 -f 11900) = — 50 4- ^/14400 = - 
50 + 120 = 70. 

The horse therefore ctjst 70 crowns, and since the horse- 
dealer gained 70 per cent when he sfdcl it again, the profit 
must have been 49 crowns. So that the lior>e nmst Iiave 
been sold again for 70 49, that is to say, for 119 crowns. 

651. Question 6. A person buys a certain iiuinbiT of 
pieces of cloth : he pays for the first 2 crowns, for the 
second 4 crowns, for the tliird 6 crowns, and in the same 
manner always 2 crowns more for each following piece. 
Now, all the pieces together cost him 110: how many pieces 
had he? 

Let the number sought Ik' x ; then, by the question, the 

f iurchascr paid for the <iifferent pieces of cloth in the fol- 
owing manner : 

for the 1, 2, 6, 4, 5 . . . . x pieces 
he pays 2, 4, 6, 8, 10 .... 2r crowns. 

It is therefore required to find the sum of the aritlimctical 

progression 24’4'H-64-8-f- .2jr, which consists of 

X terms, that wc may deduce from it the price of all the 
pieces of cloth taken together. The rule which wc have 
already given for this operation requires us to add the last 
term to the first; and the sum is ^ ^ ^ which must be 

multiplied by the number of terms x, and the product will 
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be 2x ; lastly, if we divide by the difference 2, the 

quotient will be x' Xy which is the sum of the progression ; 
so that we have ar« + ^ = 110; therefore x' =—x -f- HO, 

and jr = — -I- + (i: "h H 0) = — -f- V ~ 10* 

And hence the number of pieces of cloth is lO. 

652. Qiu'stion 7. A person bought several pieces of 
cloth for 180 crowns; and if he had received for the same 
sum 3 pieces more, he would have paid 3 crowns less for 
each piece. How many ]>iect»8 did he buy ? 

Let us represent the number sought by a:; then each 

180 

piece will have cost him crowns. Now, if the purchaser 

hail liad jr -j- 3 pieces for 180 crowns, each piece would have 

cost —crowns; and, since this price is less than the real 
a’ + o * 

]>ricc by three crowns, "wc have this equation, 

180 180 _ ^ 

+ 3 ~ j- 


Multiplying by j-, we obtain = ISO — 3^; dividing 

OO t* 

by 3, we have —- 7 , = 60 — .r; and again, multiplying by 
JT -J- »3 


X 4- 3, gives 60 t = 180 4- 57.r — y-; therefore adding x\ 
we shall havex’ + 60.i' = 180 4- •">7^’; and subtracting 60jr, 
we sliall have x* — fix 4- 180. 

The rule consequently gives, 

X = - i- + -p 180 ), or X = - 1 + V = 12. 

He therefore Imught for 180 crowns 12 pieces of cloth 
at 15 crowns the pii*ce; and if he had got 3 pieces more, 
namely, 15 pieces for 180 crowns, each piece would have 
cost only 12 crow'us, that is to say, 3 crowns less. 

65f3. Qfiestion 8. Two merchants enter into partnership 
with a st(x:k of ICX) pounds; one leaves his money in the 
partnership for three months, the other leaves his for two 
months, and each takes out 99 pounds of capital and profit. 
What proportion of the stock did they separately furnish ? 

Suppose the first partner contributed x pounds, the other 
will have contributed 100 — x. Now, the former receiving 
99 /., his profit is 99 — x, which he has gained in three 
months with the principal x; and since the second receives 
also 99/., his profit is .r — 1, which he has gained in two 
montlis with the principal 100 — x; it is evident also, 
that the profit of this second partner would have been 

q2 
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if he had remained three months in the partnership: 


and as the profits gained in the same time are in proportion 
to tlie piincipals, we have the following proportion. 


: 99 — X 


100 - T 


ar-3 
2 ■ 


And the equality of tlie product of the extremes to that of 
tlie mcrans, gives the equation, 

Sjr” —3x 

—-— = 9900 —199x + 


then multiplying this by 2, wc have 

Hr* — = 19800 — OOtir 4- SiLr-; and subtracting we 

obtain — 3 j* = 19800 — 398a*. Adding 3.r, gives .r = 
19800 — SOSx; then by the rule, 

= 45. 


The first partner tlierOfore rontributed 45/. and tlie t)ilior 
551. The first having gainetl 54/. in three inonth.s, M<iuld 
have gained in one month 18/.; and the seet>nd having 
gained 44/. in two months, would have gained 2iU. in tme 
month; now these profits agree; for if, with 4.5/., 1^/. are 
gained in one month, 22/. will be gained in the Mime time 
with 55/. 

654. Qucitttan 9. Two girl.s carry 100 egg.s to market; 
the one had more than the other, and yet the sum which they 
both received for <hem was the same. The first says to the 
second, If I had had your eggs, I should have reeeivtxl 1.5 
pence. 'Fhe other answers If I had had yours, 1 should 
nave received 6^ |)ence. liow' many eggs did each carry to 
market ? 

Suppose the first had x eggs; then the second must have 
had 100 — X. 

Since, therefore, the former would have sold 100 — x eggs 
for 15 pence, we have the following proportion : 


(100 — x) : 15 ; : X : 


15x 

100—X* 


Also, since the second would have sold x eggs for 6f 
pence, we readily find liow much she got for 100 — x eggs, 
thus: 


A-s X : (100 — x) : : y 


2000 —20 x 
3a 


Now, both the girls received the same money; we have 
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, , . 15jr 2000-20s 

consequently the equation, -! 

comes 25s'^ = 200000 — 4000^*; and, lastly, 

X* =- I60s + 8000; 


which be- 


whence we obtain 


j = _ 80 + ^(6400 -f 8000) = - 80 + 120 = 40. 

So that tlie first girl had 40 eggs, the second had 60, and 
each received 10 pence. 

655. Question 10. Two merchants sell each a certain 
quantity of silk; the second sells 3 ells more than the first, 
and they received together 35 crow'ns. Now, the first says 
to the second, I should have got 24 crowns for your silk; 
the other answers, And I should have got for yours 12 
crowns and a half. How many ells had each ? 

Suppose the first had s ells; then the se<‘ond must have 
had J -j" ^ i also, since the first would have sold x -J- 3 

24r 

ells for 24 crowns, he must have received —-To crowns for 

his j- ells. And, with regard to the second, since he would 
have sold s ells for 12 J crowns, he must have sold his 


.r + 3 ells for 


1-75 

Us 


; so that the whole sum they 


re- 


eeivetl was 


24.r 25.r4 75 

a’-f3~^ 2s 


35 crowns. * 


This equation becomes a-* = 20 j* — 75; whence we have 
X = 10 + x^(100 — 75) = 10 ± 5. 

So that the (piestion admits of two solutions: according 
to the first, the first merchant had 1.5 ells, and the second 
had 18; and since the former w'ould have sold 18 ells for 
24 crowns, he must have sold his 15 ells for 20 crowns. 
The second, who would have sold 15 ells for 12 crowns and 
a half, must have sold his 18 ells for 15 crowns; so that they 
actually received 35 crowns for their commodity. 

According to tlie second solution, the first merchant had 
5 ells, and the other 8 ells; and since the first would have 
sold 8 ells for 24 crowns, he must have received 15 crowns 
for his 5 ells; also, since the second would have sold 5 ells 
for 12 crowns and a half, his 8 ells must have produced 
him 20 crowns; the sum being, as before, 35 crowns. 
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656. We have shewn, in a preceding chapter*, how 
polygonal numbers arc to be Ibund; and what we then caDed 
attdej is also called a root. If’, therefore, we represent the 
root by x, we shall find the following expressions for all 
polygonal numbers: 

the iiigon, or triangle, is —^ , 


the ivgon, or square, > 

the vgon - - - - 

the vigon - - - _ 

the viigon - - - - 

the viiigon _ . - 

the ixgon . . - - 

the xgon - - - - - 

the ngon _ . > - 


X, 

5x*— 
b * 

3x--2i, 

7.r*-5x 
2 ’ 

4r* — 3x, 

(« — 2)x* — (ti — 4‘)r 
2 ' 


657* We have already shewn, that it is easy, by means of 
these formulae, to find, for any given root, any polygon 
number required: but when it is required rcciprocalfy to 
find the side, or tlie root of a polygon, the number of wliose 
udes is known, the operation is more difficult, and always 
requires the solution of a quadratic equation; on which ac¬ 
count the sulycct deserve^ in this puice, to be separately 
considered. In doing this we shall proceed regularly, be¬ 
ginning with the triangular numbers, and passing from tlicm 
to those of a neater number of angles. 

658. Let merefore 91 be the g^ven triangular number, 
the side or root of which is rex^uired. 

If we make this root we must have 


* Chap. 5 , Sect. 111. 
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= 91; or + r = 182, and jr* = — x + 182; 


consequently, 

a-=- i 4-182)=- -i + v=i3; 

from which wc conclude, that the triangular root required is 
13; for the triangle of 13 is 91* 

659« But, in general, let a be the ^ven triangular num¬ 
ber, and let its root be required. 


Here if wc make it = r, we have 


4r*-|-a’ 


= a, or X* 4- 


X = 2a ; therefore, x^ = 
1 +-/(! + iki), or X = 


— X -|- 2a, and by the rule x = — 
-l + v/(8«4-l) 

2 


This result gives the following rule; To find a trian¬ 
gular root, we must multiply the given triangular number 
by 8, add 1 to the prmluct, extract the root t)f the sum, 
subtract 1 from that root, and lastly, divide the remainder 
by 2. 

3()0. So that all triangular numbers have this property; 
that if we multiply them by 8, and add unity to tlie product, 
the sum is always a square; of which the following small 
TabK‘ furnishes some exanqdes; 


Triangles 1, fJ, 
times + 1=9, 25, 


(). 10, 15, 21, 2«, 36. 45, 55, &c. 
19, 81, 121, 169. 225,289, 361, 441, &c. 


If the given nuntber a does not answer this condition, we 
conclude, that it is not a real triangular number, or that no 
rational root of it can be assigned. 

(Kn. Aeconling to this rule, let the triangular nxH of 210 
be required; we shall have a — 210, and 8« + 1 = 1681, 
the st]uare root of which is 41; whence we see, that 
the number 210 is really triangular, and that its root is 

41 — 1 

—-— = 20. But if 4 were given as the triangular num¬ 


ber, and its root were required, wc should find it 


-✓33 

2 


_ I 


and consequently irrational. 


However, the tri¬ 


angle of this root. 



— 4, may be found in the following 


manner: 

✓33-1 , „ 17-V/33 ^ 

Since X =-rr-, we have x-=---, and adding 


o 


2 
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/33 — 1 

s =: - A -to it, die sam is x* + * =: = 8. Conse- 

a 


Jr*+xr 


= 4. 


quently, the triangle, or the triangular number, 

66 £. Tlie quadrangular numbers being the same as 
squares, they occa^on no difficulty. For, supposing the 
given quadran^lar number to be a, and its required 
root X, we shall have x* = a, and consequently, x = ^; 
so that the square root and the quadrangular root are the 
same thing. 

663. Let us now proceed to pentagonal numbers. 

Let ^ be a number of this kind, and x its root; then, by 

Sjr*—-X 

the third formula, we sliaU have —^— = 22, or 3x* — x 
= 44, or X* = -4" V » froni which we obtain, 




_ M:^529) 


— • -I. * J — A. 
g — tf ^ -ff ^» 


and consequently 4 is the pentagonal root of the number 22. 

664. Let the following question be now proposed: the 
pentagon a being given, to hnd its root. 

Let this root be x, and we have the cc}uation 

3x« —X _ , _ „ ^ X 

—-— = </, or ox — X = 2a, or x* = -^x ; by means 

^ tJ 

2 a 

of which we find x = ^ ”3 b that is, 

14-^/(24a-f-l) 


X — 


6 


Therefore, when a is a real pentagon, 
24a 1 must be a square. 

Let 330, for example, be the ^ven pentagon, the root 

1+%^(7921) 1 + 89 ,, 

will be X r: -g-= —g— = 15. 

665. Again, let a be a given hexagonal number, the root 
of which is required. 

If we suppose it = x, we shall have 2x< — x = a, or 
a* = .* X + +2 ; and this gives 

x = i+v'(A + 4-) = ^4—• 


So that, in order that a may be really a hexa^n, 8a + 1 
must become a square; whence we see, that lul hexagonal 
numbers are contained in triangular numbers; but it is not 
the same with the roots. 
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For example, let the hexagonal number be 1995, its root 


‘will be = 


1+V9801 14.99 


=s 25. 


4> 4 

666. Suppose a an heptagonal number, of which the root is 
rcquireil. 

3ir 

Let this root be x, then we shall have-^— = a, or 

a-* = ,•*’4" which gives 

- = Vo +v/(, ; 

thf'refore the heptagonal numbers have this property, that if 
they be inultiplied ny 40, and 9 be added to the product, 
the sum will always be a square. 

l^ct the hef>tagon, for example, be 2059; its root will be 


found = X = 


34 - 1 /( 82369 ) 3 4 287 


= 29. 


10 10 

667. I^et us suppose a an octagonal number, of which 
the r<»ot .t is required. 

We shall here liave Ox* — 2x = a, or x* = |x + 
whence results r = r 4 “ 7 <*) = 

o 

Consequently, all octagonal numbers are such, that if 
multiplied by 3, and unity be added to the product, the sum 
is constantly a square. 

For example, let 3816 be an octagon; its root will be 
14 -v'11449 1 + 107 


X = 


= 36. 


3 3 

668 . Lastly, let a be a given n-gonal number, the root of 
which it is required to assign; we shall then, by the last 
i'onnula, have this equation : 

(n-2>--(» —4)x « / A\ o 

-- — =: a, or (n — 2)a:* — (n — 4)x = 2a; 

- „ («—4)^ ^ 1 . 

consequently, a^= ~ n— ~ 2 —^ ~ —wnence, 
n —4 


X = 


n-2' 


. (n-4)* 

f-v/<7-r -—+ 


2a 


,)» or 


2(11-2) ' '4(n-2)* • n-2' 

— j. 8 (w— 2 )a 

^ “■ 2(n-I^"*'^^4(n-.2)*“*"4(»-2)*'’ 
n - 44-^(8(n- 2)a4-(f»—4)2) 
2 («- 2 ) 


X = 
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ThU foirmiilA contaios a general rule for finding all the 
posable polygonal nxits of given numbers. 

For example, let there be given the xxiv-gonal number, 
3009 : since a is here == 3009 and n = 24, we have 
•» — 2 = 22 and t* — 4 = 20 ; wherefore the root, or 
204 -^/( 5295844 - 400 ) 204-728 

,, =---=___= 17 . 


CHAP. VIII. 

Of the Extraction the Square Roots q^Binoniials. 

669* By a binomial* we mean a quantity coni|x>sed of 
two parts, which are either both affected by the si^n of tJjc 
square root, or of which one, at least, contains that sign. 

For this reason 3 4~ ^^5 is a binomial, and likewise' 
^ 8 -h ; and it is indifferent whether the two terms Ik* 
joined by the sign or by the sign —. So that 3 — 
and 3 + a/ 5 are both binomials. 

670. The reason that these binomials deserve {larticular 
attention is, that in the resolution of quadratic equations we 
are always brought to quantities of this form, wlien the re¬ 
solution cannot be performed. For example, the e(|uation 
x* = fir — 4 gives j = 3 -f- ^^5. 

It is evident, therefore, that such quantities must often 
occur in algebraic calculations; for which reason, we have 
already carefully shewn how they are to be treated in the 
mxlinary operations of addition, subtraction, multiplication, 
and division. but we have not been able till now to shew 
how their square roots are to be extracted ; that is, so far as 
that extraction is possible; for when it is not, wc must be 
satisfied with affixing to the quantity another r adical sign . 
Thus, the square -root of 3 -f is w'rittcn -f- a/^; 
or a/(3 + a/2). 

671. It must here be observed, in the first place, that tlie 

* In algebra we generally give the name binomial to any 
quantity composed of two terms; but Euler has thought proper 
to confine this appellation to those expressions, which the French 
analysts call quantitie* partly commemurahle, amdpartly ineom~ 
mauuralde. F. T. 
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squares of such binomials are also binomials of the same 
kind; in which also one of the terms is always rational. 

For, if we take the square of a + ^/b, we shall obtain 
(a* + i) -f 2a If tiierefbre it were required recipirocally 
to take tlie root of the quantity (a‘ + 5) + 2 a y/b, we should 
find it to be a y/h^ and it is undoubtedly much easier to 
form an idea of it in this manner, than if we had only put 
the sign before that quantity. In the same manner, if 
we take the square of y^a -h y/b, we find it (a + A) -f 
2 y/ab ; therefore, reciprocally, the square rcx)t of (a + A) 4 - 
2 will be y^a 4 - which is likewise more easily un- 
derstcKxl, than if we had been satisfied with putting the sign 
y' before the quantity. 

072. It is chiefly required, therefore, to assign a character, 
which may, in all cases, jx»int out whether such a ^uare 
nx>t exists or not; for winch puqxjse we shall begin with an 
easy ipiantity, requiring w'hetlier we can assign, in the sense 
that we have explained, the K][unre root of the binomial 

.j -4- 2 \^ 0 . 

Sup|X)se, therefore, that this root is y/x -|- y'y\ the 
s<|uare of it is (x 4 -J/) 4 - 2 \'xy^ which must be equal to 
the quantity 5 + 2 v^'C. Consetjuently, the rational part 
X ^ y must be equal to 5 , and the irrational part 2 yfxy 
must be equal to 2 n'O; which last ccjuality gives y/xy = 
y'H. Now, since x + y = 5, we have y =■ 5 — x, and 
this value substituted in the equation xy = 6 , produces 
5x —> x- = 6 , or X* = 5.r — 0; therefore, x = *- 4- a/( V — 

’ 4 i == 3. So that X = 3 and ^ zr 2; whence we 
conclude, that the square root of 5 4 - 2 y/6 is a/3 -|- a/2. 

673. As we have here found the two equations, x -f- 5 ^ = 5, 
and xy = 6 , we shall give a particular method for obtaining 
the values of x and y. 

Since x -\-y = o, by squaring, x’ -1- 2x^ 4 - = 25 ; and 

as we know that x* — 2 ^ 2 / 4 - y^ is the square of x — y, let 
us subtract from x® -f- 2.t^ = 25, the equation xy = 6 , 

Uiken four times, or 4ay = 24, in order to have x* — 2xy 4 “ 
7/* = \ ; whence by extraction we have x — ^ = 1 ; and as 
X 4“^ = 5, we shml easily find x = 3, and y = 2: where¬ 
fore, the square root of 5 4" 2 is a/ 3 -j- a'’2. 

674. Let us now consider the general binomial a 4 - y/b, 
and supi^osing its square root to be y/x 4 - we shall 
have the equation {x~\~y)-\-2 yfxy = a 4 - yfb\ so that 
X -\-y — and 2 ^xy = yfh^ or 4xj( = 6 ; subtracting 
this square from the square of the equation x ^ ^ = a, that 
is, from x* 2xy y" = a\ there remains x* — 2 xy 4 * 

= «• — §, the square root of which is x — y = A^(a* — b). 
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Now, X = a; we liave therefore x = 

. , a—^(a^—6) 

and y ==-^- t consequentlj, tlic square root re¬ 

quired of a -f v'A is 

675. We admit that this expression is more complicated 
than if we had simply put the radical sign l)cU)re the 
mven binomial a + and written it ^/(obut 
tne above expression may be greatly simplified when the 
numbers a and b arc such, that a* — 5 is a square; since 
then the sign a', which is under the radical, disappears. 
We see also, at the same time, that the square root of the 
binomial a ^'b cannot be conveniently extracted, except 
when a* — 5 = ; for in this case the square root required 

a + c. 


^ ^ €1 *** C* 

is ^/{—^ )-|- — 2 ~)- l>ut if o* — 5 is not a {icrfect 

square, we cannot express the square root of a + ^'b 
more anmly, than by putting the radical sign before it. 

676. The condition, therefore, which is requisite, in order 
that we may express the square root of a binomial « -f- ^'b 
in a more convenient form, is, that a* — l)e a square ; and 
if we represent tliat square by c% we shall have for the 

iM *‘ 4 * O iM c 

square root in question — - — )-\-V{ — 5 —)• We must 

% a 

farther remark, that the square root of a — Vb will Iks 

£ 1^.1 ^ Q - p 

squaring this quantity, we get 

a — 2 —;r—— ) ; now, since c* = — 5, and consequently 

a« — c" = by tlie same square is found 

^ A 2^/5 , 

= a — 2 ®-= fl — v'a. 

677. When it is required, therefore, to extract the square 
root of a binomial, as a Hh v'ft, the rule is, to subtract f rom 
the square a* the rational part the souare b of the ir¬ 
rational part, to take the square root of uie remainder, and 
calling that roctf c, to wnte for the root required 

+ e. o — c 

- 5 —)±v'(—^)- 

678. If the H|uarc root of 2 + V3 wore /(quired, we 
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should have a = 2 and ^6 = y/3 ; wherefore a* ^ b = 
e' ss 1 ; so that, by the formula just given, the root sought 
= V ^ 

Let it be required to find the square root of the binomial 
11+6 ^/2. Here we shall have a = 11, and v'ft = 6 v[2; 
consequently, & = 66 x 2 = 72, and o® — 6 = 49, which 
gives e = 7; and hence we conclude, that the square root 
of 11 +6 ^/2 is ■%/9 + \/2, or 3 + v/ 2 . 

Required the square root of 11 2 ^/30. Here a = 11 , 

and x''b = 2 consequently, A = 4 x 30 = 120, 

o* — A — 1, and c = I ; therefore the root required is 
5. 

679. This rule also applies, even when the binomial wn- 
tains imaginary, or impossible quantities. 

Let there l3e proposed, for example, the binomial 1 -|- 
4 3. First, we shall have a = 1 and ^^b = 4 3, 

that is to say, b — — 48, and a* — b ~ 49; therefore 
c = 7, and consequcnllv the square root retjuiretl is + 

- 3 = 2 + 3. ‘ 

Again, let there be given — 4: *^1 3. First, we 

have fl = — 1 ; x'b = I — 3, and b — | x — .3 = —• 4 ; 
whence a' — b and r = I ; and the result 


required is x'l t — I zz 






, or 4 + 4 — 3. 


Another remarkable example is that in which Ills required 
to find the Mjuare root ol‘ 2 1. As there is here no 

rational part, we shall have a zz 0. Now, r' b zz 2 — 1, 

and A = — 4; wherefore a- — 6=4 and c = 2 ; consc*- 
qucnlly, the square root renuired is ^'l-l-^'— 1 = 1 -|- 
v'— 1 , and the square 01 this quantity is found to be 
^/-1--I=i2 v/-l. 

680. Suppose now we have such an equation as x® = 
a + ^/ 6 , and that a* — 6 = c’; we conclude from this, that 


the value of x = 


a + r 

± v'l 



), which may be useful 


in many cases. 

For example, if x* = 17 -f- 12 ^/2, we shall have 
X = 3 + ^/8 = 3 -f 2 ^/2. 

681. This case occurs most frequently in the resolution of 
equations of the fourth degree, such as = 2ffx* + d. For, 
if we suppose x* = jy, we have x* rr jy®, which reduces the 
given eejuation to y* == 2ay -|- t/, and from this we find 
y ■=. a ±_ + d), therefore, zz a + d), and 

consequently we have another evolution to perform. Now, 
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idnoe a'6 =; <>/(«* 4- we have d si a'^ d, and a* — 
i = — d; therefore, — d is a square, as r% that is to 
say, d — — c\ we may assign the rixjt requireti. 

Suppose, in reality, <that d = — r*; or that the proposed 
equation of tlie fourtli degree is —• r*, we shall then 


« « . a + c ♦ a —r 

find that x = ). 

682. We shall illustrate what we have just said by some 
examples. 

1, Required tw'O numbers, whose prtxluct may be 105, 
and whose st^uares may together make 274. 

Let us represent those two numbers by x and y j we shall 
then have the two equations, 

xy =s 105 
x« -f = 274. 

The first gives ^ zr this value of y being sub- 


stitutixl in the second etjualion, we have 


„ . 105* 
X- q-r 

X" 


274. 


Wherefore a ‘ + 105* = 274.r', or .r* =: 271.r- — 105-. 

If we now compare this equation with that in the jire- 
cctling article, we have \la — 274, and — e- = — 105'; 
consecjuently, c =r 105, and a = 107. We theri fore liiul 


X n v'( 


137 + 105 


o 


107—105 
) ± s'K -3- ) = n ± 4. 


Whence x = 15, or .r = 7. In the first case, y — 7, and in 
the second case, ^ 15 ; w'hence the two nunda’rs sought are 
15 and 7. 

683. It is proper, however, to observe, that this calcula¬ 
tion may be performed much more easily in anotiicr way. 
For, since x- -f- + y- and .i- — 2xiy + y- are squares, 

and inncc the v^ues of x* + and of xy arc given, we have 
only to take the double of this last quantity, anil then to add 
and subtract it from the first, as follows: .r* y- = 274; 
to which if w'e add 2xy rr 210, we have 
X* 4- 2xy +- ^ = 484, which gives x y — 22, 

But subtracting 2Liy, there remains x~ — 2r^ + y" — 64, 
whence we find x — y ~ 8. 

So that 2x = 30, and 2^ = 14; consequently, x = 15 
find V := 7. 

TItc following general question is resolved by the same 
m^od. 
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2. Required two numbers, whose product maj' be m, and 
the sum of the squares n. 

If those numbers are represented by x and y, we have the 
two following equations: 

xy m 
x'^ H- " 

Now, 2xtf = 9.m being added to — w, we have 

.r" -jr 2xy y- — n 2niy and consequently, 

X + ^ n x^{n + 2m). 

But subtracting 2xy, there remains x* — 2xy -r y* zz n 
— 2 m, whence we get x — y \^(n — 2 m); we have, 
therefore, x = %/(« + 2 m) -(- 4 . \/{n — 2 m); and 

y zz iy(n + 2 m) — I- >/(n — 2 w). 

G84. 3. Reejuired two numbers, such, that their product 

may be 35, and the difference of their squares 24. 

Let the greater of the tw'o numiners be x, and the less^: 
then wc shall have the two equations 

XI/ = 35, 
x^ — y^ = 21 ; 

and as we have not the same advantages here, we shall pro¬ 
ceed in the usual manner. Here, the first ecpiation gives 



and, siihstltullng this value o\'y in the second, we 


1225 

have X*-— 21-. ^Multiplying by x', wc have 

•2 


,r* — 1225 = 24r'; or •*'* = 24/’* + 1225. Now, the se¬ 
cond member of this equation being aflbcted by the sign -f, 
we cannot make use of the formula already given, because 
having r- = — 1225, c would become imaginary. 

Let us therefore make x- = 2; wc shall then have 
i* = 24z 4 - 1225, w'hencc wc obtain 

z = 12 ± ^^(144 4- 1225) or r = 12 ± 37; 
consequently, x~ 2 = 12 ^ 37; that is to say, cither = 49, or 
= — 25. 

If we adopt the first value, we have x = 7 and y zz 5. 

The second value gives x = -t/— 25; and, since xy — 35, 


wc have y = 


> 1225 

25” '"^-25 


685. We sliall conclude this chapter with the following 
question. 

4. Rec)uired t>vo numbers, such, that their sum, their 
product, and the difference of their squa^, may be all 
equal. 
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X«et X be the ereater of die two numbers, and y die less; 
then the three Allowing expressions must be equal to one 
another: namely, the sum, the product, xy; and 

the difference of ^e squares, x* — y*. It we compare the 
first with the second, we have s which will give 


a value of x: for y =s%r^ — x = (^ — 1), and x = 


Consequendy,x + y= ^ 

that is to say, the sum is equal to the product; and to this 
also the difference of the squares ought to be equal. Now, 




y 


we have x* — y* = 








,x _ 


■y+v 


y—% f 1 ’ 


so 


that 


making this equal to the quantity found have 

y* -y + 2y* j- u . 1. 1 

-7 -^ i dividing by v', we have -= =. 

multiplying by y — % -f 1, or (3/ - \ )% 

we have y — 1 = y" •¥ ^^/ i consequently, y = y + 1 ; 

1 ^ *1 

which givesy= ; + 1) = {- ± — ♦ 


and ^ce x = we shall have, by substitution, and 

y — 1 

using die sign -f, x = 

In order to remove the surd quantity from the denomi¬ 
nator, multiply both terms by oht^i*' 

34 ^'5 

X- ^ - g . 

Therefore the greater of the numbers sought, or .r, 
34-^/5 , , , I+n S 

=—^2 — ’ ™ ~ —2—' 

Hence their sum x -|-= 2 -f ; their product ay =: 


7+3 

2 + v^5; and «nce x® =-^ , and y® 


3+ ,'5 


o 


we 


have also the difference of the squares x* — y* = 2 + V5, 
bang all die same quantity. 

686. As this solution is very long, it is proper to remark 




CHAP. VIII. 


OF ALCEBRA. 


24*1 


that it may be abridged. In order to which, let us begin 
with making the sum x equal to the difference of the 
squares 3^ ~~ wc shall then have x y ^ and 

dividing by x •+• y, because x^ — y* zx {po y') x (r — y), 
we find 1 z=z X y and x — y Consequently, x y 

= 2 y + 1 , and x" — y' = 2 y + 1 ; farther, as the product 
jry, or y* 4 * y* must lx? equal to the same quantity, we have 
y® y = % 4 - 1 , or y® = y + 1 , which gives, as before, 

i-hv/s 

GSl. The preceding question leads also to the solution of 
the following. 

5. To find two niimljers, such, that their sum, their pro¬ 
duct, and the sum of their stjuares, may be all equal. 

Let the numlwrs sought l)c represented by x and y; 
then there must be an equality bet%veen x + y» J'y? and 

^ .y** 

Comparing the first and second ijuantitics, we have 


// 


r -j- y = -^y, whence x = ; consecjuently, .ry, and 

y 


ir 


-j- ?y = - —Now, the same quantity is equal tox’ -f y®; 

y 

M> that we have 


y 


+ y = 


y 


y y--i* 

Multiplying by y~ — 2y -j- 1, the product is 


y‘ 


^2y' -f- 2y* = y' -y®, ory* = Sy" — 3y®; 


and dividing by y*, we ha\e y® = 3y — 3; which gives 

3+^/-3 


y = 1 ± ^ = 


o 


consctjuently, 


l+v/-3 


3-J- -v/-3 


y — 1 = — -, whence results x — -—-— 5 ; and 


multiplying both terras by 1 — — 3, the result is 

X 


6 —2x/-3 3-x/—3 

-:-, or - 


2 

q ^ 

Therefore the numbers sought are x — -^-, and 

y =: '--, Uic sum of which is x -j- y • = 3, their 

3_f5,/-.3 J 

product xy = 3; and lastly, since X' , and 


o 

K 
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ss ---, the sum of the squares x- + jy* = 3 , 


all 


the same quantity as required. • 

688 . We may greatly abriilge this calculation by a par¬ 
ticular ai*tif!ce, which is a]>plic:ab]e likewise to other cases; 
and which consists in expressing the numbers sought by the 
Sinn and llie difference of two letters, instead of representing 
them by distinct letters. 

In our last question, let ns sup]K>se one of the numlx'rs 
sought to be p -f- y, and the other p — then their sum 
will be 2 /), their product will be p' — y’, and the sum of 
their squares will lu* 2 yi- -f 2 y% which three quantities must 
l)e equal to each other; therefore making the hrst ci}ual to 
the .-itrond, wchaveS^; = — 9 -, which gives o* =s p* — 2 /i. 

Substituting this value of q- in the third quantity 
(2/>‘ -r 2^'', and conqiaring the result \p^ — 4/> with the 
first, we nave 2p = 4/>' — 4/;, whence p = 


Consequently, q- =: />* - 2/> 


and 


q - 


i 



so that the numbers sought are p q — 



and 


/) — 9 



Un before 


• «il IISTION^ FOK I'RACTICi;. 

1 . W hat twi» numlwrs are those, who.se difli-renee is 1 * 
and half of their product equal to the cuIk* of the less.^ 

Am. 3 and 18. 

2. To find two numl>crs wdiose sum is 100, and product 

2059. 71 and 2 <). 

y. There are three nuinlwrs in geometrical jirogression : 
the sum of the first and second is 10 , and the difference of 
the second and third i.s 24. What are tlicy ? 

A m. 2, 8 and 32. 

4. A merchant liaving laiil out a certain sum of money in 
goods, sells them again fiir 24/. gaining as much }>er cent as 
the goofls cost him : required, wlml they cost him. Arix. 20 /. 

o. The sum of two numbers is u, their product b. Ke- 
quired the numbers. 

.> £t a" 

Ans. 77 ± and 

o 

+ V ( — A 4- ). 
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6 The sum of two numbers is a, aiiJ the sum of their 
sc]uares Required the numbers. 

. a Sib — , 

Ans. ^ db v'(—j—), and 


a 

~a 


4 

„ 26 - a' 

^ I )• 


7. To divide 36 into three such jiarts, that the second 

may exceed tlie fii>t I)y 4, and that tlie sum of all iheir 
squares may be 464. Ans. 8, 12, 16. 

8. A person buying 120 {pounds of pepper, and as many 
of ginger, finds that for a crown lie has one jKiund more of 
ginger than of |X‘pper. Now, the whole price of tlic |iepper 
exceeded that of the ginger by six crowns: how many 
pounds of each had he for a crown r 

Ans. 4 of pepper, and 5 of ginger. 

9. Required three numbers in continual pro|X)rtion, 60 

lieing the nuddie term, and the sum of the extremes being 
equal to 125. Ans. 45, 60, 80. 

10. A person liought a certain number of oxen for 80 

guineas : if he had received 4 more for the same money, ha 
would have paid one guinea less for each head. What w'as 
the mimiKT of oxen.^ Ans. 16. 

11. To divide the number 10 into tw'o such parts, that 

their pro<luct InMiig addcxl to the sum of their .scpiares, ma^ 
make 76. Ans. 4 and 6, 

12. Two travellers A and B set out from two places, F and 
A, at the same time; A from F with a design to pass 
through A, and B from A to travel the .same w'ay: after A 
had overUiken B, they found on computing their travels, 
that they had both together travelled SO miles; that A hacl 
pas.sed through A four days before, and that B, at his rate of 
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CHAP. IX. 

Of the Nature ^Bquations of the Second Degree. 

689. What we have already said sufficiently shews, that 
equations of the second degree admit of two solutions; and 
this property ought to be examined in every point of view, 
because the nature of equations of a higlier aegrec will be 
very mucdi illustrated by such an examination. Wc shall 
therefore retrace, with more attention, tlie reasons whicli 
render on C(]^uation of the second degree capable of a double 
solution; since they undoubtedly will exhibit an essential 
pnnx?rty of those equations. 

690. Wc have already seen, indeed, that this double solu¬ 

tion arises from the circumstance that the square rtxit oi'anv 
number may Ixj taken either positively, or negatively ; but, 
a.s this principle will not e.'usily apply to ecpiations of higher 
degrees, it may be proper to illustrate it by a <li.stinrt 
analysis. Taking, therefore, for an cxantple, the (|nailratic 
c(]uation, — 35, we shall give a new rtason for 

this eejuation iK'ing rcsolvihlo in two way>, hy atlmlliiiig for 
.r the values 5 and 7, both of which will siiiisfy tlu terms 
the equation. 

691. For this purpose It is most convenient to Ixgin with 
transposing tlic tenns of the C(]tiation, so that oiu* of the 
sides may liecoine 0; the a1x)ve equation consequently takes 
the form 

j _ 19,1 -f 65 = 0; 

and it is now required to find a number sucli, that, if we 
substitute it for a', tlie quantity x* — IJir -f- o5 iiiity be really 
equal to nothing; after which, we shall have to shew how 
this may be done in two different ways. 

692. Now', the whole of tliis consists in clearly sliewing, 
that a quantity of the form x" — 12.r-|-35 may lx.' con- 
.sidered as the product of two factors. Thus, in realitv, the 
rpiantity of which w’e speak i.s coni{K)st'il of the two factors 
(j — 5) X (r — 7): anti since the alxjvc quantity inu.st 
lK*coine 0, we must also have the product (.r — 5) x (.r — 7) 
= 0; hut a product, of whatever number of factf»rs it is 
composed, becomes equal to (), only when one of those f;ir- 
lors is reduced to 0. This is a fundamental principle, (o 
wliich wc must pay particular attention, especially when 
equations of liigher tlegrees arc tri'atetl of. 

696. It is therefore easily utulersltHHl, that the prtHluct 
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(j: — 5) X (•*■ — 7) may become 0 in two wavs: first, when 
the first factor x —5 = 0 ; and also, when tnc second factor 
X — 7 = 0 . In the first case, x = 5, in the second x = 7. 
The reason is therefore very evident, why such an equation 
X* — 12 x - 4 - 35 = 0 , admits of two solutions; that is to say, 
why we can assign two values of x, both of which equally 
satisfy the teums of the equation ; for it depends upon this 
fundamental principle, that the quantity x^ — 12 x -h 35 
m^ be represented iiy the product of two factors. 

694. '1 ne same circumstances are found in all equa< 
lions of the second d^ 7 *ee: for, after having brought the 
terms to one side, we find an equation of the following 
form X- — ax -f- 5 = 0 , and this formula may be always 
considered as the product of two factors, which we shall re¬ 
present by (x — p) X (x — 9 ), without concerning ourselves 
what numljers the letters « and q represent, or whether they 
he negative or positive. Now, as this product must be = U, 
from the nature of our etjuation, it is evident that this may 
]>ap]K'ii in two cases ; in the first place, when x = p; and in 
the seexind place, when x = y; and these are the two values 
of X which satisfy the terms of the equation. 

695. Ijct us licrc consider the nature of tliese two factors, 

in order that the multiplication of the one by the other may 
exactly protluce x* — ax -f- b. Hy actually multiplying 
them, we obtain x* — (p -I- </) “I" P*/ » which quantity must 

he the same as x* — ax -f- therefore w'c have evidently 
j) -j- q =1 a, and pq = b. Hence is deduced tliis very re¬ 
markable property ; that in every equation of the form 
x"* — a.r -f- /> = 0 , the two values of x are such, that their 
sum is etjual to a, and their product etjual b: it therc*- 
fore neces.siirily follows, that, if wc know one of the values, 
the other also is easily found. 

696. We have at present considered the case, in which the 
two values of X are positive, and which rcxjuircs the second 
ttrm ol’ the equation to have the sign —, and the third term 
to have the sign Hct us also consider the cases, in which 
cither one or botli values of x become negative. The first 
takes place, when the two factors of the equation give a pro¬ 
duct of this form, {x — p) x (.r -H q) ; for then the two 
values of x arc x = p, and x = — q; and the €X|uation 
itself becomes 

X* -f- — pj X — py = 0; 

the second term having the sign + , when q is greater than p, 
.and the sign —, when y is less than p; lastly, the third term 
is always negative. 
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The second case, in which bodi values of x arc negative, 
occurs, wheti tlie two iactors arc 

(j'-hp) X (.r-f 9 ); 

for we shall then have jr = — p, and ~ ; the equa¬ 

tion itself therefore becomes 

a* + (p 4- 7 ) jr-4-/^^ = 0, 

in which botli the second and third terms arc affected by the 
sign f. 

^7. The signs of the second and the tliird terms con¬ 
sequently diew us the nature of the roots of any equation of 
the second degree. For let the equation be . 1 “.... aa .... 
6 = 0 . If the second and third terms have the sign -j-, the 
two valued of x are both negative; if tlie second term have 
the sign —, and the third term +, both values are positive: 
lastly, if the third term also have Uic sign —, one of the 
values in quesdon is positive. But, in all cases whatever, tlie 
second term contxiins the xum of the two values, and the 
third term contains their product, 

698. After w hat lias been said, it will be easy to form 
equations of the second degree containing any two given 
v^ues. Let there be required, for example, an equation 
such, that one of the values of x may be 7, and the otlicr 
— 3. We first Ibrin the simple equations a- = 7, and 
r = — 3; whence, x — 7 — 0, and -j- 3 = 0; these give 
us the factors of the expiation required, which conse(]ucntly 
becomes — 4x — 21 “ 0. Applying here, alstj, the above 
rule, wc find the two given values of x ; for ifx* = 4^- + 21 , 
we have j = 2 v'SJd = 2+5, that is to say, x = 7, or 

X = — 8. 

699- The values of x may also liappcm to lie equal. Sup¬ 
pose, for example, that an cHpiatiun is required, in which Ixith 
values may be 5: here the two factors will lie (x — 5) X 
(jr — 5), anti tlie equation sought will be x® — lOx -|- 25 = 0. 
In this equation, x appears to have only one value; but it is 
because x is twice found = 5, as the common method of 
resolution shews; for we have x" = lOx — 25; wherefore 
X = 5 ± v^O = 5+0, that is to say, x is in two ways = 5. 

700. A very remarkable case sometimes occurs, in which 
both values of x become imaginary, or impossible; and it is 
then wholly impossible to assign any value for x, that would 
satisfy the terms of the equation. Let it be proposed, for 
example, to divide the number 10 into two parts, such that 
their product may lx? 30. If we call one of those parts x, 
tlic other will be 10 - x, and tlicir product will be 10 » — 
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X* = 80; wherefore x* = lOi — 30, and x = 5 + v' - 5, 
which, being an imaginary’ number, shews that the question 
is ii]i}:M>ssible. 

701. It is very important, therefore, to discover some 
sign, by means of which we may immediately know W'hether 
an equation of the second degree be possible or not. 

Let us resume the general ec}uation — ajp b =0. We 
shall have x* = ax — 6 , and x = :r (;a‘ - b). This 
shews, that if b lx? greater than or 46 greater than 
the two values of x are always imaginary, since it would be 
required to extract the square root of a negative quantity; 
on the contrary, if b Ik* less than or even less than 0, 
that is to say, if it lx? a negative number, both values will Ik* 
jxissibie or real. But, whether they be real or imaginary, it 
IS no less true, that they are still expressible, and always 
have this property, that their sum is equal to o, and their 
pnxluet equal to h. Thus, in the equation x* — 6 .r-|-l0=0, 
the sum of the two values of x must Ik 6, and the produel 
of these tw’o values roust also Ik 10; now*, we find, 1. x = 
^ — 1» and 2. X = 3—— 1, (pianlities whose sum is 
C, and the pnxluet 10 . 

702. The cxpn*ssion which we have just found mav like¬ 

wise Ik represented in a manner more general, and so as to 
be applied to eejuations of tliis farm,y>'* :± + h = 0; 

for this t*qualion gives 


.r- 




T 







a- 


+ il + 


whence we conclude, that the two 


values arc imaginary, and, consetjuentlv, the equation im- 
|x>ssibie, when -i/'h is greater than g~ ; tliat is to say, when, 
in the equation^/r' — gx + /* = 0 , four times the product 
of the first and die last term exceeds the square of the second 
term: for the pnxluet of the first and tlie last term, taken 
four times, is 4/7w*, and the sciuarc of the middle term is 
; now, if ^/tx* Ik greater than g'-r'"’, is also greater 
than y and, in that case, the equation is evidently im- 
jKssiine; but in all other cases, the equation is possible, and 
two rc^ values of x may be assigned. It is true, they are 
often irrational; but we have already seen*, that, in such 
cases, wc may always find theni by approximation; whereas 
no approximations can take place with regard to imaginary 
expressions, such as —5; for 100 is as far from being the 
value of that root, as 1 , or any oilier nnmlKr. 

703. We have farther fo oliserve, that any (jiiantily of 
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the second ±, ax ± b, must always be resc^viblo 

into two Actors, such as (x.+ J?) X (x ± g). For, if wc 
took three factors, such as these, wc should come to a 
quantity of tlie third degree; and taking only one such 
factor, we should not exceed the first d^^ree. It is therefore 
certain, that every equation of the second degree necessarily 
contains two values of x, and that it can neither have more 
nor less. 

704. We have already seen, that when tlic two factors 
found, the two values of x are also known, since each 

factor gives one of those values, by making it ctjual to 0 . 
The converse also is true, viz. that when we have found one 
value of Xf we know also one of the factors of the c(|uation ; 
for if 4 * = ^ represents one of the values of x, in any eejua- 
tion of the second degree, x — p is one of the factors of that 
etjuation; that is to say, all tlie terms having been brought 
to one side, the equation is divisible by x — p', and fartlier, 
the quotient expresses the other factor. 

705. In order to illustrate what we have now said, kl 
there be given the exjuation x* -j- 4-x — 21 =: 0 , in which 
wc know that x = 3 is one of the values of x, iK'caust' 
(3 X 3) -f (4 X 3) — 21 = 0; this shews, that x — 3 is 
one of tlie factors of tlie equation, or that x- 4.r — 21 i^ 
divisible by x — 3, which the actual divi.sion pnnes. 'I’hus. 

X - 3) .r* -f 4.i - 21 (. 1 - + 7 
.r- — 3x 


T.r - 21 
7x - 21 


0 . 

So that the other factor is x -f- 7, and our equation is re¬ 
presented hy the pnxliiet (x — 3) x (x -j- 7) - 0; wheiu-t 
the two valuer of x immediately follow, the first factor givino 
X = 3, and the other x = — 7. 


CHAP. X. 

fy'Pure Fquations of the Third Degree. 

706. An cejuation of the third degree is said to Ik* purt\ 
when the cube of the unknown quantity is ccjual to a known 



CHAP. X* 


uF algebua. 




quantity, and when neither the square of the unknown 
quantity, nor the unknown quantity itself, is found in the 
equation; so that 


X* = 125, or, more generally, = o, a’ = &c. 


arc equations of this kind. 

707. It is evident how we arc to deduce the value of 
X from such an equation, since we have only to extract the 
cube root of l)oth sides. Thus, the equation r* = 125 
gives X = 5, the equation x* = a gives x = v/a, and tJie 

equation gives x = or x To be able. 


therefore, to resolve such equations, it is sufficient that we 
know how to extract the cube root of a given number. 

708. Hut in this manner, we obtain only one value for x: 
but since every ecjiiation of the second degrex; has two 
\ allies, there is reason to suppo.se that an equation of the 
lliiril licgree has also more than one value. It will be de¬ 
serving our attention to investigate this; and, il’ we find that 
in such equations x must have several values, it will be ntx'cs- 
sary to determine tliusc values. 

709. -IajI us consider, for example, the equation x* = 8, 
with a view of deiluciiig from it all the numliers, whose cubes 
are, re.NjKrtivelv, 8. As x — 2 is undoubtc'dly such a num¬ 
ber, what ha.s been said in tlie last chajiter snew.s that tlie 
(piaiitity x* — 8 iz: 0, must lie divisible by z — 2: let us 
tliereloix* |K'rfonn this divi.sion. 

.1 — 2) <r' — 8 (a- -f- 2.7’-J- 4 


. 1 ' 




— 2x- 


2x- — 8 

4 j. 


4.r — 8 
4x' — 8 


0 . 

lienee it follows, that our equation, — 8 = 0, may be 
represented by these factors; 

(.r - 2) X (.r‘ + 2x -f 4) = 0. 

710. Now, the question is, to know what numlier we arc 
to substitute instead of x, in order that x* = 8, or that 
.r’ — 8 = 0; and it i.s evident that this condition is an¬ 
swered, by su}>|K)sing the product which we have just now 
found e<]ual to 0: but this happens, not only when the first 
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fttAor s ft 3= Of which g^ives us or = S, but also when tlic 
•eooml factcr 

X* + 2x 4- 4 = 0. Let us, therefore, make 
jr*4-^-l-4 = 0; then we shall have x* = — &r — 4, 
and thence x = — 1 + v'— 3. 

711. So that beside the case, in which a = S, which cor¬ 
responds to the equation x’ = 8, we have two other values 
of jr, the cubes of which are also 8; and these are, 

a = — 1 — 3^ imd a = — 1— y — 3, as will be 

evident, by actually cubing these expressions; 

- 1 —v'-3 


1 ■” 3 1 4 " \^““3 

- ^•3—3 ^ v^-3-3 


-2-2 /-3 scpiarc —24 2.'-3 
-1+ v^-3 -I- v'-3 


2 + 2v'-3 2—2^-3 

-2 v^--34 6 4-2^/-3 + 6 


8 cube. 8. 

It is true, that these vahies are imaginary, or impossible; 
but yet they deserve attention. 

7 l2. What we have said applies in general to every culiic 
equation, such as = u; namely, uiut beMtle the value 
X = t^iif we shall always find two other i’alue<». 'J\» abridge 
the calculation, let us suppose = c, so that a = r*, t>ur 
equation will then assume this form, j-* — c' — 0, which 
will lie divisible by jt — e, as the actual division shews: 

X — e) .r* — c’ (x* f ex 4 c" 
x» - ex'* 


cr* — e* 
ex® — e*.r 


c"u' — e* 
c*x — c* 


0 . 

Consequently, the equation in question may be repre¬ 
sented by the product (x — t ) x (x" -j- cx + c^) = 0, wnicli 
is ia fact = 0, not only when x —. c = 0, or .r = c, but also 
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when «* -f* c* - 4 - <?* = 0 . Now, this expression contains two 
other values of x; for it gives 

c 

jr' = — c-r — c% and = — - 75 - ± \^{-7 -<?*)> or . 

-r-4-v^-3c’ . 3 

X = --; that IS to say, * = - ^ - 

— 1 ±: ^/-3 

—-' ' ' -- V £■ 


713. Now, as c was substituted for^/o, we conclude, that 
every eouation of the tliird degree, of the fimn = o, fur¬ 
nishes three values of x expressed in the following manner: 


1 . 

2 . 


.r = 
.r — 


-14- 


3 




X 


3. X = 


1 - 


X \/a. 


This shews, that every cube root has three different 
values ; hut that one only is real, or possible, the two others 
la'ing ini|X)s>ible. This is the more remarkable, since eveiy 
sf|iiare root has two values, and since we shall aflerwarcfs 
see. that a biquadratic root has four different values, that a 
fiftn root has five values, and so on. 

In ordinary calculations index'd, we employ only the first 
of those values, because the other two are imaginary; as we 
shall shew by some exanmles. 

714. Qiu’stion 1 . To find a number, whosse quare, mul¬ 
tiplied by its fourth part, may produce 432. 

Let X lie that number; the product of jc* multiplied by 
'x mu-'t lie equal to the number 432, that is to say, -*-r* = 
432, and x* x 1728: whence, by extracting the cube root, 
we have x = lli. 

The numlier sought therefore is 12; for its square 144, 
multiplied by its fourth part, or by 3, mves 4352. 

715. 2. Required a number such, that if we 
divide its fourth power by its half, and add 14~ to the |MX>- 
duct, the sum may be 100 . 

Calling that number x, its fourth power will be' x*; 
tlivitlin" by the half, or we have 2 i^; and adding to that 
14| , the sum mu.st be 100. We have therefore 2jr^ -f- 141. 
r: 100 ; subtracUng 141, there remains 52** =» ; di¬ 
viding by 2 , gives x"* = and extracting the cube root, 

we find * = 

7](). Question 3. Some officers being quartered in a 
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ooQQtry, coc^ commands three times as many horsemen, and 
twenty times as many foot-soldiers, as there are officers. 
Also a horseman's monthly pay amounts to as many 
florins os there are officers, and each foot-soldier receives 
half that pay; the whole monthly expense is 15000 florins. 
Required the number of officers. 

If X be the number required, each officer will have under 
him 5r horsemen and SOx foot-soldiers. So that the whole 
number of horsemen is 3x*, and that of foot-soldiers is 
20 x«. 

Now, each horseman receiving x florins jicr month, and 
each foot-soldier receiving 4-x florins, the pay of the horse¬ 
men, each month, amounts to 5x^, and that of the fixiu 
soldiers to lOx’; consequently, they all together rtreivc 
florins, and this sum must be equal to l‘K)0() florin>: 
we have therefore ISx’ = 13000, or .r* = 1000, and w — 10, 
the number of officers rc(|uire<l. 

717. Question 4. Several merchants enter into partner¬ 
ship, and each contributes a hundred times as many sequins 
as there are |iartners; they send a factor to Venice, to 
manage their capital, who gains, for every himdrt*d setjuins, 
twice as many sequins as there are fiartncrs, and he re¬ 
turns with 2662 sec{uins profit. Requiretl the mmilxT 
jjartners. 

If this number be supposed each of the |la^tltcr^ 
will have furnished IOOjt sequins, and the whole capita! 
must have been lOOi*; now, the profit being 2r tor 100, 
the capital must have protluced 2x^; so that 2 1 ’ — 2(>()2, 
or = 1,‘J31 ; this gives .r = 11, which is the number of 
partners. 

718. Question 5. A country girl exchanges elieese.s fix- 
hens, at the rate of two cheeses for three hens; which hens 
lay each 1 as many eggs as there iure cheeses. Farther, the 
mrl sells at market nine eggs for as many .sous as each hen 
had laid eggs, receiving in all 72 sous: how many chee:es 
did she cxdiange ? 

Let the number of cheeses = x, then the nuinlKT of 
hens, which the girl received in exchange, will lie Jx, and 
each hen laying eggs, the number of eggs will be =^.r-. 
Now, as nine eggs sell for \x sous, the money which ^x- 
eggs produce i.s and =: 72. Consecjuciitiv, 

x* = 24 x 72 = 8x5x8x9:=Hx8x27, whence 
a? =: 12; that is to say, the g'url exchanged twelve cheeses 
for eighteen hens. 
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CHAP. XI. 

Of the llesolution ^Complete Equations of the Third 

Degree. 

719. An equation of the third degree is called complete^ 
when, iK'side the cube of the unknown quantity, it contains 
that unknown <]uantity itself, and its sc|uarc: so that the 
general formula for these equations, bringing all tlie terms 
to one side, is 

ax^ ±: bx* cx d — 0. 

And the purpose of this chapter is to shew how wc arc to 
derive from such etpiations tlie values of which are also 
called tlie rtKJts of the eejuation. Wc sup|Jose, in the first 
place, that every such an etpiation has three roots; since it 
has been .seen, in the last chapter, that this is true even with 
regard to pure equations of the same degree. 

\\’e sliall first consider the ctjuation — Qx- + 
ll.r — () = 0; and, since an equation of the second degree 
inav be con-'ideretl as the product of two factors, wc may 
also ropri\sent an etpialion of* the third degree by the product 
of three factors, which arc in the present instance, 

(.r — 1) X (a* — 2) X (.v — 3) = 0; 
since, by actually multiplying them, wc obtain the given 
icjuatioTi; for (.r — 1) x (.r — “it) gives .r* — 3.r-j-2, and 
multiplying this hy^ x — 8, wc obtain .i*’ — Ca** -f- ll.r — fi, 
which are the given quantitic.«, and which must he =0. 
Now, this hapjx*ns, when the product (.r — 1) x (.r — 2) x 
(r — 8) = 0; and, as it is sufficient for this purj>osc, that 
<mc of the factors become =0, three different cases may give 
this result, namely, when a- — 1 = 0, or jt = 1; secondly, 
when JT — 2 = 0, orjr = 2; and thirdly, when jr — 3 = 0, 
or X — 3, 

We see immediately also, that if we substituted for .r, 
any number whatever beside one of the above three, 
none of the three factors would become equal to 0; and, 
consequently', the product would no longer be 0: which 
pn)ves that our equation can have no other root than these 
three. 

721. If it were possible, in every other case, to assign 
the three factors of such an txiuation in the same manner. 
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we should immediately have its three roots. Let us, therc- 
fine, consider, in a more general manner, these tliree factors, 
JT — j?, 4r — (j'j j* — r. Now, if we seek their product, the 
first, inuitiphed by the second, gives x* — (p + 
and this prtxiuct, multiplied by x — r, makes 

— (/> H- 9 -h r)x' -j~ -f ;;r -f gr)x ■—pqr. 

Here, if this formula roust become = 0 , it may hap])en in 
three cases: the first is that, in which x — p = 0 , or x = ; 

the second is, when x — ^ = 0 , or x zz. g\ the thinl is, 
when X— r = 0 , orx=r. 

7^. Let us now represent the quantity found, by the 
equation x* — ox* + 6 x — c = 0 . It is evident, in order 
that its three roots may be x ss p, x = x ~ r, tltat we 
must fia\’e, 

1 . o = p -f 9 4- r, 

Si. 6 = p 9 4 pr -f- yr, and 

3. c = pqr. 

We perceive, from this, that the si'cond term of tJie cc]ua- 
don ccMitains the sum of the three roots; that the thinl term 
contains the sum of the pnuducts of tlie roots taken two by 
two j and lastly, that the fourlli term consists of the pnxiiict 
of all the three roots multiplied together. 

From this last prcqserty we may deduce an imp>rtant 
truth, which is, that an equation of the thinl degree can 
have iKi other rational roots than the divisors of the last 
term ; for, since that term is the product of tlic three routs, 
it must be divisible by each of them: so that when we wish 
to find a root by trial, we immediately see what numlx^rs 
we are to use *. 

For example, let us consider the equation, x^ =: x 4 
or x’ — X — 6 =: 0. Now, as this equation can liavc no 
other rational roots than numlicrs which arc factors of the 
last term 6 , we has'e only 1» S, 3, 6 , to try with, and the 
result of these trials will tie as follows: 

If X = 1, we have 1 —1 — 6 = — G. 

If X = 2, we have 8 — SJ — 6 ^ 0. 

If X = 3, we have - 3 - 6 = 18 

If X 6 , we have 216 — 6 — 6 = 204. 

Hence we see, that x =; 2 is one of the roots of the given 
equation; and, knowing this, it is easy to find the other two; 

♦ We shall find in the s^uel, that this is a general property 
of equations of any dimension ; and as this trial requires us to 
Imow all the divisors of the last term of the equation, wc may for 
this purpose have recourse to the Table, Art. fifi. 
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for X = 2 being one of the roots, x IB is E fiKStor of the 
cquadcm, and we have only to seek the otho* factor by 
means of division as follows: 

X — 2 ) x’- — X — 6 (x* + 2x + 3 

— 2x* 


ar» _ - 6 

— 4x 


8x - G 
Sx - 6 


0. 

Since, therefore, the formula is represented by the product 
[X — ii) X (x* 4- 2x -j- 3), it will become =0, not only when 
X — H =0, but also when x- -f i2x 4 3 = 0: and, this last 
factor gives s’ —— 3; consequently, 

X n— 1 4 — 2; 

and tlicse are the other two roots of our equation, which are 
evidently impossible, or imagumry. 

723. The method which we have explmncd, is applicable 
only when the first term x^ is multiplied by 1, and the-other 
terms of the equation have integer coefficients; there^ 
fore, wdien this is not the case, we must begin by a pre- 
fuiration, which consists in transforming the equation into 
another form having the condition required ; after which, we 
make the trial that has been already mentioned. 

Let there be given, for example, the equation 

- 4 = 0; 

ns it contains fourth parts, let us make x = which 


will give 






and, multiplying by 8, wc shall obtain the equation 

-f. lljf - 6 = 0, 

the roots of which arc, as we have already seen, jfzzzl, 

J f = S; whence it follows, that in the given equation, we 
lavc x=:4,x = l,x = 4, 

724. Let there be an equation, where the coefheieBt of 
the 6rst term is.a whole number but not 1, and whose last 
term is 1; for example, 

6x* — llx'^ 4 Gx — 1 ss O. 
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we divide by 6, wc sliall have a-’— -fx—^sO; 
whidb equatimi wc may clear of fracUons, by the method 
Just explained. 

u 

First, by making xn wc slnill have 

ip 11 w* y 
216 216^6 

and multiplying by 216, the equation will Ixvorae 
y’ — lly'- + 3% — jJ6 = 0. Hut as it would be tedious 
to make trial of all the divisors of the niimbi'r 36, and 
as the last term of the original equation is I, it is better 

to suppose, in this equation, x = ; for wc shall then 

m 

have - — + ”r ^ =6, which, multiplied by r*, 

gives 6 — II 3 + — r’ = 0, and transjxjsing all the 

terms, s* —• 6x* -j- llz — 6 = 0; wdierc the r<x>ts are x = 1, 
z = 2, s =z 3; whence it follows that in our e(]uation 

725. It has been observed in the precctling articles, tlmt 
in order to have ail the roots in positive nunil>ers, the signs 
p/wx and witni/x must succored each other alternately; by 
means of which the (X]uation takes this form, 

x’ — ox* 4- 5x — c = 0, the signs chanmng as many times 
as there arc positive roots. If all the three roots had l)een 
negative, ana we had multiplied together the three factors 
X 4- X 4- X -4“ all the terms would have had the 
sign plus, and the form of the eejuation would have Ir'Cii 
x"* -P ox* -4 5x 4- e = 0, in which the same signs follow 
each other three times; that is, the number of negative 
roots. 

Wc may conclude, therefore, that os often as the signs 
change, the cx]uation has positive roots; and that as often as 
the same si^s follow ciacii other, the equation has nc^tive 
roots. Th» remark is very important, because it teaches us 
whether the divisors of the last term arc to be taken afhrma- 
tivelv or negatively, when we wish to make the trial which 
has been mentioned. 

726. In order to illustrate- what has been said by an ex¬ 
ample, let us consider the equarion x-’-f-x*—S4x 4- 66 = 0, 
m which the signs are changed twice, and in which the same 
rign returns but once. Here wc conclude that the equation 
has two positive roots, and one negative rodt; and as these 
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roots must be divisors of the last term 56, tl^y must be in¬ 
cluded in the numbers +1, 4, 7, 8, 14, 28, 56. 

Let us, therefore, make a; = 2, and we shall have 8 + 
4 — 68 -f- 56 = 0; wlicncc wc conclude that x = 2 is a 
positive root, and that therefore x — 2 is a divisor of the 
equation, by means of wliich we easily find the two other 
roots; for, actually dividin'^ by* — 2, we have 

j. — o ) xJ + t"- - 34x 4- 56 ( + 3x — 28 

x‘ — 2i‘ 


fkr- - 34r 
M.r* •— 6vC 


<>8j- -f 56 
- 281 - 1-56 


0 . 

And making the tjiiolient .r'-j- 8.r — 28 =: 0, w’e find the 
two t>lher n>ots ; which w 111 !)e 

.r — = ' j: \ -f- 28 ) = — ; ; that is, .r = 4; or 

X = — 7 ; and taking into account the ro(jt found before, 
namely, x — 2, we clearly ])orceive that the equation has 
two positive, and t)nc nci^ative root. We shall give some 
examples to render this still more evident. 

727. Question 1. Tliere are two numbers, whose dif¬ 
ference is 12, anti wliosc product multiplied by their sum 
makes 14560. What arc tho.se numbers.^ 

Let .r he the less of the two numbers, then the greater 
will 1)0 .r 12, and their product svill be which 

multiplied hy the sum 2a: -h 12, gives 

2x^ 4 - 144x = 14560; 

and dividing bv 2, wc have 

.r" -f- 18x'^ 4 720- = 7280. 

Now, the last term 7280 is too great for us to make trial 
of all its divisors; but as it is divisible by 8, wc shall make 
.r = 2y, because the new equation, 8y® + 72y* 14^ 

= 72jS}, after die substitution, being divided by 8, will be¬ 
come ^ 4” Sly* 4" — 910; to solve which, wc need only 

try the divisors 1, 2, *5, 7,10,13, &c. of the number 910: 
where it is evident, that the tliree first, 1, 2, 5, are too 
small; beginning therefore with supposing y =7, we im¬ 
mediately find tiiat number to be one of the roots; for the 
substitution gives 34B 441 4~ 1^9 =; 910. It follows, 

therdbre, that x = 14; and the two other roots will be 
found dividing 4- fly® 4 11^ “ 910 by y — 7, thus: 
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^“7)^ + 9!^* + 1^- 9l0<y«+l%4.130 
V 


!%• + 1% 

1 %* - 11 % 


13% - 910 
13% - 910 


0 . 

Supposing now this quotient -+“ 1% + ISO = 0, we 
shall 4- 1% = — ISO, and thence 

y = — a proof that the other two roots are 

imposable. ^ 

TTie two niiralters sought arc therefore 14, and (14 + 
12) = 26; die product of which, 36-I-, inultiplied by tlieir 
sum, 40, gives 14560. 

7^. Q}t€sttOH 2. To fintl two numlx.Ts whose difference 
is 18, and such, that their sum multiplied by the difference 
of their cubes, may produce 275184. 

Let X be the less of the two numbers, then j* + 18 will Ik* 
the greater; the cube of the first w'ill be and the cube ol’ 
the second 

x’ + 54a-« 4- 9:2r -j- 5832; 
the difference of the culies 

-64^^ -f 972r + 5832 = 54 (jr' + 18.r + 108), 
which multiplied by the sum 2jr -j- 18, or 2 (j 4" 9)» gives 
the product 

108 (jJ 4- 27x* 4- 270x 4- 972) = 275184. 

And, dividing by 108, we have 

q. 4 270x + 972 =z 2548, or 
4 27x2 4 270x = 1576. 

Now, the divisors of 1576 are 1,2, 4, 8, Sic. the two first of 
which are too small; but if we try x* = 4, that number is 
found to satisfy the terms of the equation. 

It remains, therefore, to divide by x — 4, in order to find 
the two other roots; which divii^n gives die quotient 
ar^ 4~ 31^ 4- 394; making therefore 

x* 4“ = ■“ 394, we shall find 

.r= - 3^. - ■ V®); 

that is, two imaginary roots. 

Hence the numbers sought are 4, and (4 4 18) = 22. 

729. Question 3. Required two numbers whose dif¬ 
ference is 720, and such, that if the less be multiplied by the 
square root of the greater, the product may be ^736. 
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If the less lie represented by x, the greater will evidently 
be j* + 720; and, by the question, 

ar + 720) = 20736 = 8.8.4.81. 

Squaring both sides, we liavc 

(x + 720) = + 720x2 gi. g*. 42 .81«. 

Let us now make x = 87 ^; this supposition gives 
8 y + 720.8y = 8 * . 8 ‘. 4‘ . 81*; 
and dividing by S'*, we have y -|- OOy* — 8.4’. 81** 
Farther, let us suppose^ = 2z, and we sHali have 
8 ;^^ -f- 4.90^:^ = 8 .4’ . 81*; or, dividing by 8 , 

s’ + 45z* = 42 .81®. 

Again, make r = 977, in order to have, in this last equa* 
tion, 9*7/* •4" ^ because dividing now by 9*, 

the etjuation becomes m’ -{- 5u" — 4 *’ . 9, or 
u-(u -f 5) = 16.9 = 144; where it is obvious, that 7 / =4; 
for in this wise t/' — 16, and 77 + 5 = 9: since, therefore, 
77 — 4, we have z = .36, y — 72, and x = 576, which is the 
less of the two numlwrs sought; so that the greater is 1296, 
and the sc|uure root of this last, or 36, multiplied by the 
t>thcr number 576, gives 20736. 

7'K). Remark. This question admits of a simpler solu¬ 
tion ; for since the square root of the greater number, mul¬ 
tiplied by the less, must give a product equal to a given 
number, the greater of the two numbers must be a square. 
If, therefore, from this consideration, we suppose it to be x*, 
the other number will be x- 720, which being multiplied by 
the sipiare root of the greater, or by x, we have 
x’ - ;20x = 20736 = 64.27.12. 

If we make x = 4y, we shall have 

64j/-* — 720.4y = 64. 27 .12, or 
y - 45j/ = 27.12. 

Supposing, farther, y = 3x, we find 

27z’ - 135r = 27.12; or, dividing by 27, s* - 5r = 12, 
or z’ — 5z — 12 = 0. The divisors of 12 are 1, 2, 3, 4, 6, 
12: the first two are too small; but the supposition of 
z = S gives exactly 27 — 15 — 12 = 0. Consequently, 
z: = 3, y = 9, and x = 36; whence we conclude, tnat the 
greater of the two numbers sought, or x^, = 1296, and that 
the less, or x~ — 720, = 576, as before. 

731. Question 4. There are two numbers, whose dif¬ 
ference is 12; the product of this difference by the sum of 
their cubes is 102144 ; what are the numbers ? 

Calling the less of the two numbers x, the greater will be 
X + 12: also the cube of the first is x’, and of the se^nd 

s2 
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-4- -4* 4»3Si.i' + 1728; the product also of the sum of 

these cubes by the difTereacc 12, is 

12 (2j- + SGx^ -f 432*- -f 1T28) = 102144; 
and, divuliii^ successively by 12 and by 2, wc have 
J-’ -f IKr* -f- 2Uxr -{- 804 = 4256, or 
4-1«*^* 4- = 8.8.53. 

If now we substitute x z= 2y, and divide bv 8, we shall 
have 4- -I- 54^ r: 8 . .53 42 k 

Now, the divisors of 47 f are 1, 2, 1, 8, 53, &c. 1 and 2 
are evidently tot* small; hut if wo make v = 4, wo find 
64 -|“ 144 4“ ~16 121. Sti that y = 4, and .r =8; 
whence wc conclude that the two numbers souf'ht arc 8 and 
(8 4 12 ) = 20 . 

732. Qurstion 5. Several persons form n jwirhiership, 
and OAtablisii a certain capital, tt> which each contributes ton 
times as many jKUiuds as thin* are jmtsoiis in mmpanv : 
they gain 6 p/u,s the numlKT of* partners }ht cent; and ilie 
whole profit is 392 |X}uiuls; retpiired lu»w many partners 
there are ? 

Let X he the number retpiired ; tlieu each ]*arlntT will 
have furnished lOx |Knn)ils, and conjointly lOx* ]Hmnds; 
and since they gain x 4“ b‘ jkt cent, tiny will have gained 


with the whole capital. 


'4-6r- 


10 


, whit’ll is to be mntie eipial 


to 392. 

We have, lliereft>re, x^ 4“ 6.r^ =: 3920, cunsetpiently, 
making x = 2^, and tlividing by 8, we have 

+ 3y= = 4(K). 

Now, the tli\isors of 490 arc 1,2, .5, 7, 10, Set*, the first 
three of which arc tix* small; but if we sup[K*.st' y rz 7, we 
have 343 4- 147 = 490; so that // 7, anti x = 14. 

There are therefore fourteen partners, and each of them 
put 140 pountfs into the common sttick. 

73.3. Question 6. A comjMiny of merchants liavc a com¬ 
mon stock of 8240 )*ounds; anti cacli contributes to it ft*rty 
times as many }K>uritls as there are partners; with which 
they gain as much per cent as there are partners : now, on 
dividing the profit, it is found, after each has received ten 
times as many pounds as there are ijcrsons in the »>inpany, 
that tliere still remains 224/. Required the number oi mer¬ 
chants ? 

Ifx be made to represent the number, each will have con¬ 
tributed 40x to the stock; consequently, all together will 
have contributed 40x®, which makes the stock 
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= 4()x® 8240. Now, w'ith this sum they gmn j: per cent; 

so that the whole gain is 


4()r" 8240.r 

10()"“ TotT 






“f* 


4- I a 


X. 


From which sum each recfivcs 10 and coii.scqiicntly they 
all together rtreive 10.r-, leavitjg a remainder of 224; the 
proiil mu?»t therefore have been -f- 224, and we have 

the c^|uation ^ 


412r 

R I 


r, 


+ 224. 


Alultiplving hy o and dividing by 2, we have 20Cu: = 
2;jr'‘ -t- .5(k), or x* — 2.>.r^ 2oCa- — oOO = 0: the first, 
however, will he more convenient for trial. Here the divisors 
of the last term are 1, 2, 4, o, 7, 8, 10, 14,16, &:c. and they 
must he taken |K>silively ; because in the second form of the 
et|uation the signs vary three times, wliicli shews that all the 
three r<H)ts are jxisitive. 

Here, if we try t = 1, and j- — 2, it is evident that 
the first side will heconie less than the second. We shall 
therefore make trial of other divlsor>. 

X zx. k we have 61- 821 zr 400 + 560, which 

ilot"' not saiiofv tlie terms <il’the* eijualifin. 

If r zz .j, we have 12.> 1060 = 625 + ^GO, w'hich like- 

wiv.e does n(»t sueeced. 

Hut if .r -= 7, we have 616 ^ 1442 = 1225 + 560, 
which answers to tlu* equation; so that .r = 7 is a root of 
it. l.et u> now seek H»r the other two, by dividing the 
see<»nd f«n'm of our equation hy x — 7. 

_ 7) _ 0 . 7 ,.: q, o{^o.r - 560 ( - IRr -f 80 

X' — iX' 


- iKr’ -f- 206.r 

— I Mr’ -f- 126a’ 


80.r - 560 
SO.r - 560 


0 . 

Nowq making lliis quotient equal to nothing, we have 
— lH.r4-80 = 0, or .r’ — 18 j’ = — 80 ; which gives 
a- = 9 + 1, so that tlie two other roots are jr = 8; or 

a: = lOr 

This question therefore admits of three answers. Accord¬ 
ing to the first, the number of merchants is 7; according to 
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the second^ it is 8; and, according to the third, it is 10. The 
following statement shews, that all these wUl answer the 
conditions of tlie question; 

Number of merchants 


£ach contributes 40x - - - - 

In all they contribute - - - 

The original stock was - - - - 

The whole stock is 40x* 8240 - 

With this capital they gain asl 
much })er cent as there are >- 
partners - -- -- -- j 

Each takes from it . . - . . 


So that they all together take 10.r^ 
Therefore there remains - - - 


7 8 

10 

280j 320 

400 

1<)60: *2560 

8240' 82 to 

4000 

8240 

10200 lOStX) 

12240 

i 

i 

714 8(>4 

i 

1 

1224 

70 80 

KK) 

4JX): fJ40 

i 

KXX) 

224) 224 

221 


CHAP. XII. 

OJ"the Rule nf Cardan, or ^Scipio Ferreo. 

734. When we have removed fractions from an ecpiation 
of the third degree, according to the manner which has been 
cxplmned, ana none of the divisors of the last term are 
found to be a root of tlie equation, it is a certain prt»of, not 
only that the equation has no root in iiiU'gcr nunilK'rs, hut 
also that a fractional r(x>t cannot exist; which may be 
proved as follows. 

Let there be given the equation x’ — erx® -f" 
in which, a, 6, c, express integer numbers. If we suppose, 
for example, x = we shall have y — -f — c = 0. 
Now, the first term only has 8 for the denominator; the 
others being either integer numbers, or numbers divided 
only by 4 or by 2, and therefore cannot make 0 with the 
first term. The same thing happens with every other 
fraction. 
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735. As in those fractions the roots of the equation are 
neither inte^r numbers, nor fractions, they are irrational, 
and, as it often happens, ima^nary. The manner, there¬ 
fore, of expressing them, and of determining the radical 
signs which affect them, forms a very important point, and 
deserves Ui be carefully explained. This method, called Car¬ 
dan's Rnlt\ is ascribed to Cardan ^ or more properly to Scipio 
Ferreo^ lioth of whom lived some centuries since*. 

736. In order to understand this rule, we must first at¬ 
tentively consider the nature of a cube, whose root is a 
binomial. 

Let a -f- be that root; tlicn the cube of it will be 
-4- 3ab' -|- 6^, and we see that it is composed of 
the cubes of the tw’o tenns of the binomial, and beside that, 
of the two middle terms, 3a‘'b 3ab*, which have the com¬ 

mon factor 3ab, multiplying the other factor, a + b\ that is 
to sfiy, the two terms contain thrice the product of the two 
terms of the binomial, multiplied by the sum of those terms. 

737. Iji*t us now sup{K)»e r = o + A; taking the cube of 
each side, we have .r’ = a’ -f 6'* + 3ab (« + hi ): and, since 
a b — JT, wchhali have the etj nation, j:’’ = a^ + 6'’* + 3abxy 
or .r^ = 3ubx -r «* -f- one of the nxits of which we know 
to be O' = « + b. Whenever, therefore, such an equation 
occurs, we may assign one of its roots. 

For example, let a — 2 and b = 3; we shall then have 
the equation .r’ = lH.r + 35, which we know with certainty 
to have .r r= 5 for one of its rot>ts. 

738. Farther, let us now sufipose = />, and b^ z= q -, we 
shall then have a = and b = ^q, consequently, ab = ^pq; 
therefore, whenever we meet with an equation, of the form 
X* = 3.1 C//«7 + p -i- fj, w'c know that one of the roots is 

+ l/q. 

Now, we can detennine p and g, in such a manner, that 
both 31./pq and p + q may be ({uantities equal to deter¬ 
minate numixers ; so that we can ahvays resolve an equation 
of the thirtl degree, of the kind which we speak of. 

739. Let, in general, the equation x’ =,/i' + ^ be pro¬ 
posed. Here, it will be necessary to comparey'with 3^py, 
and g with p + q \ that is, we must determine p and q in 

* This rule when first discovered by Scipio Ferreo was only 
for particular forms of cubics, but it was afterwards generalised 
by Tartalea and Cardan. See Montucla s Hist. Math.; also Hr. 
Hutton’s Dictionary, article Algebra; and Professor Bonny- 
CBStle’s Introduction to his Treatise on Algebra, Vol. 1. p. 
xii— XV. 
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mch a manner, that Sl/pg may become eaual to [/I and 
jp -I* ^ Know that one of tne roots of our 

equation will be j: = ^/p + l/^. 

740. We liave therefore to resolve these two equations, 

3Vpy -J\ 

P~\-q = 
f t' 

The first gives \/p4j = ; or /><; — *— = 


4ipq = The second equation, being s(|uared, gives 

p' -j- ^t}iq -I- y* = ; ii' wo subtract 1‘rom it 4/w/ = 

we have <'/* — S/j/y + (p — and taking the 

sejuare root of Ixith sides, we have 

Now, since p (j we liavc, by adding /> + 7 to one 

side of the etjuatinn, and its eciiial, to the other, flp = 

; and, by subtracting p — q from p q^ 
we have ^q — ^ ’ consctjuenlly, 


P 


P - 


/(A- 


■i 7 


D 




and (j ~ 


ft 


- iV.r) 


i> 


T41. In a cubie c(!nation, therefure, f>f the form x* = 
/r-f-|g, whatever be ttie numbers /'and i\e have always 
for one of the roots 


.r 


= S>'( 


(A’'+ V/^) 


o 




X* D 




); 


tliat is, an irrational (Quantity, tv>ntainlng not only the sign 
of the s<|uare rotit, but abt> the sign oi the cube riKit; and 
this is the formula which is (allied tJu’ Jiuii' o/'Cunl/tn, 

74Ji. Let us apply it to some examples, in order that its 
use may be better understtMjd. 

Let .v^ = (ia- -4~ First, we shall have /'= (i, andjg = 9 ; 
so thatg’ = 81,./'" = tilG, /, P = 3,*; lluii 
g- — = 49, and = 7. Therefore, one 

of the roots of tlie given ccfualion is 


= V(—zr) 


9 — 7 

yC-o~) = 


+ y- = i/s +yi= .. 


o 


4-1 = 3. 


743 . Let tliere be proposed the equation ^-^ = 3x4- ii. 
Here, wc shall havcy'= 3 and ^ = it; and consequently, 
= 4,/*" = 27, and = 4; which gives 

= 0; whence it follows, that one of the 

roots is X = V L ) ~f ^(~~Tr~) = 1 4 1 = 2. 
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744. It often happens, however, that, though such an 
equation has a rational root, that root cannot be found by 
the rule whicli we are now considering. 

I.et there be given the equation a*’ = 6a: + 40, in which 
X =: 4 is one of the nxjts. We have herey = 6 and^ = 40; 
farther, ^ ~ 1600, and i'*= 32; so that 

—1.^68, and vijf' — — \^1568 = . . . . 

-v^(4.4.49.2 ) =2 28 ^''2 ; consetjuently one of the roots 
will be 

40-f28./2^ , 40 - 28 ^'2 

a- = ■ '(-) or 

^ /w 

.r = ^(.20+1 1< x/2) + ^(20-14 ^/2) ; 
which quantity is really — 4, altliuugh, upon inspection, we 
should not Kup|vose it. In i'act, the cube of 2-(- \''2 l)eing 
20 + 14 ^^2, we have, reciprocally, the cuIhj root of 20 + 
14 \ 2 e(pKil to 2 I- ^''2; in the same manner, V(20 — 

14 X 2) = 2 — -/'.I; whcicfore our root x = 2 + ^^2-l- 
o _ o — 1 * 

74.']>. 'J'o this rule it mitrht be objected, that it docs not 
extend to all equations of the third degree, because the 
s(|uare t)i .? does not tK’cnr in it; that is to say, the second 
term of the e((Uulion is wanting. But we may remark, that 
e\ery com})Ietc eqnatit>n may be transl'ornied into another, 
ill which the second term is wanting, which will therefore 
cnahle us to apply the rule. 

d'o prove this, let us take the complete equation x^ — 
(J.r' -}- ll.r —() = (); where, il* we take the third of the 
cindficieiit 6 of the .second tean, and make x — 2 n y, we 
shall ha\ e 

■r = ^ -I 2, x’ = +4^ + 4, and 

.r^ + 

Consequently, j-’ = ^‘6^* ^ 8 

— G.r- = — Gy- — 21^^ — 24 

11 .r= ‘ llj/-{-22 

— G = — C 

or, .r’ — G.r* + ll.r — G = y''' — y. 

W'e have, therefore, the equation y^^ —resolu- 

* Wc have no general rules for extracting the cube root of 
these binomials, us we have for the square root; those that have 
been given by various authors, all lead to a mixt equation of the 
third degree similar to the one proposed. How'ever, when the 
extraction of the cube root is possible, the sum of the two 
radicals which represent the root of the equation, alwa 3 's be¬ 
comes rational; so that wc may find it immediately by the 
method explained, Art. 722. F. 'f. 
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tion of whi<^ it is evident, since we immediately perceive 
that it*is the product of tlie factors 

- 1) + 1) X (jf — 1) = 0. 

If we now make each of these factors = 0, we have 

1, ^\x = 3, 

that is to say, the three roots which we have already found. 

746. Let there now be given the general equation of the 
third degree, jr» -|- -|- Ajr -f- <“ = 0, of which it is re¬ 
quired to destroy the second term. 

For this purpose, we must add to x the third of the co¬ 
efficient of the second term, preserving'the same sign, and 
then write for this sum a new letter, a-s for example so 
that we shall have a- -f- = ^, and r := y — ^ a ; whence 

results the following calculation : 

X = y - ffl, .r« = y* - »oy 


'£7 


; 


17 


O* 


\ab 


and . 1 ^ = y — ay* -4- ^a-y — 

Consequently, 

= y — <iy * + |a y - 
ax^ = ay* — 4^7/ 4- 
bx =■ by ^ 

c — c 

or,y* Hr ^ ” 9’ 

an equation in which tlie second term is wanting. 

747. We are enabled, by means of this transformation, to 
find the roots of all eauations of the tliird degree, as the fol¬ 
lowing example will shew. 

Let it be proposed to resolve the ec^uution 
~ Gr^-l-iar — 12 = 0. 

Here it is first necessary to destroy the second term; for 
which purpose, let us make x —• 2 = y, and then we shall 
have X = y -r 2, x- == y^ 4y + 4, and x^=y^ + (n/*-|- 
12y -f- 8; therefore, 

X® 2= y3 q- -J- -f- 8 

— fix* = — Gy^ — 24y — 24 

13x = 13y + 26 

- 12 = - 12 

which gives y* + y “ 2 =s0 ; or y* = — y + 2. 

And if we compare this equation with the formula, (Art, 
741) X* —Jx we have— 1, and ^ = 2; where¬ 
fore, y = 4, and s= — ; also, g* — * = 

4v'21 

4 + tV = VTSandy(g=-^/*)= Wr =“^5 
consequently. 
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. (iji) + „ 


2^/21 

9 


), or 


y = y(l + + V(1 

.V = i'(9 + ^S+i'(9-^) 

„27+C./21, , ,,,27-6^21, 

y = ''(-^—) + y (-27-) or 

y = 1^(27+ 6 ,/21) (+ ^V(2T - 6 v'21); 


and it remains to substitute this value in x = y 4- 2. 

748. In tlie solution of this example, we have been 
brou|T|it to a quantity doubly irrational; hut we must not 
immediately conclude that the root is irrational: because the 
binomials 27 -Jr G >/21 mi^ht happen to be real cubes; and 
tliis is the case here; for the cube of 


. 2164-48 ^/2l „ v 

being- - -= 2< 4" 6 v/21, it follows that 


o 


34- ^21 

the culx; root of 27 + 6 V21 is-^-y and that the cube 


root of 27 


6 




'21 is 



Hence the value which we 


found for r/ becomes 
3 f v/21 


;y 


(■ 


2 




I _i_ 1 — 1 

-r -j- — 1 . 


Now, since ^ = 1, we havex = 3 for one of the roots of the 
ei^ualion proposed, and the other two will be found by 
dividing the equation by x — 3. 

a: _ 3 ) — Or* + 13x - 12 (X* - 3r + 4 

— 3x* 


— Sx' + 13x 

— 3x* + 9x 


4x — 12 
4x — 12 


0. 

Also making the quotient x* — 3x -f 4 = 0, we have 
= 3x — 4; and 
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X =4-± - »/) = = 

■which are the other two roots, hut they are imaginarv'. 

749. It was, fiowevcr, hy chance, a.s wc have reniarkccl, 
that we were able, in the nrecciiing example, to extract the 
cube rtK>t of the binounals that wc ubtaincHl, which is the 
case only when the equation has a rational root; con¬ 
sequently, the rules of the prc*ccding chapter are more easily 
employed for finding that root. But when there is no 
rational root, it is, on the other hand, inijiossible to express 
the root which we obtain in any other way, than act’ording 
tx> the rule of Cardan; so that it is then -impissible to apply 
reductions. For example, in the equation = (w -i- 4^, we 
have ^—6 and ^»* = 4; so that x =: %/( 2 -I- 2 — 1) Hh 

4/(2 — 2 v"' — 1), which cannot be otherwise expressed 

* 

♦ In this example, wc have less than which is the 

well-known irreduciUc cafei a case which is »n much the more 
remarkable, us the three routs are then always real, ^^'e cannot 
here make use of Cardan’s formula, except hy applyiut: the 
methods of approximation, such a.s transforming it into an intinitc 
series. In the work spoken of in the Note, -Vrt. 10. Lambert has 
given particular'I'abJes. by which we may easily find the nu¬ 
merical values of the roots ot'cubic equations, in the irreducible, 
as well as the other cases, h'or this puq>ose we may also em¬ 
ploy the ordinary Tables of sines. See the Sj)herical Astro¬ 
nomy of Mauduit, printed at Pans in I'G."?. 

In the present work of Et’r.ra, we are not to look for all that 
might have been said on the direct and approximate resolutions 
of equations. He had too many curious and inijmrtant objects, 
to dwell long upon this -, but by consulting riltslotrc dcs Ma~ 
thematiquest l^Aigebre de Ai. Cluiraui, le Cunn df Mathematiques 
de M. bezot/t, and the latter volumes of the Academical Me¬ 
moirs of Paris and Berlin, the reader w'ill obtain all that is known 
at present concerning the resolution of equations. P. T. 

For a clear and explicit investigation of this method, the 
reader is also referred to Bonny castle’s Trigonometry ; from 
which the following formula: for the solution of the diffcrcut 
cases of cubic equatioius are extracted. 

1. x’ -f px — y = 0. 

Put (■—)^ = z, and ^/(tan. (15" — 42 )) = tan. u ; 

2 p 

Then j = 2 -v/ ~ X cot. 2 a. Or, putting 
+ 10 — 4 log. ^ = log. tan. and 
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QUESTfONR FOR TSLACttCE, 

1. Given y* 4* = 117, to determine AfM. = 3. 

9. Given — 3(yy = 91, to find the value of^. 

Ans. y = 7. 

4 (log. tan. — tz) + 20) = log. tan.v^ 

jjfp 

Then log. jc = 4 log. + log. cot.2 v — 10. 

2. x' 4- px 4- 7 =s O. 

Q a ^ 

Put ~(—)^ = tan. s, and ^(tan. (45" — -j-z) ) == tan. v, 

- P 

Then j =; — 2 - x cot. 2 u. Or, putting 

3 


Log. —h 10 — J log. = log. tan. z, and 
-i (log. tan. (45" — i.z) -f 20) = log. tan. u, 

Tlicn log. X = 10 ~ i log. -'-log. cot. 2 u. 

3 . •*’ — px — 7 = 0 . 

This ronn has 2 ca.^cs, according as —( ^-) "is les.s,or greater 

7 5 

than 

2 fi ' 

In the 1st Ciase, put —( — = cos. z. 

7 3 

And :^(tan. 4.5" — ! z) ) = tan.w; 

I hen .1 = 2 V'~ X cosec. 2 w. Or, putting 

10 4-1 log. ™ — log. IT log. cos. z, and 

; (log. tan, (1-5" - -iz) + 20) = log. tan. u; . 

4 j) 

Then log. .r = K) + log. - log. sin. 2 «. 

7 .3 Sr 

In the2d case, put-L(A_) - = cos. z, and .t will have the 

^ P 

S following values: 

X = 4- 2 X cos. ~ 


P 


.r =■ — 2 v'~ X cos. (60"-) 

3 3 

4- = - 2 v'-^ X cos. (60^ + ~ ) or. 
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3. Given ^ ~ 350, to find the value of 

4. Given y* — %* *—S^* — 8 = 0, to find y. Ans.y = 2. 


Log. X =s i log. + log. cos. - -10, 

Log. X = 4- log. + log. cos. (60*-— 10, 

Log. X = 4 log. ^ -f log. cos. (60" + — 10, 

Taking the value of x, answering to log. .r, positively in the first 
equation, and negatively in the two latter. 

4. X* — px + y = 0. 

This form, like the former, has also two cases, according 

2 p ' 

as —(-^) ^ is less, or greater than 1. 

2 /) j 

In the 1st case, put — (^) = cos. 

9 ^ 

And (tan. (45" — 4-) ) = “> as before; 

Then a = — 2 v' coscc. 2 «. Or, putting 


10 + 4 loe*-g-log. = log. cos. =, and 

4 J log. (tan. 45" — -is) + 20* = log. tan. u ; 

4o 

Then, — log. x =s 10 + log -log. sin. 2 «. 


o 3 i 

In the 2d case, put -^(—) =: cos. s, and .* will have the 3 

2 /» 

following values: 

X = _ 2 ^ X cos. 


X = + 2 y X cos. (60"— ■^) 

X = + 2 ^ + “^)• 

4i> z 

Log. X = 4 log. log. cos. -10, 


Log. X = 4- log. + log. cos. (60" - -y ) — 10, 

Log. X S3 4- log. + log. cos. (60" + 
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5. Given y* + ^ = to deterpaine v. 

Ans.y 35 1 . 

6. Given ar* — = — 9, to find the value of x. 

Ana. or = — 8. 

7. Given x* — 6x* + lOx = 8, to find x. Afia. x z= 4. 

8. Given p = ' to find Ana.p = 8f. 

9. Given x* — yx = to find x. Ana. x = 2|. 

10. Given a' — 91a = — 330, to find a. Ana. a ^ 5. 

11. Given y* — Ifly = 30, what is the value ofy? 

Aw. y = 5. 

Taking the value ofr, answering to log. xt negatively in the 
first C(}uation, and positively in the two latter. 

As an example of this mode of solution, in what is usually 
called the Irreducible Case of Cubic Equations^ Let — 3x = 1, 
to find its 3 roots. 

Here ^ = 4.(^)^=4s=:.5 = cos.60" = r, hence 

" P 

X =: 2 X COS. ~ = 2 cos. 20" = 1.8793852 

a = - 2 X cos. (60" - i) = — 2 cos.40" =: — 1.5320888 
3 3 

a = 2 X 008.(60"+ - 2 008.80"= —0.3472964. 

4 !/ 

Also, let .r* — 3x = — 1, to find its three roots. 

Here, as before, -^(—)" = .5 = cos.60" = r, hence 

2 p 

= - 2 v'-^ X cos. £.= - 2 cos. 20* = - 1.8793852 
J> o 

4 = — 2 X cos. ( 60 °—-^) = 2cos.40° = 1.5320888 

X = — 2 v'— X cos. (60° + -^) = 2 cos. 80° = 0.3472964. 

3 3 

Where the roots are the negatives of those of the first case. 
For the mode of investigating these kinds of formulae, see, 
in addition to the references ^ready given, Cagnoli, Traite de 
Trigon. and Article Irreducible Case, in the Supplement to Dr. 
Hutton’s Mathematical Dictionary. 
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750. When the highest power of the tpiantity .r rises to 

the fourth degree, we have of the Jourth dc^rccy 

the general form of which is 

X* -f- -f" hjr “h er 4- 0. 

Wc shall, in tlie first place, consider pure etpiations of 
the fourth degree, the expression for which is simply x* zzj'-y 
the rtx>t of which is immediately found hy extracting the 
biquadmte root of Ixith sides, since we obtain r ~ ^f 

751. As .r* is the sqimre of .r , the calculation is greatIv 
facilitated by beginning with the extraction of tlie Mpiare 
root; for we sluUl then have . 1 == ^and, taking the 
square root again, we have x = ‘so that s{f notliing 
but the square root of the sejuare r<Kjt ofyi 

For example, if wc hatl the etjuation — i2K)l, we should 
immediately nave j' ~ 4i), and then a ~ 7. 

752. It is true tltis is only one root; and since tliere arc 

always three r<3ots in an e<juation <if the third degree, so also 
there are four roots in an eejuation of the fi)urih degree : 
but the method which wc have explained will actually give 
those four rcxjts. For, in the alxive example, we have not 
only X® = 4-9, but also x* = — 49; now, the first value gives 
the tw'o roots x = 7 and .r rr -- 7, and the second value 
gives X = 4J>, = 7 1, and j = — 49 = 

— lx''— ^ i which are the fl>ur biquadrate roots of 2401. 
The same also is true with respect to other numlx'rs. 

753. Next to these pure eejuations, we shall consider 

others, in which the .second and fourth terms are wanting, 
and which have the form jr* + + g = 0. 'J’hese may be 

resolved by the rule for equations of the second degree ; for 
rf wc make x* = we have v' 4- = 0, or 

— Jy — whence we d^uce 


y = - i/± = y -)■ 


Now, 3 c^ ■=. y\ 90 that x = + 


-:/± V{,f^-^g) 


o 


), in 


which the double signs + indicate all the four roots. 
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754. But whenever the equation contains all the tenns, it 
may Ikj considered as the prwuct of lour factors. In fact, 
if we multiply these four factors tcjgether, (x —- p) x 
(x — d) X (i — r) X (x — s), we get tlie product j-’* — 
(P + q -t r + s) + (pg + pr -h -h yr -j- qjf + rs) 

— {pQf' + + P'^^ +■ ^ + pqrji'^ and this quantity 

cannot Ik^ equal to 0, except when one of the.se four factors 
is = 0. Now, fliat may happen in four ways; 

1. when X zzp\ 2. when x = y; 

5. when .r = r; 4. w hen x =: a ; 

and consequently these are the four roots of the equation. 

755. If we consider this formula with attention, w'c ob¬ 
serve, in tlie second term, the sum of the four roots multi¬ 
plied by — x’; in the third term, the sum of all the possible 
pnKlnets of two rfx>ts, mulliplied by ; in the fourth term, 
the sum of the products of the roots combined three by 
three, multiplied oy — .r; lastly, in the fifth term, tlie pro¬ 
duct of all the ftmr nxtts multiplied together. 

75(i. As the last term contains the prtxl net of all the roots, 
it is e*'idenl that such an ctpiatiou o1 the fourtli degree can 
have Tio rational root, which is not a divisor of the last term. 
This ])rliKii>le, therefore, furnislics an easy method of de¬ 
termining all the rational rtK)l.s, when there are any ; since 
we have only to suhslitutc successively for x all the divis<)rs 
of the last term, till we find one which satisfies the terms of 
the etmatlon : for having found such a rot)t, for example, 
.r -- p^ we have only to divide the equation by .r — after 
having brought all the terms to one side, and then supixise 
the quotient = 0. A\'e thus obtain an equation of the third 
degree, which mny he resolved by the rules already given. 

757. Now, Ibr this purjxjse, it is absolutely necessary 
that all the terms sht>uid consist of integers, and that the 
(irst should have only unity lor the ct>efKeient; whenever, 
therefore, any terms contain fractions, we must l>egin by ile- 
btniying lht»so fractions, and this may always l>e tlone by 
substituting, instead of.r, the quantity divided by a nun)- 
In^r which contains all the denominators of tliose fractions. 

I'or example, if we have tlie equation 

X* — 4 *' “b V** "b tV ~ 

as we find here fractions which have for denominators 2, 5, 


and multiples of these nimibers, let us suppose' x 


we shall then have 


;/*_ 

6 * 






(i 


+ 


• b 



p 

G’ 


and 
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an c<|uaUon, which, multipliiHl by G*, iK'comcs 
»/ - 3// + 12y - + 72 = O. 

If wc now wish to know whether this cmiatiun has rational 
roots, we must write, insteatl of y, the divis<irs of 72 suc¬ 
cessively, in order to see in wliat coses the formula woultl 
really be reduced to 0. 

758. But as the roots may as well lie jxisitivc os negative, 
wc must make two trials with eoirh divisor; one, supjxWmg 
that divisor positive, tlie other, considering it as negativi-. 
However, the following rule will frequently enable us to 
dispense with this*. Whenever the signs -f- and — suc¬ 
ceed each other regularly, the equation nas as many [positive 
roots ns there ore changes in the signs; and as many times 
as tlie same sign recurs without the other intervening, so 
many n^f^tive roots Mong to the etpiation. Now, our 
example contains four changes of the signs, and no suc¬ 
cession ; so that all the rcK>ts are |>ositive: and we liavc no 
need to take any of the divisors of the last term negatively. 

759. I..et there l>c given the eijuation 

. 1 '* -r 2.r‘* — 7x- — 12 =: 0. 

We SCO here two changes of signs .also two succtss'uui'^; 
whence wc conclude, with certainty, that this c(}uatl<m con¬ 
tains two pisitive, and as nianv negative rix)ts, wliich imnt 
all lie divisors of tlie nunilKT 12. Now, its divisor-, lu ing 
1, 2, 3, 4, C, 12, let us first try .r = -j- 1, wliich .actuallx 
jwoduces 0; tlierefore one of the root.s is .z = 1, 

if we next make jr = — 1, wc find 4-1— 2 — 7 r.S4 
12 = 21 — 9 = 12; so that .t- — — 1 is not one of the root.-. 
of the c<|uation. I..et u.s now make -r = 2, niul wc again 
find the quantity =0; consctpiently, another of tlie roots 1*. 
X = 2; but .»■ = — 2, on the contrary, is found not to be a 
TOOL If we supix)sc .t =: 3, wc have 81 -f- 54 — C.3 — 21 
12 = Go, so that the siip]x>sition does not answer; but 
.1 = - 3, giving 81 — 54 - fi3 -f- 24 -f 12 = 0, this is 
evidently one of the roots sought. I^.st!v, when we try 
X =—4, we likewise sec the equaUon re<fuced to nothing; 
so that all the four roots arc rational, and have the following 
values: x =x 3, x =- 2, .i = — 3, and t = — -I; tuid, ac- 

t 

* This rule is general for cquat>o:i.s of all dimensionfi, proxided 
there are no imaginary roots. The French ascribe it to Des¬ 
cartes, the English to Harriot; hut the general demonstration 
of it first given by -M. I'Ahbe dc tiuu. See the Memoires 
de rAcademic des Sciences dc Paris, for 1711. F. T. 
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cording to the rule given above, tiro of theae rcx>ts are 
positive, and tlie two others are negative. 

7(50. But as no root could be determined by this metbe^, 
when the roots are all irrational, it was necessary to devise 
other expedients for expressing the roots whenever this case 
occurs; and two different raetnods have been discovered for 
finding such roots, whatever be the nature of the eqiiadon of 
the fourth degree. 

But before we explain those general methods, it will be 
proper to give the solution of some particular cases, which 
may frequently lie applied with great advantage. 

761 . When the equation is such, that the ooefliciento oi 
the terms succeed in the same manner, both in the direct 
and in the inverse order of the terms, as happens in the fol¬ 
lowing equation *; 

X* + n.r* -j- m.v +1=0; 

or in this other ecpiation, which is more general: 

X* + + Tia'x^ + ma^x + a* = 0; 

wc may always consider such a formula as the product of 
two I’aclors, which ore of the second dcOTee, and are easily 
resolved. In fact, if we represent tliis last equation by the 
product 

(t* -\-pax -j- a*) X (j* 4" 9^^ "f" <*") — 
in wliich it is required to determine p and q in such a man¬ 
ner, that the above ecpiation may be obtained, wc shall find, 
by ))crforniing the niulliplkration, 

a* + {p + q)a.r^ + (/^ + + (/) + q)a"j' + n* = 0; 

and, in order that this equation may be the same as the 
former, we must have, 

1 . p~\‘q=m, 

2. 217 -j- 2 = 71, 

and, consequently, pq zzn — 2. 

* These equations may be called reciprocal^ for they arc not 
at all clianged by substituting for x. From this property it 

follows, that if a, for instance, be one of the roots, will be one 

likewise ; for which reason such equations may be reduced to 
others of a dimension one half less. De Moiyre has given, in 
his Miscellanea Analytica, page 71, general formulaj for the re¬ 
duction of such equations, whatever be their dimension. F. T. 

Sec also Wood’s Algebra, the Complement des Elemens 
d*Algebra, by Lacroix, and Waring’s Mcdit. Algeb. chap. S. 

T 2 
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Now, squaring the first of those ^nations, we -have 
4 “ 7 * = from this wo subtract the 

second, taken four times, or ^pq := 'In ->< 8 , there rctnains 
p' — 2 w/ 4 - 9 * =3 4 > 8 ; and taking the s(|uare rotit, 

we fina p — q zz. \^{m* — 4‘H 4 " 6 >; also, 4 “ 7 = wi i 
shall therefore have, by addition, 2/1 = to 4 “ 

m+A'(m«-4»+8) , . , . 

or p = - 3 - ; and, by subtraction, 2 </ = w 


^(*n* — 4 m + 8 ), or 7 = 


Ml — v' (mi^—4m -f 8) 
- 


Having 


therefore found p and 7 , we have only to suppose caeli 
factor = 0, in order to determine the value of x. The first 
gives :r* 4- /Mix + o'*' = 0 , or x* — pax — o*, whence we 

obtain X = - ^ 4 -a®), 

» " 4 


or X 


V 4 


1 ). 


The second factor givesx ~ lay/{(f' — 4). 


and these are the f*>ur root.*> of the given e<]iiaiion. 

762. To render this more clear, let tlicre lie giwn tin 
equation . 1 * — 4.r' — !ix' — 1 1 ' -r 1 0 . We have in 1 . 

a = 1, 7/1 =z— 4, ;i :r — 8 ; consc'qucnily, in- — 4m I ^v 
and the stjuare root <if this i|Uantity is =: 6 ; llu rcrorv 


P = 


- 44-6 

o 


1 , and 7 


-4-6 

o 


o; whence result 


the four roots, 

“If" 

1 st and 2 dx= — [ ± iv' — 8 =: --; and 


3d and 4th x r= ’ + ; v^21 


5± v ^21 
o 


that is, the 


four roots of the given etpiation arc: 


1. X = 


—14“\/ 

2 


2 . ^ 

X 


3. X 


5+v/21 
2 ’ 


4. X 


5- %/ftl 
2 


The first two of these roots are imaginary, or impossible; 
but the last two arc possible; since we may express V’Sl lu 
any degree of exactness, by means of decimal fractions. In 
fact, 21 being the same witli 21 • 00000000 , we have only to 
extract the st|uarc rotit, which gives \/21 zz 4*5825. 
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Since, therefore, ^/2l =: 4*5825, the third root is very 
nearly *r = 4*7912, and tlie fourth, j: = 0*2087. It would 
have been easy to have deterniiiicd these roots with still 
more precision: for we observe that the fourth root is very 
nearly or -J-, which value will answer the equation with 
suflicient exactness. In fact, if we make x = ^ we find 
f — TiT ■“ iV — I + 1 OUffht hoWCVCr tO 

have obtained 0 , but the difference is evidenuy not great. 

763. The st'cond case in which such a resoluUon takes 
nlace, is the same as the first with regard to the coefficients, 
but dilfers from it in the signs, for we shall suppose that the 
second and the f(>urth terms have different signs; such, for 
example, as the equation 

.r* -f- -}- nn-'a** — ma’a* -f- a* = 0, 

\Nhich may Ik; represented by the product, 

(r’ + — a*) X ( r 4- - a") = 0. 

J’’or the actual multiplication of these factors gives 

j ‘ 4- (p + 4- (p7 — 2)«"x- — (/? 4* v)a'a* 4- tfS 

a quantity oijual to that which was given, if we suppose, 
ill the fir^t place, p \ (j ■= w, and in the second plact*, 
p(j — a = or pf/ =: 4- 2 ; iKKrause in this manner the 

fourth terms become equal of' thein:>elvcs. If now we stjuare 
the first equation, as befiire, (Art. 761.) we shall have 
p* I- i2p/y 4" and if* from this we subtract the 

second, taken four times, or 4p^ = 4n 4" 8 , there will re¬ 
main p* — 2p^ + y- n — 4« — 8 ; the stjuare root of 
which is p — t] — s/{m' - 4;/ — 8 ', and thence, by adding 
4 - y = m, we obtain 

vt\ . 

p =- ij -; and, liy subtracting p 4- (Z? • • • 


7 


7?t — X—4a — 8 ) 

7f 

* V 


Having therefore found p and 


we !>hall obUiin from the first factor (as in Art. 761.) the 
two rmits a* = — [pa 4 [a 4- 4), and from the second 
fiu-tiir the two nxits x ~ ~ [tju t- \a x (f/'’ 4 - 4), that is, wc 
have the four roots of the etjiiatioii pro|)osetl. 

764. I^ct there be given the e(|ualion 

a* -- 3 X 2a’ 4 3 X vS.r 4- 16 - 0. 
yere we have a = 2 , m = — o, and /t = 0 ; so that 
— la — 8 ) “ 1 , = p — y; and, consequently. 


= —2 — = - and q =: —— = - 2 . 

Therefiwc the first two rtxits are x ~ 1 4 v' and the 
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last two m X ss 2 ± v^8; so that the four routs aouirht 
wOlbe, . 

1. j: = 1 + v'S, 2, jr = 1 — V5, 

3. X = 2 + x/8, 4 . X = 2 - v/8. . 

Consequently, the four factors of our equation will be 
(x — 1 — V5) X (x — 1 -f- 4/5) X (x — 2 — v^8) X 
(x* •• 2 -f- <v/8), and their actual muhiplicatioii produces 
the pven equation; for the first two beinj^ nuiltiplied to¬ 
gether, give X®— 2x—4, and the other two give j-* — 4x—4: 
now, these products multiplied together, make x* — Gup^ -j- 
24x -p. 16, which is the same equation that was pro|X)sed. 


CHM*. XIV. 

fy the Rule of Bombelli /or reducing tfte Resolution n/' 

JElquations titc Fourdi Degree to tiuU o/’Kciuations of 

iJu Tlurd Degree. 

765. We liave already shewn how equations of the tliird 
degree are resolved by the rule of Cardan ; so tliat the prin¬ 
cipal object, with n^ud to equations of tlie fourth degree, 
is to reduce them to equations of tlie third degree. lor it 
is imposrible to resolve, generally, equations of the fourth 
degree, without the aid of' those of tiic third; since, when 
we have determined one of the roots, tlie oUicrs always 
depend on an equation of the third degree. And hence 
we may conclude, that the resolution of cquadons of higher 
dimensions presupposes the resolution of all equations of lower 
degrees. 

766. It is now some centuries since Bombelli, an Italian, 
gave a rule for this purpose, which we shall explain in tliis 
chapter *, 

Let there be given the general equation of the fourth 
degree, x* + ox* + bx* + cx + d = 0, in which the letters 
a, 6, c, d, represent any possible numbers; and let us 
suppose that this equation is the same as (x^ -f* \ax -\-pY— 
{qx -f- r)* = 0, in which it is required to determine the let¬ 
ters/!, and r, in order that we may obtain the cquatiop 

* This rule rather belonn to Louis FerrarL It is improperly 
called the Rule of Bombelu, in the same manner as the rule dis¬ 
covered by Scipio Ferreo has been ascribed to Cardan. F. T. 
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Hy si{iiariiig, and ordering this new ctitiuiiun, 
c 

.1 * -j- ax^ 

2/m* — 2qrx — 

- q^x". 

Now, tlic first two terms arc already the same here as in 
the given cHjuation ; the third term re(|uires ns to make 
+ 2/> — ^* = b, which gives = *«’ -f- 2/> — the 
iuiirlh term shews that we must make ap — 9qr = c, or 
\lnr — ap — c’, and, lasti}", we have for the last term 
p^ — = </, or r'-=.p^ — d* Wo have therefore three 

e(|iiations which will give the values of p, q, and r. 

7G7. The easiest method of deriving those values from 
them is the following: if we take the first equation four 
limes, we shall have 4^® = d' Hp — ; which equation, 

multiplied by tlicHast, r- rr />* — d, gives 

4</*r* = 8//’ + (a- — 4/>)/>’ — 8d/) — — 46). 

I'arthcr, if w’c sejuare the sot;ond eijuation, we have 
= a-p" — 2«r/> -j- c*. So that we have two values of 
■h/V*, which, being made equal, will furnish the Cf^uation 
8/;^ -f- {a* — 4A)/>’' — Sdp — d{a^ — 4A) = a‘p' — ^Mcp + o'*, 
or, bringing all the terms to one side, and arranging, 

S/r" — 4A//’ + {2ac — Hd)p - a'd + 46^^ — c' = 0, 
an e<{uation of the third degree, which will always give the 
value of/; by the rules already explained. 

708. Having therefore detennined three values of p by 
the given quantities «, A, r, d, when it was required to fiiul 
only one of those values, we shall also have the values of 
tlie two other letters q and r ; for the first eejuation will 

* np — c 

give q = v'da* -f 2/> —A), ami the second gives r = * 

Now, these three values being determineil for each mven 
ciusc, the four rtxjts of the pro)x>scd et|uation may be ^und 
in tile following manner ; 

'riiis e(|uation having lieen retluced to the ibrm 
(j* + V«.t' -|-/;)* •— (qx -}- r)' = 0, we shall have 

(t - + p = {qx -f r)^ 

and, extriicting the root, j.® -j- lax p — q^ + f, or 
r-’ -f lax p =. — qx — r» The first equation gives 
x- = p/ — from which we may find two 

roots; and the second e(|uation, to which we may give 
the form x- = — ((/ -|- — p — r, will furnish the two 

other roots. 


pro|M>8cd. 
w'e shall h 
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*769. Lf^t US illuslratc this rule by an example, and sup^ 
pose that the ec|uation 

X* - 10x3 ^ 35 j« - 50r 4- = 0 

was given. If we compare it with our genera) fomiiila (at 
tlie end of Art. 767.), we have a =: — 10, o = 35, e = — .50, 
J = 21-; and, consequently, the equnUon which must give 
the value of p is 

- 140/^ + 808p - 1540 = 0, or 
2/?* — 35/?« + 20iip — 385 = 0. 

The divisors of the last term are 1, 5, 7, 11, &c.; the 
first of which does not answer; but making p = 5, we get 
250 — 875 + lOlO — 385 = 0, so that p = 5; and if we 
farther siip{x>se p = 7, wc get 686 — 1715 -f- 1414 — 
385 =: 0, a proof that p rr 7 is the seec:»ud root. It remains 
now to find the third root; let us tiierefoir divide the ei{uii- 
tion by 2, in order to havcp* — + lOlp — ^ ’ =0, 

and let us consider that the coefticient of the second term, or 
3^*, being the sum of all the three roots, and the first two 
making together 12, the third must necessarilv W V* 

AVe consequently kmnv the three roots ri*tjuired. But it 
may be ohsc'rvcd that one would have lK*en suificient. Ik’- 
cause each gives the same four roots for our et|uation of the 
fourth degree. 

770. 1.0 prove this, let p = 5; we shall then have, by 
the formula, b), q = V{^23 + 10 — 35) =0, 

and r z= —= ®. Now, nothing being delerininctl 

by tills, let us take the third equation, 

r* =p* - d = 25 - 24 = 1, 
so that r = 1; our two equations of the second degree w ill 
then be: 


1. x* = 5x - 4, 2. x-s = 5r 

The first gives the two roots 

5 + 3 

X = * =t a/H, or X = 


-6. 


2 


that is to say, x = 4 and x = 1. 
The second equation gives 

5 + 1 

, = » ± v' l =~b~ 


that is to say, x = 3, and x = 2. 

But suppose DOW' p = 7, wc shall have 
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q = v''(25 14 — 3-5) =■ 2f and r = 


-70+50 

4 


= - 5, 


wlionce result the two ec|uations of the second degree, 

1. i* = 7^ - 12, 2. X* = 3x — 2; 

.... ; 711 

the first gives x = or x = — 

so that X = 4, and x = 3; the second furuibhes the root 

, 3+1 

and, consequently, x = 2, and x = 1; therefore by this 
second supposition the same four roots are found as by the 
first. 

Lastly, the same roots are found, by the third value of p, 
=z ’4' : for, ill this case, we have 

q = ^^(25 + 11 — 35) = 1, and r n - t? 


so that the two equations of the second degree become, 

1. = Cx, 2. jr« = 4x — 3. 

Whence wc obtain from the first, x’ z= 3 v'l, tliat is to 
say, X = 4, and x = 2 j and from the second, x = 2 db v'l, 
that is to say, x = 3, and x = 1, which ore the same roots 
tliat we originally obtained. 

771. Let there now be proposed the equation 

- iCx — 12 = 0, 

in which a = 0, 5 = 0, r = — 16, d = — 12; and our 
e(]uation of the third degree will be 

Hp' +• 96/) — 256 = 0, or +-12/) — 32 = 0, 

and we may make this equation still more simple, by writing 
p for we have then 

8/^ + 24< ~ 32 = 0, or + 3^ — 4 = 0. 

The divisors of the last term are 1, 2, 4; whence one of 
the roots is found to be ^ = 1; therefore /; = 2, 7 = 
V'4 = 2, and r — — 4. Consequently, the two equa¬ 

tions of the second degree arc 

X* = 2.r + 2, and x* = — 2x — 6; 
which give the roots 

- X = 1 + 3, and x = — 1 ±l ^ 5. 

772. We sliall endeavour to render this resolution still 
more ihmiliar, by a repetition of it in the following example. 
8up}X)sc there were given the e<]uaUon 
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A.* - 4 . - I52ar + 4 = 0, 

which must be contained in the formula 

(j.* — ill + p)« - iqx + ry = 0, 
in die former jiart of which we have put — iix, because —,‘J 
is half the coefficient of the given e(|uation. This 

Ibmitila iK'ing expanded, gives 

a4 _ 6 ^3 ^ 9 _ _ ^(5^ 4 o,jr),r + - r* = 0; 

which, compared witli our ef]uation, there will result from 
tliat comparison the following equations: 

1. 2^ + 9-?*= 12, 

2. ^ 4- 2jrr == 12, 

3. — r* = 4. 

The first gives = 2p — 8 ; 

the setono, 2 ^r = 12 — 6 p, or yr = b — 3p ; 

the third, r* = — 4. 

Multiplying r* by 9 ', and p® — 4 by 2p — 3, wc lia\t‘ 

=: 2p* — Sjf^ — 8p -j- 12; 
and if we square the value of qr, wc have 

= 36 — 3(^ + 9p^; 

so that wc have the equation 

2p* - 3p« - 8 p -f 12 = 9p- — 36p -f 36, or 

2p* — 12p^ 4 . 28p — 24 = 0, or 

p^ - 6 y;’ -r l ip - 12 = 0 , 

one of the roots of which is p = 2 ; and it follows tliut 
y* = 1, <7 = 1, and yr — r = 0 . Therefore our cnpiation 

will be (x* — 3 x -f 2 )’’ = x', and its swjiiare rrxit will lie 

jr' — ,‘Jx 4 ~ If take ilie uj>|H'r sign, wc have 

.r- ~ lu — 2 ; and taking the lower sign, wc obtiiin 
.r- = ‘.ix — 2 , w hence wc derive the four routs x = 2 >'' 2 , 
and X = 1 4 — 1. 


CHAP. XV. 


Of a new Method of rcsolvitig Ccpiations of'the Fourth 

Degree. 


773w The rule of Bombelli, as we have seen, resolves 
cejuations of the fourth degree by means of an equation of 
the third degree; but since the invention of that Hulcji 
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another method has been discovered of performing the same 
resolution : and, as it is altogether different from the first, it 
deserves to be separately explained *. 

774. We suppose that the root of an equation of the 

fourth degree has the form, x z=i ^/p in which 

tlie letters jt>, r, express the roots of an equation of the 
third degree, s’ —./z" + — /* = 0; so that 

pq + pr + ^yr = ^; and pyr = h. This being laid down, 
we square the assumed formula, x = v'p + Vy + •Jr, and 
we obtain 

x2=p + y-f.r + 2 ^/pq + 2 + 2 y,fqr ; 

and, since p -f ^ we have 

•»" —y = 2 x/pg + 2 ^/pt + 2 \/qr ; 
we again take the stjuares, and find 

x*— ^fx" +/^= 4 pg -f 4 pr-j- 4 gr 4.8 •/p'^qr +8 ^/ptfr 4 Sy/pqr^. 
Now, 4q)q -f 4pr + Aqr =. 4^; so that the equation becomes 
T* — + /2 — 4 g = 8 ^fpqr X ( A<p + V'r) ; but 

a''P s^q + v/^ or Vpqr — 

wherefore wc arrive at this equation of the fourth degree, 

~ — 8.r x'^ +y* — 4g = 0, one of the roots of 

which is T = p \ *q 4 and in which p, g, and r, 
are the roots of an equation of the third degree, 

-yi- — 7* = 0. 

775. The equation of the fourth degree, at which wc 
have arrived, may be considered as general, although the 
second term a’*g is wanting; for we ^all afterwards shew, 
that every complete equation may be transformed into an¬ 
other, from which the second term has been taken away. 

Let there be proposed the eijuation X *— ax ’— bx —cnO, 
in order to determine its root. This wc must first comi>are 
with the formula, in order to obtmn the values ofy gy and 
ft ; and wc shall have, 

1. Oy and, consequently,y* = 

A* 

2. 8 x/7* = 5, so that h = -tt: : 

64 

r% 

3. y^ - 4g = — c, or -4g 4 C = 0, 

or 4 ®* + c ::: 4g; consequently, g = + ^c. 

* This method was the invention of £uler liimself. He has 
explained it in the sixteenth volume of the Ancient Commenta¬ 
ries of Pctcraburg. F. T. 
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T76. Since, therefore, the equation 

X* ~ ax' — Ax —• c = 0, 

gives the values of the letters ^ and A, so that 
= iV»* + and h = .^\.bS or ^/h = ‘A, 
we form from tliese values the etjuation of the third degree 

—yi ■ “1“ ^**3 — A = 0, ill order to obtain its hkHs by 
the known rule. And if we 8up]X)sc those roots, I. s =«, 
2. 2 = o, 3. s = r, one of the roots of our etpiation of the 
fourth degree must be, by the sup|}osition. Art. 774, 

X = 

777. This method appears at first to fumisli only one 
root of the given equation; but if we consider that every 
Mgn v' may l>e taken negatively, os well as iHisitivclv, wo 
shall inimcuiotely perceive that this formula contains all the 
four roots. 

Farther, if we chose to admit all the possible changes 
of the signs, we should have eight diflorent v;Uues oi’ .r, 
and yet lour only can exist. Hut it is to l»c observctl, that 
the protluct of those three terms, or \^pqr, must lx* iqiial to 
^//* = J-A, and that if jA Ik* |X)sitive, the priHliict of the 
terras x*'/?, \/q, niu>t likewise Ik* {x>siti\e; so that all 

the variations that can be adinitteil arc ri'tlucetl to the 
four following; 

1. .r = Vp + v'y • v/r, 

52. X = s^p — - v/ r, 

3. X \ \fq — \ 

4 X —— Vp — V 7 i- \ > - 

In the same manner, when \b i.s iiegulive, wv ha\e tuily 
tile four following values of a ; 

1. X =. 

i*. u — s/p — x/q s/f'^ 

3. X = - vp x'q + ^ /•, 

4. X = — - y/q — y/r. 

This circumstance enalilcs us to determine the ii>ur r«M>is 
in all cases; as may l>c seen in the following example. 

778. Let there be iirofKised the cijuatioii of the foiirtli 
degree, x* — 25x- +• (jKlr — 30 = 0, in which the secoml 
term is wanting. Now, if wc compare this with the general 
formula, wc have a — 525, A = — 60, and c = 30; and 

-after that, 

y ' — *» tr — *** 4- O — ^ and h =z * * * ■ 

by which means our equation of the third degree liecoiiies. 
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^ _ » S ~c 7 6 9^ ^ »as —:0 

z" — ^ « -f- ig*-.— — w. 


u 


First, to remove the fractions, let us make z = — ; and we 




shall havc-.TT — 
Oi- 


25u- 


769n 225 ^ , .... 

-i —^ - j- == 0, and n]ultipl}'in|T 


82 ’ G4 4 
by the greatest denominator, we obtain 

_ 50 u^ ^ 769 m - SCOO = 0 . 

We have now to determine the three roots of this equation ; 
which are all three found to be [xjsitive; one c>f thctii being 
f/ r= 9: then dividing the equation by m — 9, we find the 
ni*w e(] nation it* — 41 m + 44K) = 0, or m® = 41m — '400, 
wliich gives 

41 “bO 

w = V±v'('V‘ 'V" 2 

so that the three rcxjts are ti = 9j m = IG, and u zz 25. 


71 

Consequently, as r = the roots arc 

1 O .. - A ft T — »5 

Ji • ^ ^ • 

'rheso, therefore, are the values of the letters /?, y, and /■; 
that i'* to say, p = ■^, y = 4, and ;■ = V* Now, ii‘ weeon- 
sider that and that therefore this value 

- is negative, we must, agreeably to what i«as been said 
with rcgartl to the signs of the rcx)ls P 9 ^'9 take 

all those three roots negatively, or take only one of them 
negati\ely; and eonsecjuently, as p = ^'y =2, and 

■, r the four roots of the given equation arc found 

to be: 

1. ^ 1 + 2 - i = 1, 

2 - — 3 0 _ l 5 — O 

3. .r = - 1- + 2 + i =: 8, ' 

4. a = — ’ - 2 — J— 6. 

From these rtxits are formed the four factors, 

(X - 1) X (a; - 2) X (X - 3) X (x + G) = 0. 

The first two, multiplied togetlicr, give a® — 3x f 2; 
the pRHluct of the last two is x' + 3x — 18; again multi¬ 
plying tlicse two products togcUier, w'c obtain exactly the 
i.H]uation pro|)osetl. 

779- It remains now to shew how an equaUon of the 
fourth degree, in which the second term is found, may be 
transformed into another, i;i which that term is wanting: for 
w'hich w'c shall give the following rule *. 

* An investigation of this rule may be seen in Maclaurin’s 
Algebra, Part II. chaji. ;5. 
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I-ot there be proposcxl the general equation »/* ot/*' -j- 

+ ry -j- = 0. If we acul to y the fourth jwrt of the 

coefficient of* the second term, or -io, and write, insteatl erf 
llie sum, a new letter .r, so that y -f" conse¬ 
quently j|/ =: j- — : wc shall have 


= ,r‘ - \ajr + ^a\ — ioa' 4* 

and, lastly, as follows: 

y ^ ^^ ; jr«‘ 

= ar^ - d- — ^\n* 

= bx" — d“ 

cy — ex — lac 

d = d 


And hence, by addition, 

x‘ + 0 — JaV^+ 

bx- — ^abx + 

ex — ' or i 

d) 

We have now an equation from which tlie secoinl term is 
taken away, and to which nothin" prevents us from applx iii" 
the rule before given for determining its four riH)ts. After 
the values of x are found, those of y will easily l>e deter¬ 
mined, since y == r — 

780. This is the greatest length to which wc have yet 
arrived in the resolution of algi'hraic etpiations. All the 
imins that have been taken in order to resolve e<j nations of 
the fifth degree, and those of higlier dimensions, in the s:ime 
manner, or, at least, to reduce them to inferior degr»i*s, 
have been unsuccc^ssful: so that we cannot give any general 
rules for finding the roots of eejuntions, which exceed llie 
fourth d^p*ce. 

The only success that lias attcmled lliest* attempts has 
licen the resolution of some particular cases; the cliief of 
which is that, in whicli a rational root takes place; for this is 
easily found by the method of divisors, iKxiausc wc know 
that such a root must be alvrays a factor of the last term. 
'ITie operation, in other respects is tlic same as that wc have 
explained for equations of tiic third and fourth degree. 

781. It will be nccessaiy', however, to apply the rule of 
BombelH to an equation which has no rational roots. 

Let there be g^ven the equation y* — 8y* + I Vy- -f- 

— 8 =: 0. Here we must begin with destroying the 
8cx»nd term, by adding the fourth of its coefficient ioy, siq>- 
posing y — 2 = x, and sulistituting in the equation, inste.'id 
ofy, its new value x -f- 2, iiiKtcad o^-, itfrvaluc 4x -f- 4; 
and doing the same with regard to and jy*, wc sliall have. 
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^* = + 81 ‘ + 2 kr' + S2.r 4.16 

8 y = - 8 r^ - 48 r 8 - f> 6 .r — 64 

14^= = 14x"‘ -f 56 j: 4 56 

4^ = 4 ^ 

- 8 = — 8 


4 6 — l().r» — 4-4; 4 8 rr 0. 

Tills equation bcinff compart'd with our funeral formula, 
j;ives a = 10, 5 = 4, c = — 8 ; whence w-c conclude, that 
/■= 5 , fi = 7ir = and yi'h = 4 ; that the product 
\^pqr will l)c positive; and that it is from the ec^uation of 
the thirtl def 3 prce, 2 ^ — 5s- 4 V ” — y = 6 , that we are to 
seek for the three rootsy>, < 7 , r. (Art. 774.) 

782. Let us first remove the fractions from this equation, 

7/ 

by making z = —» and we shall thus have, after multiply- 


ing by 8, the equation — 10//- 4 —2 = 0, in which 

all the roots are positive. Now, the divisors of the last 
term are 1 and 2; if w’e try 1 / = 1, we find 1 — 10 4 “ 

2 = 6; so that the equation is not reduced to nothing: 
blit trying 7 / = 2, w’c fliul 8 — 404^4 — 2 = 0, which 
iiiiswers to the e/juation, and shews that 7 / = 2 is one of the 
rtH>ls. The two others will Ik? found by dividing by 7 / — 2, 
as usual; then the <[uolicnt //- — 8// 4- 1 = 0 will give 
u- = 8// — 1, and 7 / = 4 4 - x lo. And since 2 = [//, the 
three roots of the equation of the third dcgi'ce arc. 


1 , 

o 



1 , 

4+ ^^15 


6 , 


4-v/15 
o 


78^. Having therefore determined wc have alsf» 

their .stjuare nnits; namely, ^/y/ = 1 , 


= 


^/(8 + 2 ^/ 15 )• 

o 


, and a/c = 


(8—2^/15) 


* This expression for the squai'e root of q is obtained by mul- 
tiplying the numerator and denominator of ■ by 2 ,and 

extracting the root of the latter, in order to remove the surd: 

4-+-^/1.7 „ S + 2^^1.> , v^(S4-2^/4->) 

1 hus,--- X 2 =-;-; and — 


l/4 


v'(S-h2^/1.‘5 
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But wc have already secn» (Art. G75, and G70), that the 
square root of a ±s/by when — A) = c, is expressed 

O ft f 

by ^'(« ± ± 80 that, ns in the 

J ircseiit easi*, n = 8, and s'b = 2 and consequenlly, 

> = (K), and r = — A) r=. 2, wc have 

^'{8 + 2 v^l5) = 3, and ^' (8 — 2 ^>^15). 

' .*> *” Jj 

= v'S — Hence, we have = 1, * 

and r= " ^ g ^^ » wlicrcfore, since we also know tliat 

the product of these quantitic'S is |K>sitive, the four values i»r 
X will be: 

1 .1^1/ T I '' 3-|- — \ 3 

l.i= ,/p-f ✓(74- v'r =14 -.. 

= 1-1-✓S, 

_ /K _ ,0 'T_l_ '<1 

O -1 , \ o— X o— , ^ -J 

%^7»— \’ <7— \ »-r- t, .. 

«iki 

= 1+V^^ 

✓."> [- \ 3 - ✓.>4'v''«> 

3. j= — ✓/>4- \^(7— V r= —14 - - - .... 

=—1 + ✓ 3, 

, , — ✓.5 —^^5—^^S 

4 x= —1 ✓p— ^'r= —1 +--. 

= -l- -,'3. 

I..astly, as wc have ^ = x + 2, the four nnHs of the 
given equation arc: 

1.^ = 3+ %/5, 2. ^ = 3 — ^ 'o, 

3. ^ = 1 H- -v'3, 4. = 1 — ✓d- 

<,L'ESTION8 FOR rBACTUF.. 

1. Given s* — 4s^ — 8x: 4~ — G, to find the values 

of 2 . 4, 2, — 1 4~ 3, — 1 — V ^ — 3. 

2. Given p* — 4//’ — 3y* — 4y + 1 = 0, to find the 

, . ' . -.! + ✓_ 3 ,5 } , 21 

values of jins. --,anu- 

3. (irii’en x* — 3x- — 4.r = 3, to find the valui*« of r. 

1 h a/13 






CHAF. XFI. 


OF ALOZBSA. 


889 


CHAP. XVI. 

Of the Resolution ^Equations by Approximation. 

784. When.the roots of an equation are not ratumal, 
whether they may be expressed by radical quantities, or 
even if we have not that resource, as is the case with equa¬ 
tions which exceed the fourtli degree, we must be satisfied 
witii determining their values by approximation ; that is to 
say, by methixls which are continually brining us nearer to 
the true value, till at last the error being very small, it may 
l)e neglected. Different metliods of this kind have b^n pitv 
posed, the chief of which we shall explain. 

785. The first method which we shall mention, supposes 
that we have already determined, with tolerable-exactness, 
the value of one root*; that we know, for example, that 
such a value cxc^eeds 4, and that it is less than 5. In this 
case, if we suppose this value =; 4 -f-p, we are certain that 
p expresses a fraction. Now, as p is a fraction, and con¬ 
sequently less than unity, the square of p, its cube, and, in 
general, all the higher powers of p, will be much less with re- 
s]K?ct to unity ; and, for this reason, since we require only an 
approximation, they may be neglected in the calculation. 
When we have, therefore, nearly determined the fraction p, 
we shall know more exactly the root 4 + p; from that we 
proceed to determine a new value still more exact, and con¬ 
tinue the same process till we come as near Uie truth as we 
deairc. 

786. We shall illustrate this metliod 6rst by an easy ex¬ 
ample, requiring by approximation tlic root of the equation 

== no. 

Here we perceive, that a* is greater than 4 and less than 
G; making, therefore, j: == 4 +p, we shall have = 16 4- 
8p 4- p’ = J20; but asp* must be very small, we shall neg¬ 
lect it, in order that we may have only the equation 16 

• This is the method given by Sir Is. Newton at the beginning of 
his Method of Fluxions. When investigated, it is found subject 
to different imperfections; for which rea.son we may w'ith ad¬ 
vantage substitute the method given by M. de la Grange, in the 
Memoirs of Berlin for 1767 and 1768. F. T. 

This method has since been published by De la Grange, in a 
separate Treatise, where the subject is discussed in the usual 
masterly style of thii author. 
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IIp s 5M), or ^ 4. This pves p s= and x as 4^ 

'v^ich already approaches nearer the true root. If, there- 
Hire, we now suppose x =; 4^- + j>'; we arc sure thnty>‘ ex¬ 
presses a fraction much singer than before, and that we 
may neglect p'® with greater propriety. We have, there¬ 
fore, jr® = -H 9p' » SO, or Qp's — ^ • and consequently, 
p' s= — tnereforex = 44- — ^ = 4^J, 

And if we wished to approximate still nearer to the true 
valuer we must make x s= 44.^ > <uid should thus have 

X* = 30 rixT “ 30 i so that 

3*2/ = — tIU = - T7r» and 

1 _ 

f’ -S6X3S2 - ~ ■ 

therefore x = 44-)^ — -rr f vr = a value which is so 

near the truth, that we may consider the error as of no im¬ 
portance. 

787. hlow, in order to generalise what we have here laid 
down, let us suppose the given equation to lx; x" = a, and 
that we previously know x to bie greater than n, hut less 
than n + 1. If we now make x ^ n + p, p must lie a 
fraction, and o* may be neglected os a very small quantity, 
BO that we shall have x® = «® + 2np r= a ; or 2np =.a — n*, 

o—n* o —w* + o 

and p =* ; consequently, x = n -f == - 


Now, if fi approximated towards the true value, tliis new 
value will approximate much nearer; and, by sul>- 


stituting it for n, wc shall 6nd the njsult much nearer the 
truth; that is, we shall obtain a new value, which may again 
be substituted, in order to approach still nearer; and tlie 
same operation may be continued as long as we please. 

For example, let x* =: 2; that is to saj', let the square 
1*001 of 2 be required ; and os we already know a value suf¬ 
ficiently near, whicdi is expressed by n, wc shall have a still 


nearer value of the root expressed by 


n®-fg 

2n 


. l«et therefore, 


1. A = 1, and we shaU have x =; 4r» 

2. n Tz ^ and we shall have x = 4 

3. n = 44 * we shall have x =: 404 * 

This last value approaches ao near v^S, that its square 
l-j***• differs from the num^ 2only by the small quantity 
by which it exceeds it* 

788. We may proceed in the same maimer, when it is 
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required to find by approximation cube roots, bk|uadrate 
roots, &c. 

Let there be given the equation of the third degree, 
jr’ r: o; or let it be proposed to find the value of 4 / 0 . 

Knowing that it is nearly n, we shall suppose ar = n + p« 
neglecdng p® andp®, we shall have x* zrn* + Sn*p = a; so 

a2n*-f-o 
that 3n*p = 0 — n^, and p ■ ■; whence ^ 


Sn» 


s == 


3n* 


If, therefore, n is nearly =: ^/a, the quantity which we have 
now found will be much nearer it. But for still greater 
exactness, we may again substitute tliis new value for n, and 
so on. 

For example, let = 2; and let it be required to deter* 
mine Here, if n is nearly the value of the number 


sought, the formula 


3n* 


will express tliat number still 


more nearly ; let us therefore make 

1. n = 1, and we shall have x = ^, 

2. n B= and we shall have x 

3. n = 14, and we shall have x = 4|444-i-l|-r* 

789. This method of approximation may be employed, 

with the same success, in finding the roots of all equations. 

To shew this, suppose we have the general equation of 
the third degree, x^ -|“ -f- ^ = 9, in which n is 

very nearly the value of one of the roots. L.ct us make 
.r = n — p; and, since ja will be a fraction, neglecting the 
powers of this letter, which are higher than the first degree, 
we shall have x* = n* 2np, and x* = n* -- 3n*p; whence 
we have the equation n* — 3n®p + an* — %anp -\-bn — 
6p + c 0, or n* + an* + + c = 3n*p + ^np + bp 

= (8n» + San + h)p ; 60 thatf>= "<1 


X = » — 


n*4-on*-l-A«+c 


2 n* an- — e 
3»* -|- 2an -j- b' 


This value. 


which is more exact than the first, b^ng substituted for n, 
will furnish a new value still more accurate. 

790. In order to apply this operation to an example, let 
X® 4” 2x* 4" 3x — 50 = 0, in which a =: 2, A = 3, and 
c =: — 50. If n is supposed to be nearly the value of one 


of the roots, x = 


2n»4-an*4-50 
3n‘4-4»»4>3 * 


will be a value still 


nearer 


the truth. 

Now, the assumed value x = 8 not being far from the 

d2 
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true <Nie, we shall suppose n = 1B, which gTves us a? :=: ^-r« 
and tf we were to substitute this new value instead of ft, we 
t^ould find another still more exact. 

791. We shall give cmly the following example^ for equa¬ 
tions of higher dimensacMis than the thira. 

Let =■ €j? -4" 10, or jr* — 6jr<>-10=0, where we readily 
perceive that 1 is too small, and that ^ is too grreat. Now, 
if X =s n is a value not far from the true one, and we 
make x r= ft -j- p, we shall have a** n® ; and, con¬ 

sequently. 


n’ 


-f- 5n*p = 6ft -f- -f-10; or 

- 6) = 6« -f 10 - n\ 
6»-|-10 —#1^ _4ii*-|-10 


Wherefore p = —^ 


pose ft = 1, we shaH have x = —^ =r — 14; this value is 

altogether inapplicable, a dreumstance which arises from the 
approximated value of n having been taken by much too 
small. We shall therefore make n s 2, ai^ shall thus 
obtain x = a value which is much nearer the 

trutli. And if wc were now to substitute for the fraction 
4^, wc should obtain a suil more exact value ol* the root x. 

702. Such is the most usual method of finding the roots 
of an equation by approximaUon, and it applies successfully 
to all cases. 

We shall however explain another method which de¬ 
serves attention, cm account of the facility of the calculation. 
The foundation of this method consists in determining for 
each equation a series of numlx;rs, as <r, 6, c, &c. such, that 
cmcli term of the series, divided by the pretx^ing one, may 
express the value of tlic rexft with so much the more ex¬ 
actness, according as this scries of numbers is carried to a 
greater length. 

Suppose we have already got the terms p, q, r, 3, t, &c. 


* The theory of appvoximatioii here given, n founded on tlie 
theory of what are called recurring series, invented by M. dc 
Moivre. This method was given by Daniel Bernoulli, in vol. iii. 
of the Ancient Commentariaai of Petersburg. But Euler has 
here presented it in rather a different point of view. Those 
who wish to investigate these matters, may consult chapters 13 
and 17 of vol. i. of our author's Introd. in AnaL Infin.j ex¬ 
cellent w(wk, in which several subjects treated of in this first 
part, beside others equally connected with pure mathemotics, 
are profoundly analysed and clearly explained. F. T. 



CHAP. XVI. 


OF ALQXB&A. 


^ must express the root x with tolerable exactness;' that is 
to say, we have z x nearly. We shall have also 
~ = X and the multiplication of the two values will 

IT S 

give ~ = X* Farther as = x, we diall also have 

~ = x’; then, since — = x, we shall have ~ = x*. and 

P ^ . P 

so on. 

793. For the better explanation of this method, we shall 
bemn with an equation of the second degree, a® = x + 1, 
and shall suppose that in the above series we have found 

Q T 

the terms p, q, r, s, t. Sec. Now, as ~ =: x, and — = x®, 

T q 

we shall have the equation ~ =:t '——b 1, or ^ + p sc x. 

And as we find, in the same manner, that # = r -f- <?• and 
i = jr -f- r; we cxjnclude that each term of our series is tlie 
sum of the two preceding terms; so that having the first 
two terms, we can easily continue the series to any length. 
With regard to the first two terms, they may be taken at 
pleasure: if we tlicrcforc suppose them to be 0,1, our series 
will be 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, &c. and 
such, that if we divide any ttTni by that which immediately 
precedes it, we shall have a value of x so much nearer the 
true one, according as we have chosen a term more distant. 
The error, indeed, is very g;reat at first, but it diminishes as 
wc advance. The series of those values of x, in the order in 
which they are always approximating towards the ti'ue one, 
is as fbllow's: 


X = 


4 ■« 5 t ? 1 I 1 4 $S 144 

o* T» I* T> T» S' * Tr* "TT* Tii TT* "O' » 


If, for exaipple, we make x = 4-f, we have = 44 "f" 
1 = *** which the error is only Any of the suc¬ 

ceeding terms will render it still less. 

794. Let us also conrider the equation x' = 2x + 1; 

imd since* in all cases, x = and x* = we shall have 

P P ' 


* It must- only be understood here that Is nearly equal to x. 
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P 


P 


4-l,orrs2^^^; wheiioe inISer tbst tlie 


double of each term, added to the preceding term, 'will give 
the succeeding one. there^ue, we b^n agmn with 0 , 
], we shall have the aoies, 


0 , 1 , % 5 , 18 , « 9 , 70 , 100 , 408 , kc. 

Whence it follows, that the value of x will be expressed 
stiU more accurately by the fcdlowing fractions: 


W-.I K S IS S9 70 l69 4 O 8 6 ^ 

* — V* T» T» T > Tl* TV> V© » TTrir» 

which, consequently, will always approximate nearer and 
nearer the true value of jr = 1 4-v'z; so that if we take 
umty from these fractkms, the value of will be expressed 
more and more exactly by the suoceedii^ fractions: 

■ 13 7 (7 41 99 419 

V* T9 T» T» TT* TT» T«7 T-inr* 

For example, has for its square which differs 

only by We^ from the number 8 . 

795. This method is no less applicable to equations, wliich 
have a greater number of dimensions. If, for example, we 
have the equation of tlie third degree a*’ = a* 4 - iifx 4 - 1 , 

we must make x = —, , and ; we shall 

P P P 

then have 9 = r-^9q which shews bow, by means of 

the three terms p, g, ana r, we are to determine the suc¬ 
ceeding one, a; and, aa the beginning ia always arbitrary, 
we may form the following series: 

0, 0, 1, 1, 3, 6 , 13, 28, 60, 129, &c. 

from which result the following fractions for the approximate 
values of jr; 


s 


01 I 1 A I) St «o |S 9 Of« 
99 99 T9 T» T» 9 9 TT* TT* TT > 


The first of these values would be very far from the trudi; 
but if we subsdtute in the equation |f, or y, instead of x, 
we cd>tam 

•■AV = *A’+ V + 3 “ Wr*. 

in which the error is only 

796 b It must be observe, however, that all ecpiations are 
not of such a nature as to admit the application of this 
method ; and, particular^, when the secondTterm is wanting, 
it cannot be made use of. For example, let = 8; if we 


wished to nudm x 


Q T * 

and x*" = —, we should have 

p p 
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= 5^ or r 5= %?, that is to say, r =s Og -|- whence 
P 

would result the smes 

1,1, ^ 2, 4, 4, 8, 8,16,16, 32, 82, &c. 
from which we can draw no cooclunon, because each term, 
divided by the preceding, gives always x = 1, or = 2. 
But we may obviate this inconvenience, by making —1; 
for by these means we have ^ 4" ^ 2; and if we 

now make y = , and y* = ~, we shall obtain the same 

approsdmation that has been already given. 

797. It would be the same with the equation a?* as 2. This 
method would not furnish such a series of numbers as would 
express the value of ^2. But we have only to suppose a: = y 
1, in order to have the equationy^ — ^ — 1 ^ 


q f 

la-y* =z 1^’ — 3y + 3; and then making y = — f 

s 

andy* z= —^ vee have s =: 3r — 3y + 3pt by means of 

P 

which we see how three given terms determine the succeed¬ 
ing one. 

Assuming then any three terms for the 6rst, ft}r example 
0, 0, I, we have the following series: 

0, 0,1, 3, 6,12, 27, 63, 144, 324, Sec. 

The last two terms of this series givey =: and or r: 

This fraction approaches suffidently near the cube root of 2; 
for the cube of I is and 2 = 

798. We must farther observe, with regard to this 
method, that when the equation has a rational root, and the 
beginning of the period is chosen such, that this root may 
result from it, each term of the series, divided by die pre¬ 
ceding term, will give the roert; with equal accuracy. 

To shew this, let there be given the equation jr* = x 4* 2, 
one of the roots of which is x = 2; as we have here, for 
die series, the formula r = y + 2y, if we take^, 2, for the 
first two terms, we have the series 1, 2, 4, 8, 16, 32, 64, &c. 
a geometrical progression, whose exponent = 2. Tlie same 
property is proved by the equation of the third degree 
x® = X* + 3x 4“ 9, wnich has x = 3 for one of the roots. 
If we suppose the first terms to be 1, 3, 9, we shall find, by 
the formula, s = r + ^ 4* 9jP, and the series 1, 3, 9, 27, 
81, 243, &c. which is likewise a geometrical progression. 



xunixifTfi 


•Bcr. IT. 


m 

799* But if the banning of the series exceed the root, 
#e lAiiQl not approximate towards that root at aU; for 
when the ^uation has more than one root, the series mvse 
by approximation only the greatest: and we do not fina one 
or the less roots^ .unless the first terras have been popcrly 
cbosen for that purpose. Thu will be illusiratea by the 
followitm example. 

Let there be given the equation »• = 4r — 3, whose two 
roots are x = 1, and x = 3. The formula for the scries is 
r = 4^ — and if we take 1, 1, for the first two terms of 
the series, which consequently expresses the ]€:ast root, wc 
have for the whole series, 1, I, 1, 1, 1,1, 1,1, &c. but as¬ 
suming for the leading temis the numbers 1. 3, which con¬ 
tain the greatest root, we have the scries, 1, 3, 9, 81, 

S43, 7SQ, fiec. in which all tlic terms express precisely the 
root 3. Lastly, if we assume any other beginning, pru\ tded 
it be such tliat the least term is not compriHcd in it, the 
series will continually approximate towards the greatest 
root 3; which may be seen by the following series: 

Beginning, 

0, 1, 4, 13, 40, 121, 364, &c. 

1, S, 6, 14. 41, 122, ti65, &c. 

2, 8, 6, 15, 42, 123, 86(i, 1095, &cc. 

2, 1,—^-11,-38,-118,-362,-10J)1,-3278, &c. 

in which the quotients of the division of the last terms by 
the preceding always approximate towards the greater rtx>t 
3, and never towards the less. 

800. We may even Apply this method to equations 
which go on to infinity. The following will furnish an 
example: 

X* = x*"“* x*~* -f- X*—* -4“ X*—*-4"> 

The series fmr this equation must be such, that each term 
may be equal to the sum of all the preceding; tltat is, we 
must have 

1, 2, 4, 8,16, 32,64,128, &c. 

whence we see that the greater root of the given equation is 
exactly x = 2; and thu may be shewn m the following 
prianner. If we divide the equation by x**, we shall have 

1111, 

1 zsz ^ ~~~r "k *~T 4" ~ **T “k s 

a gepmetrical progression, whose sum is found = 
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that X = multiplying therefore bjr a? == X» we have 

ar — 1 = 1> and or = 9. 

' 801. Betide these methods of determining tii0 zvxits of an 
equaticm by approximation, some others have been invented, 
but th^ are all either too t^ious, or not sufficiently general 
The method which deserves the preference to all others, is 

* This remark does not apply to the method of finding the 
roots of equations of all degrees, and however affected, by The 
Rule of Double Position, in order, therefore, that this cmapter 
might be more complete, we shall explain this method as briefly 
as possible. 

Substitute in the given equation two numbers, as near the 
true root as possible, and observe the separate residts. Then, 
as the difference of these results is to the difference of the two 
numbers; so is the difference between the true result, and 
either of the former, to the respective correction of each. This 
being added to the number, when too small, or substracted from 
it, when too great, will give the true root nearly. 

The number thus found, with any other that may be sup¬ 
posed to approach still nearer to the true root, may be assumed 
lor another operation, which may be repeated, till the root shall 
he determined to any degree of exactness tlmt. may be re¬ 
quired. 

Example. Given q- x- + x = 100. 

Having ascertained by a few trials, or by inspecting a Table of 
roots and powers, that x is more than 4, and less tliiui 5, let us 
substitute these two numbers in tlic given equation, and calculate 
the results. 


Hy the first 1 

II II 

Zi 

By the second J 

"x = 5 

x» = .25 

supposition 1 

x^ = 64 

supposition 1 

.x* = 125 


84 . 

. . Results . . . . . 

• • • • • 


155 

5 

100 true result. 


81* 

4 

84 

Difiercnces 

71 

1 

16 

Then, 

As 71 

: 1 : : 

16 : *2253 + 


Therefore 4 + *2253, or 4*2253 approximates nearly to the 
true root. 

If now 4*2 and 4*3 were taken as the assumed numbers, and 
substituted in the given equation, we should obtain the value of 
X s= 4*264 very nearly. 
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that whidi we explained first; for it applie8,„|wcesaful]y to 
to all kinds of equations; whereas the other often requires 
the equation to be prepared in a certain manner^ without 
which it (^not be eni{wyed; and of this we have seen a 
proof in different examples. 


QUESTIONS FOR PRACTICE. 

1, Given »* + 2«® — 28ar — 70 = 0, to find x. 

Ant. X = 5*10450. 

8« Given — l&r* -f* OOjt — 50 = 0, to find x. 

Ana. X rr 1*028039* 

3. Given — 3 j* — 75jp sa 10000, to find x. 

Ana. X =r 10*2015. 

4. Given x^ + + 4x' -p 5x = 54321, to find 

X, Ana. X = 8*4144. 

5. Let ISOx’ + «657x* - 38059x = 8007115, to find 

Xm Ana, X = 34*6532. 


END OF PART I. 
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PART II. 

Cuntaininff the Analysis ^Indeterminate Quantities. 


CHAP. I. 

Of the Resolution (^Equations of the First Degree, which 
contain more than one unknown Quantity. 

ARTICLE L 

It has been shewn, in the First Part, how one unknown 
quantity is determined by a single equation, and how we 
may determine two unknown quantities by means of two 
equations, three unknown quantities by three equations, and 
so ^; so that there must always be as many equations as 
there are unknown quantities to determine, at least when the 
question itself is determinate. 

When a question, therefore, does not furnish as many 
equations as there are unknown quantities to be determined, 
some of these must remain undetermined, and depend on 
our will; for which reason, such questions are said to be 
indeterminate ; forming the subject of a particuku' branch of 
algebra, which is called Indeterminate Analysis, 

2. As in those cases we may assume any numbers forone^ 
or more unknown quantities, they also admit of several 
solutions: but, on the other hand, as there is usually an¬ 
nexed the condition, that the numbers sought are to be in¬ 
teger and positive, or at least rational, the number of all the 
posuble solutions of those questions is greatly limited: so 
that often there are very few of them pos^le; at other 
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times, may be an infinite number, but such as are not 
readily obtained; and sometimes, also, none of them are 
posaime. Hence it happens, that this part of analyns fie. 
quaitly requires artifices entirely ^propriaie to it, which are 
fx ^reat service in exercising the juagment of beginners, and 
giving them dexterity in calculation. 

3. To Ix^n with one of the easiest questions. Let it be 
required to find two positive, integer numbers, the sum of 
which shall be equal to 10. 

Let us represent those members by x and y ; then wc have 
.r + ^ = 10; and a: = 10 — y, where is so far only <le- 
termined, that this letter must represent an integer and {M>sitivc 
number. We may therefore substitute for it all integer 
numbers frenn 1 to infinity; but since x must llkeuise be n 
positive number, it follows, that y cannot be taken greater 
than 10, for otherwise x would become negative; and if 
we also rejfsct the value of x = 0, we cannot make y greater 
than 9; so that only the following solutions can take 
place: 

If^ = 1, 2, 3, 4, 5, (5, 7, 8, 9, 
then X = 9, 8, 7, 6, 5, 4, 3, 2, 1. 

Bttt^ the last four of these nine solutions being the s.inte as 
the first four, it is e\‘ident, that the <|ueslioii really admits 
only of five different solutions. 

If three numl)ers were required, the sum of w hich might 
make 10, we sliould liavc only to divide one of tlie numlaTs 
already found into two parts, by which means w'c should 
obtain a greater number of solutions. 

4 . As wc have found no difficulty in this (juestion, we 

will proceed to others, which require different considera> 
lions. * 

. Questwn. 1. Let it be ri^uired to divide 25 into two })arts, 
the one of which may be divisible by 2, and thte other by 3. 

Let one of the parts sought be 2x, igp| the other 
3^; we shall then have 2x -f- 3y « consequently 
2x = 25 5y\ and dividing by 2, we obtain 

x s; —f whence we conclude, in the first place* that 
2 

% must be less than 25, and, consequently, y is less than 8. 
Also, if, from this value of x, we toke out as many integers 
as we possibly can, that is to say, if we divide by the de¬ 
nominator 2, we shall have x = 12 — ^ + ; whence 

it follows, that 1 - or rather y - 1, must be dhrisible by 
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by 2. Let us, therefore, make ^ — 1 = ^; and we shall 
have ^ = 2 a + 1 , so that 

a ;=12 — 2 a — 1 — assll — Sz. 

And, since y cannot be greater than 8 , we must not sub¬ 
stitute any numbers for z which would render 2 z -b 1 greater 
than 8 ; consetjuently, z must be less than 4, that is to say, 
z cannot be taken greater than 3, for which reasons we have 
the following answers: 


If we make z = 0 1 

z 

= 1 

z =x 2 

z = 3, 

we have 


,V 

=:3 

y=5 

3^ == 7, 

and 

X = 11 

X 

= 8 ! 

X = 5 

X = 2. 


lienee, the two ))arts of 25 sought, are 

22 3, 16 4 - 9, 10 + 15, or 4 -f- 21. 

5 . Question 2. To divide 100 into two such parts, that 
the one may be divisible by 7, and the other by 11. 

L et lx be the first part, and 1 ly the second. Then we 
must have lx Wt/ — 100; and, ^Consequently, 

lOO-lly 9B4-2-7i/-^ 

X — irv m ' 9 nr 


_ ^ 2—4w 

14 - ^ + - 


wherefore 2 — 4y, or — 2 , must be divisible by 7 . 

Now, if we can divide 4y — 2 by 7, we may also divide 
its half, 2ij — 1, by 7. Let us therefore make 2 // — 1 = 7 r, 
or 2// = 7:: 4- If and we shall have j-=:14 —^ — 22 :; 
but, since % = 7i: + 1 = 62 -f- s + 1 , we shall have 


.y ^ 32 + 




Let us therefore make z -|- 1 = nr 


z = 2u — 1; which supposition gives ^ = 3z + «; and, 
consequently, we may substitute for u every integer number 
that clocs not make a* or ^ negative. Now, as y becomes 
= lu — 3, and X = 19 — llu, the first of these expressions 
shews that lu must exceed 3; and according to the second, 
llu must be less than 19, or u less than I'-f: so that u can¬ 
not be 2 ; and since it is impossible for this number to be 0 , 
wc must have u = 1 ; which is the only value that this 
letter can have. Hence, we obtain x = 8 , and ^ 4; 

and the two parts of 100 which were required, are 56, 
and 44. 

6 - Question 3. To divide 100 into, two such par^ tliat 
dividing the first by 5, there may remiun 2; ana dividing 
the semnd by 7, the remiunder may be 4. 
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SiDce the first put* divided by 5, lewras liie nonainder 
% let us suppose it to be &r -f* ; az^, far a rimilar reasoOf 

we may represent the second part by 7y + ^ diall thus 
have 


+ 7y + 6 ^ CMT 5* = ^ —7y==9® *1“ 4—5y—18y; 


whence we olrtain ar =z 18 




+ 


4-^ 
5 • 


Hence it fiJlows, 


that 4 — or ^ ~ 4, or the half y — 2, must be dividble 
by 5. For this reason, let us make ^ — 2 = ds, or 
^ s 52 + 2, and we shall have x = 16 — Tr; whence wc 
conclude, that 7z must be less than 16, and z less than 
that is to say, z cannot exceed 2. The questmn proposed, 
therefore, admits of three answers: 

1 . a = 0 gives x = 16, and s= 2; whence the two 
parts are 82 + 18, 

5 S. z s= 1 gives X s 9, and y == 7; and Uie two parts 
are 47 4- 53- . 

3. c = 2 gives x = 51, and y = 12; and the two parts 
arc 12 -4“ 88. 

7. Question 4. Two women have together 100 eggs: one 
says to the other; ‘ When I count my ^gs by eights, 
there is an overplus of 7/ The second replies : * If I count 
mine by tens, I find the same overplus <m 7.' How many 
^ggs had each ? 

As the number of eggs belonging to tlie first woman, 
divided by 8, leaves the remainder 7; and tlie number of 
eggs belonging to the second, divided by 10, gives the saii^ 
remainder 7; we may express the first numlxrr by 8x -f- 7, 
and the second by IC^ 4- 7; so that 8x + 1(^ H- 14=100, 
or 8x = 86 — lOy, or4xss43-5y = 40 + 3-4y —y. 
Conseouently, if wc makey — 3 = 42, so thaty r= 4s f- 3, 
we sliail have 


X =r 10--4s — 3 — 2 = 7 — 5s; 


whence it follows, that Sr must be less than 7, or r less 
than 2; that is to say, we shall only have the two following 
answers; 

1 . 2=0 ^vesx = 7, and y = 3; so that the first woman 
had 63 eggs, and the second 37> 

2 . 2 = l gives X = 2, and y = 7; therefore the first 
woman had 23 eggs, and the second had 77. 

8 . Question 5. A com|»ny of men and women spent 
1000 sous at a tavern. The men j^d each 19 sous, and each 
woman 13. How many men and women were then i 
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Let the number of men be te, and that of the women 
we shall then have the equation 

iar-|-13y = 1000, or 

ISy = 1000 — Iftr = 988 -f 12 - lar - 6r, and 


= 76 — or + 


l2-6x 
13 ’ 


whence it follows, that 12 — Sir, or 6x —12, or — 2, the 
sixth part of that number must be divisible by 13. If, 
therefore, we make or — 2 = 13r, we shall have x = 13s 4- 2, 
and y = 76 — ISz — 2 — 6r, ory = 74 — 19s; 
which shews that z must be less than and, consequently* 
less than 4; so that the four following answers are posable; 

1. r = 0 gives x = 2, and ^ =: 74: in which case there 
were 2 men and 74 women; the former paid 38 sou^ and 
the latter 962 sous. 

2. z = 1 gives the oumber of men x = 15, and that of 
women y =: 55; so that the former spent 285 sous, and the 
latter 715 sous. 

3. z = 2 gives the number of men x = 28, and that of 
the women y = 36; therefore the former spent 532 sous, 
and the latter 468 sous. 

4. z == 3 gives X r= 41, and jy = 17; so that the men 
spent 779 sous, and the women 221 sous. 

9* Question 6. A farmer lays out the sum of 1770 
crowns in purchasing horses ana oxen; he pays 31 crowns 
for each horse, and 21 crowns for each ox. How many 
horses and oxen did he buy ? 

I^t the number of horses be x, and that of oxen y ; 
we shall then have 31z + ^\y = 1770, or 21y = 1770 
— 31x = 1764 + 6 — 21x — IQx; that is to say, 

B—lOx 

^ = 84 — X + — 5 =—. Therefore lOir — 6, and like¬ 


wise its half 5x — 3, must be divisible by 21. If we 
now suppose 5x- — 3 = 215, we shall have 5x = 21z 3, 

and hence y = 84 — x — 2z. But, since 


X 


21s:-r3 

5 


= 45-|- 


2 + 3 


vre must also make z -f* ^ ~ ^ • 


wliich supposition gives 

2 r: 5u — 3, X = 21tc — 152, and 
y = 84 - 21w -f 12 - lOtt -1-6 = 102 - 31i*; 
hence it follows, that u must be greater than 0, and jret less 
than 4, wfaiefa furnishes the following auwers: 
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, 1.« s 1 gives the number of horses t » 9» and that of 
oxen jf ss 71; wherefore the former eo^ 5S79 crowns, siid the 
latter 1491; in all 1770 crowns. 

.SI t4 = 9 gives a* s= 80, andy = 40; so that the horses 
cost 930 crowns, and the oxen 840 crowns, which together 
make 1770 crowns. 

3. « = 3 gives the number of the horses ± = 51, and that 
of the oxeny =9; the former cost 1581 crowns, and the 
latter 180 crowns; which together make 1770 crowns. 

10. The questions which we have hitherto conindcrcd 
lead all U) an equation of the form or + % = c, in which 
n, 5, and r, represent integer and |x)sitive numbers, and 
in which the values of x and y must likewise be integer 
and positive. Now, if b is negative, and the ecjjuntinn 
has tW form cur — ^ = r, wc have questions oi <(uite 
a different kind, admitting of an infinite number of an- 
swers, which we shall treat of before w'c conclude the present 
chapter. 

The simplest questions of this sort are such os the fol- 
Iciwing. Required two numbers, whose differenee may Ik* 
6. If, in this case, we make the less number r, aiul the 
greater y, we must have y — ^ = 6, and y =r G + jr. Now, 
nothing prevents us from substituting, instead of .r, :ill the 
integer numbers pissiblc, and vrliatc^'er numlier we assume, 
y will always be greater W 6. Let us, for example, make 
X = 100, wc havey = lOO; it is evident, therefore, that an 
infinite numlier of answers arc possible. 

11. Next follow questions, in which r =s 0, that is to say, 
in which ax must simply be I'cpial to I.iCt tlicre be re- 

? uired, for example, a number divisible Iwlh by 5 and by 7. 

f wc w^rite n for that number, we shall first have N == 5x, 
since u must be divisible by 5; farther, w*e shall have 
N = 7^, because the number must also be divisible by 7; wc 

psr 

shall therefore have 6x *5 7y, and x = . Now, since 7 

cannot be divided by 5, y must be divisible by 5: let us 
therefore make y = 5z, and we liave a* =s 7z; so that the 
number sought n e=35z; and as we may take for s, imy 
integer number whiuever, it is evident that we can asngn 
for N on infinite number of values; such as 

36, 70, 105,140,176. «10, &c. 

If, bende the above condition, it were also required that the 
number w be divinble by 9* should first nave x = 35s, 
as before, and should fartbnr make w s 9i». In this man- 
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ner, Sojs = 9u, and u =. -j—; where it is evident that z 

if 

tnust be divisible by 9; tlierefbre let z sk 9s; and we dial! 
then have u = d5s, and the number sought n = SlSs. 

12. We find more difficulty, when c is not s= 0. For 
eKamplc, w'hen 5x ss -j-S, the equation to w'hich we are 
led, and which requires us to seek a numlKT n such, that 
it may be divisible by 5, and if divided by 7, may leave the 
remainder 3: for wc must then have N = and also 
K = 7y + 3, whence results the equation So: = 7^ + 3; 
and, consequently, 

ay+S 

X -- IS --“ -p-, 

o o o 

2u 3 

If wc make f 3 =r 5c, or c = p—, wchavox=ry 4 c; 


now, because 2^ 3 := 5z, or 2y = 5l — 3, we have 


y = 


6z-3 


o 


, ory = 22 + 


r. 


O 


If. ihercforc, we farther suppose r — 3 =t 2«, wc liave 
c = 2 m + 3, and y = Tm + 6, ami 

X = y + 2 = (5 m + 6) 4- (2m 4 3) = 7m + 9. 

Hence, the number sought x = 35m 4- 4>.'3, in which equa¬ 
tion we may substitute for « not only all positive integer 
numbers, but also negative numbers; for, ns it is sufficient 
that N be |X)sitive, we may make u — — 1, which gives 
X = 101 the other values are obtained by continually add¬ 
ing 35; that is to say, the numbers sought are 10, 45, 80, 
115, 150, 185, 220, &c. 

13. The solution of questions of this sort depends on the 
relation of the tw’o numbers by which wc are to divide; that 
is, they become more or less tedious, according to the nature 
of those divisors. The following question, for example, 
admits of a very short solution ; 

Required a number which, divided by 6, leaves the re-> 
mainder 2; and divided by 13, leaves the remainder 8. 

Let this number be M; first x = fix 4 2, and then 
N = 13y 4 3; con.sequently, fix 4 2 = 13y 4 3, and 
fix = 13^ 4 1; hence, 


1%+1 




9 


and if we make y 4 1 = 6r, we obtain = fix — 1, and 
X = 2^ 4 s = 13* — 2; whence have for the number 
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Bougtii H = 7B;: — 10; therefore, the question admits of the 
following values of n ; viz. 

N = 68, 146, SS4, 80S, 380, &c. 
which numbers form an arithmetical progression, whose 
difference is 78 » 6 X 13. So Out if we kuov- one of the 
values, we may eorily find all the rest; for we have only to 
add 78 continually, or to subtract that number, as h'tig as it 
is posrible, when we seek fear smaller numbers. 

14. The following question furnishes an example of a 
longer and more tedious solution. 

Qtdestim* 8. To find a number n, which, w'hen divided 
by 39, leaves the remainder 16; and such also, that if it l>c 
divided by 56, the remainder may be 27. 

In the first place, we have n = 39p + 16; and in the 
second, n = 56g + 27; so that 

SSjjp + 16 = 56g 4- 27, or 39/> = 56g 4-11, and 
56g + ll . 177+11 

P = = 9 ^ —Jur* = 9 + making 


9 = 


39 

177+11 

39 

39r-ll 


r = ——. So that 39r = \lq + 11, and 

39r-ll „ 5r-ll ^ 

q = yj — = 2r 4-ly— = 2r + j, by making 

Qf _II 

s = —r:=—, or 17a = 5r — 11 ; whence we get 
1 < ^ 

17jr+ll _ 2#*4'11 I 1 1 • 

r = -V— = 3» 4-p— = 3« + /, by making 

O tj 

0,4-11 

i =- - — , or 5t ss 2g + 11 ; whence we find 

5/—11 /—11 

a = —— = 24 + — 5 — = 24 + u, by making 


2 

4-11 


« = — 


; whence 4 = 2 m + 11. 


Having now no longer any fractions, we may take u 
at pleasure, and then we have only to trace back the fol¬ 
lowing values: 

4 = 2« + II, 
a=24-|-M=: 5v-- 22, 
r = 3a + 4 = 17m -f 77, 

7 = 2r a 39»* - - 176, 
p ^ 7 r ^ 56w 253, 
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and, lastly, n = 99 x 56u •<)- 9883 *. And the least po^ 
sible value of n is found by making u — — 4; for, by this 
supposition, we have n = 1147: ana if we make v zzjf — 4, 
we find 


N = 2184r - 8736 + 9883; or u = 2184x + 1147; 
which numbers form an arithmetical progression, whose 
6rst term is 1147, and whose common difference is 2184; 
the following being some of its leading terms: 

1147, 3331, 5C15, 7699, 9883, &c. 

15. Wc shall subjoin some other questions by way of 
practice. 

Quesiion 9. A compuiy of men and women club to> 
^ther for the payment of a reckoning: each man pays 25 
Jivres, and each woman 16 livres; and it is found that all 
the women together have paid 1 livre more than the men. 
How many men and women were there ? 

Let the number of women be p, and that of men q ; then 
the women will have expended Ibp, and the men ^q; so 
lliat 16/> = 25q + 1, and 


25^ + 1 

-«4- + ^ 

^ ” 16 

- 7 + 16 

16r-l 

. 7r~l 

^ “ 9 

= *■+ 9 

a? + 1 

^ 2» + l 

'■= 7 

7 

7< - 1 

„ t — 1 

•'= 2 

- 3i+ g 


= -7 + 7*, or 16r = 9g Hh 
= r + or 9 j = 7r — 1, 

s= « + or 7/ = 2s 

= 3s + tt, or 2 m = t — 1. 
IVc shall tlierefore obtain, by tracing back our substitutions. 


/ = 2m + 1, 

r = 3f -h M = 7tt 4- 3, 

r= 9^4- 4, 

= q r = 2Su -f- 11- 

So that the number of women was 25 m 4- 11, and that of 
men was 16m -^7 i and in these formblae we may subsUtute 


* As the numbers 176 and 253 ought, respectively, to be 
divisible by 39 and 56; and as the former ought, by the 
question, to leave the remainder 16, and the latter 27, the sum 
9883 is formed by multiplying 176 by 56, and adding the re¬ 
mainder 27 to the product: or by multiplying 253 by 39, and 
adding the remainder 16 to the product. Tliu^ 

(176 X 56) +27 = 9883; and (253 x 39) -f 16 s 9883. 

x2 
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for u any integer numbers wbatcfvcr. The least results, 
tliercfore, will be as follow: 


Number of women, 21, 36, 61, 86, 111, &c. 
-of men, 7, 23, 39, 55, 71, kc. 

According to the first answer, or that which contains il»c 
least nunuiers, the women expended 176 livres, and llic men 
175 livres; that is, one livre less than the women. 

IG. Question 10. A person buys sonic horses aiul oxen : 
he pays 31 crowns per horse, and 20 crowns fiir each ox ; 
and He finds that the oxen oost him 7 crowns more than the 
horses. How many oxen and horses did he buy ? 

If we suppose p to be the number of the oxen, and q the 
number of the horses, we shall have the following et|uation ; 


P = 


20 20 


= 9 -f r, or20r = lly-f-T, 


20r-7 

. 9r- 7 

«- 11 

= r+ „ 

11.+7 

. 2. + 7 

9 

= * + 9 

9/ - 7 



= *<+—IT- 


=E r -f A, or 111 = 

= 4“ or 9^ = 
= 4/ 4* or = 


t>r-7. 




whence t .= 2tt 4“ 7, and, consequently, 

= 4l 4~ = 9m 4" 

* r = 3 4" / — 11m 4“ 3o, 
y = r 4* ^ = 20 m 4- 6.3, numlier of horse*;, 
p = ^ 4” r = 31« 4” 93, number of oxen. 

Whence, tlie least positive values ofp and q are finind by 
making « = — 3; those which arc greater succeed in the 
following arithmetical progressions: 

Number of oxen, p = 5, 36, 67, 98, 129,160, 191, 222, 
253 &c. 

Number of horses, ^ = 3, 23, 43, 68, 83, 103, 123,143, 
ia3, &c. ' 

17. If now wc consider how the letters p and y, in this 
example, arc determined by the sncceeding letters, wo shall 
perceive that this determination depends on the ratio of the 
numbers 31 and 20, and particularly on the ratio which we 
discover by seeking the greatest common diviwr of these two 
numbers. In fact, if we pcrforni this operation. 
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20) 31 (I 

20 

11 ) 20 (1 
II 

9) 11 (1 
9 

2) 9 (4 

8 

1 ) 2 (2 
2 

il is evident that the quotients are found also in the suc- 
cesfiive values of the letters p, q, r, See. and that they arc 
connected with the first letter to the right, w’hile the last 
always remains alone. We see, farther, that the number 7 
occurs only in the fifth and last eejuation, and is affected by 
the sign +, because the number of this equation is odd; 
for if that number had been even, we should liaA’c obtainecl 
— 7. This will lie made more evident by the following 
Table, in which we may observe the decomposition of the 
numbers f31 and 20, and then the determination of the values 
of the letters /j, q, r, &c. 

31=1x20 + 11 p = I X q + r 
20 =1x11+ 9 7 = lxr + A 
ll=lx 9+ 2 r = lx«+< 

9 = 4x 2+ 1 s = 4f X i + u 

2 = 2x 1+ 0 <=2x« + 7. 

18. In the same manner, we may represent the example 
in Art. 14. 

56=1x 39 + 17 p=lx <7 + r 
39 = 2 X 17 + 5 2 = 2 X r + A* 

7 = 3x 5+ 2 ^ 3 X s + i 
6=2x 2+ 1 a=2x^+K 

2 = 2J< 1+ 0 / =s2xit+ll. 

19. And, in the same manner, we may analyse all ques¬ 
tions of this kind. For, let there be given the equaUon 
bp rz aq + rtf in which a, b, and ti, are known numbers;; 
then, we have only to proceed as we should do to find die 
greatest common divisor of the numbers a and b, and we 
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may immediately determine p and q by the succeeding let¬ 
ters, as follows: 

a = Ab + e (P ^ ^ 

b = Be -f- d 19 = + * 

, c = Cd + e and we shall r =a Or + I 
fd =: ZIr +./■ find = XW -h «* 

e = Ef ■¥ g 1 ^ ® 

Jy* =: Fg + o I « = Fv + n. 

Vie have only to observe farther, that in the last eouation 
the sign 4- must be prefixed to n, when the nunmr of 
equations is odd; and that, on the contrary, we must take 
— ft, when the number is even: by these means, the ques¬ 
tions which form the subiect of the {tresent chapter may be 
readily answered, of which we sludl give some examples. 

SO. Question 11. Required a number, which, being di¬ 
vided by 11, leaves the remiunder 3; but being divided by 
19, leaves the remainder 5. 

Call this number n ; then, in tlie first place, wc have 
N = lip -4- 3, and in the second, n = 19o 4- 5; therefore, 
we have tm equation lip = 19^ 4~ which furnishes tiic 
following Table: 

19=lxll4"fi P = q + r 
ll = lx 84-3 9 = r -h s 

8 = 2x 84-2 r = Ss -h i 

3 = lx 8 -h1 s = t -h u 

2 = 2x l4-0 i =Su-h a, 

wliero we may asmgn any value to a, and determine by it 
the preceding letters successively. Wc find. 


i .= 2 m 4 - 2 

s ^ t + u = 3m <4- 2 
r =2s -i- t = Hu + 6 
q ss r + s llw 4- 8 


p = 9 4- r = 19m 4- H; 

whence we obtain the number sought N=;209M-f-187; therc- 
fewe 157 is the least nuiq||er that can express n, or satisfy 
the terms of the question. 

21. Question 12. To find a number n such, that if 
we^ divide it by 11, there remains 3, and if wc divide it by 
19l^ there remains 5; and farther, if we divide it by 29, 
there remains 10. 

The last oondifion requires that n as 2^ 4** ^0; and as 
we have already performed the ealculatacm (in the last 
question) fix’ the two others, wc must, in consequence of tliat 
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result, have n s= «09m + 167, instead of which we shall 
write N = 209}' -f" 157 ; so that 

29/j -f 10 = + 167, or 20 /» = 209|7 + 147; 

whence we have the following Table; 

r, 

6 = 1 X 5-fl; ... )r=: Jt-j-t, 

5 = 5xl-i-0; V# = 5/- 147. 

And, if w’e now retrace these steps, we have 

^.= 5/ - 147, 

r= s + 6 / — 147, 

o = 4r + a = 5?9< — 735, 
p = 7g + r=: 209i — 5292*. 

So that N = 60G1/ - 153458: and the le^t number is 
found by making ( = 2(5, which supposition gives N = 4128. 

22. It is necessary, however, to observe, in order that an 
c(|uation of the form 6p = ag -h n may be resolvible, that 
the two numbers a and 6 must have no common divisor; 
for, otherwise, the question would be impossible, unless the 
number 7 t had the same common divisor. 

If it w'ere reouired, for example, to have 9p = 157 
since 9 and 15 nave a common divisor 3, and which is not a 
divisor of 2 , it is impossible to resolve the question, l>ecause 
9/> -- 167 being always divisible by 3, can never become 
= 2. But if in this example n = 3, or n = 6 , &c. the 
cjucsiion would be posssible: for it would be sufficient first 
to divide by 3; since we diould obtain 3j» = 67 + 1 , an 
equation easily resolvible by the rule already given. It is 
evident, therefore, that the numliers a, 5, oumit to have no 
eomraou divisor, and that our rule cannot ap^y in any other 
case. 

23. To prove this still more satisfactorily, we shall con¬ 
sider the equation 9 p = 167 -f- 2 according to the usual 
method. Here we find 


209 = 7 x 29 + 6 ; (p = 7g + 

29= 4 X 6 + 5; f 7 = 4»* + 


_ 157+2 ^ + 2 __ 


‘ 9 9 

9r = 67 + 2 , or 67 ~ 9r 
9r - 2 . 3r — 2 

’ = - 6 - = ’-+-S- 


= 7 + r; so that 


2; or 


= r + 5 ; so that 3r — 2 = 6 a, 


* That is, - 5292 x 29 = 153468 ; to which if the re¬ 

mainder -1-10 required by the question be added, the sum is 
- I5345S. 
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or Sr s ^ ' consequently, r -= — =s 2# -f-1- 

Nofr, it is evident, tliat this can ncirer lieoome an integer 
number, because a is necessarily an integer; which slicws 
the impossibility of such questions *. 


CHAP. II. 

Of t)i€ Rule tchich t 5 called Regula Ca*ci, Jbr deiermininff 

by meant of iwo Kqiiations, three or more Unknown 

Quantities. 

24. In the preceding chapter, we have seen how, by means 
of a single equatiem, two unknown quantities may be deter¬ 
mined, so far as to express them in integer and positive 
numbei>'. If, therefore, we had two equations, in order that 
the question hiay be indeterminate, those etjuations must 
oontuiii more tlian tw*o unknown quantities. Questions of 
this kind occur in the couimon liooks of arithmetic; and are 
resolved by the rule called Regvla Ctrei, Poaitiony or 7Vic 
Rule of Pahe; the foundation of which we shall now ex- 
])lain, beginning with the foilovring example : 

25. Question 1 . Thirty persons, men, women, and child¬ 
ren, spend 50 crowns in a tavern ; the share of a man is 8 
crowns, that of a woman 2 crowos, and that of a child is 1 
crown; how many jx^rsons were there of each class ? 

If the number of men l>e p, of women 9 , and of children r, 
we shall have the two following equations; 

1 . p q + r = 80, and 

2. 3/j + 2^ + r = 50, 

from which it is required to 6 nd tlie value of the three 
letters/}, q^ and r, in integer and positive numbers. The 
first equation gives r = 30 — p —o; wh^jnee wp imme¬ 
diately conclude thatp + ^ must be lem than 30; and, sub¬ 
stituting this value of r m the second equation, we have 
2p -r + 30 = 50; so that ^ = 20 — 2p, and p + y = 

* See the Appendix to this chapter, at Art. 3* of the Additions 
by Do la Grange. 
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QO _ which evidently is also less than 30. Now^ as we 
may, in this equation, assume all numbers for p which do 
not exceed 10, we sliall have the following eleven imswers: 
the number of men p, of women and of chiklren r, being 
as follow : 


;> =r 0, 1, 2, 3, 4, o, 6, 7, 8, 9, 10; 

g = fJ0, 18, 16, M, in, 10, 8, 6, 4, 2, 0; 

r = 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20; 

uiul, if we omit the first and the last, there will remain 9. 

26. Qm'Hmn 2. A certain person buys hogs, goats, and 
sheep, t<» the number of 100, for 100 crowms; the hogs cost 
him 3[ crowms apiece ; the goats, If crown; and the sheep, 
^ u crown. How many had he of each ? 

Let the number of hogs be that of the goats and of 
the sheep r, then wc shall have the two following equations : 

1. p r/ H- r = 100, 

2. 3*/> H- 14" [r = 100; 

the latter of which being miilliplied by 6, in order to remove 
the fnwtions, l)ccome8, 21^^ -j- 8y -f- 3r = 600. Now, the 
first gives r n 100 — p — <?; and if we substitute this 
value of r in the second, we have 18p + 5q = 300, or 


3g = 300 - 


18p, and g — 60 — 



consequently, 1 8p 


must be divisible by 5, and therefore, as 18 is not divisible 
by 5, p must contain 5 as a factor. If we therefore make 
j} = 5sg we obtain g = CO — 18s, and r = 13.9 + 40 ; in 
w hich wc may as.sumc for the value of s any integer number 
whatever, provided it lie such, that g docs not oecome ne¬ 
gative : but this condition limits the value of s to 3; so that 
if w'e also exclude 0, there can only be three answers to the 
question ; which arc as follow : 

When 5=1, 2, 3, 


(p = 5, 10, 15, 

We have ■< g = 42, 24, 6, 

(r = 53, 66, 79. 

27. In forming snch examples for practice, w'e must take 
particular care that they may to possible; in order to which, 
we must observe the following particulars: 

Let us represent the two equations, to which we were just 
now brought, by 

1 . X 4* ^ + s = a, and 

2. ^ 4- + As = 6, 

*n which^ g*, and ?i, as well as a and b, arc given numbers. 
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Now, if we supoosc that amonc the numbers ff, and A, 
the first, yj is tne greatest, and h the least, since we have 

+yy +yi»or(x +.y + (because a? +j^ + z=:o) 

it is evident, Uiatyr 4-./V 4-.^ is greater than/i? -f gy + hz ; 
consequently, must l)c greater than A, or b must be less 
thany<i. Farther, since Ax + -f- Az, or (x + .y + s) A = An, 

and Ax + ?w + hz is undoubtedly less thanj/x + A;s, 

ha must be less than 6, or 6 mustl>egreater than ha'. Hence 
it follows, that if A be not less than j^, and also greater than 
Ao, the question will be impossible: which condition is also 
expressed, by saying that A must be contained between the 
limits /a and fta ; and care must also be taken that it uiav 
not approach either limit too nearly, as that would render It 
impossible to determine the other letters. 

in the preceding example, in which a = 130./' = 3j, and 
7* = the limits were tJ50 and 50. Now, if we su{i{)usc 
A = 51, instead oi' 100, the equations will bei'oine 

X 4“,!/ 4“ * = 4“ Mjy ~f-1- — ; 

or, removing the fractions, 2 lx + 8^ 4”= 30i»; and if 
the first be multiplied by 3, we have 3x + 3// + i\z = JKK). 
Now, subtracting this equation from the other, there re¬ 
mains 18a* -h 5y = 6; which is evidently imp«>ssiblo, lK*cau>e 
X andy must be integer and jxisitive numlx’rs*. 

28. Goldsmiths and coiners make great use of this rule, 
when they propose to make, from three or more kinds f>f 
metal, a mixture of a given value, as the following example 
will shew. 

Question 3. A coiner has three kinds of silver, the first 
of 7 ounces, the second of 5^ ounces, the third of 4^ ounces, 
fine per marc -f; and he wishes to form a nixturc of the 
weignt of J50 marcs, at C ounces: how many mart's of each 
sort must he take ? 

If he take x marcs of tlie first kind, y marcs of the second, 
and z marcs of the third, he will have x 4- ^ 4" - = 
which is the first equation. 

Then, since a marc of the first sort contains 7 ounces of 
fine silver, the x marcs of this sort will contain 7x ounces yf 
such silver. Also, the y mares of the second sort will con¬ 
tain 5;^ ounce.s and the z marcs of the third sort will con¬ 
tain 4^;: ounces, of fine sils’cr; so that the whole mass will 
contain 7x + h\y + 4iz ounces of fine silver. As this 
mixture is to weigh iU) marcs, and each of these marcs must 
contain 6 ounces of fine silver, it follows that the whole mass 

• Vide Article 22. 
t A nwrr is eight ounces. 
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will contain 180 ounces of fine silver; and thence results the 
second equation, lx -f- 5j-y + 4ilz = 180, or 14ar -4“ 11^ -|- 
s 360. If we now subtract from this equation nine 
times the first, or 9.r -{- 9y -4- 9s = 270, there remains 5x -f- 
Sj/ = 90, an equation which must give the values of x and 
1 / in integer numbers; and with regard to the value of z, wc 
may denve it from the first equation z = 30 — x — t/. 
Now, tlic former equation gives 5^ = 90 — 5x, and 
5x 

y = 15-—; therefore, if x = 2m, we shall have ^ = 45 

-—.5m, and z = 3m — 15; which shews that u must be 
greater than 4<, mid yet less tlian 10. Consequently, the ques¬ 
tion admits of the following solutions: 

If «= 5, 6. 7, 8, 9, 


l.r = 10, 12, 14, 16, 18, 

Then li/ = 20, 15, 10, 5, 0, 

)z = 0, 3, 6, 9, 12. 

29- Questions sometimes occur, containing more than three 
unknown quantities; but they arc also resmved in the same 
iiinnner, as the following example will shew. 

Question 4. A |x*rson buys 100 head of cattle for 100 
pounds ; viz. oxen at 10 pounds each, cows at 5 pounds, 
calves at 2 pounds, and shc'cp at 10 shillings each. How 
many oxen, cows, calves, and sheep, did he buy ? 

J.et the number <*f oxen l)c /?, that of the cows y, of calves 
r, and of shcx‘p ,v. Then wc nave the following equations: 

!• p4- ^ + r-f s zz 100; 

2 . IC^ -f 5y 4 - 2 r H- 4 ^ = 100 ; 
or, removing the fractions, 20j? + 10^ -f 4r -4- ^ = 200: 
then svihtracting the first equation from this, there remains 
19p + f)y + 3r = 100 ; whence 

3r = 100 — 19p — and 
r = 33-4- j- — 6p — — (7 i or 

r = 33 — 6 p — 3^-4 * 

whence 1 ~ 2 >i ov p — I, must be divisible by 3; tliereforc 
if we make 

p — 1 s 3^, wc have 


^ 3/ -f-1 

q=^q 

r = 27 — 19< - Sq 
i = 72 + 2^ 4 16f; 



816 


LLKMUNTS 


PART II. 


whence it follows, that 19/ 8y must be less than 27, and 
that, provided this condition be observed, we may give any 
value to q and /. We have therefore to consider the follow, 
ing cases: 


1. If/ = 0 2. 

we have/> = 1 

r = I7 - 
« = 72 -h 2<7. 

Wc cannot make / 2, because r 

negative. 

Now, in the first case, q cannot exceed 9; and, in the 
second, it cannot, exceed 2; so that these two cases give 
the following solutions, the first giving the following ton 
answers : 


If/= I 
/I = 4 

?= 7 
r = 8 ~ 

s = 88 2y. 

would then become 


1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 

1 1 1 1 1 1 1 1 1 1 

9=01 23456789 
r = 27 24 21 18 15 12 9 6 3 0 

^ = 72 74 76 78 80 82 84 86 88 90. 


And the second furnishes the three following answers: 

1. 2. 3. 

= 4 4 4 
9=012 
r = 8 5 2 

«= 88 90 92. 


There are, therefore, in all, thirteen answers, which arc re¬ 
duced to ten if wc exclude those that contain zero^ or 0. 

30. The niethfxi would still be the same, even if the letters 
in the first equation were multiplied by given numbers, as 
will be seen from the following example. 

Qjieatum 5. To find three such integer numbers, that if 
the first be multiplied by 3, the second by 5, and the third 
by 7, the sum of the products may lie 560; and if we mul¬ 
tiply the first by 9, the second by 25, and the third by 49, 
the sum of the products may be 2920. 

If the first number be jt, the second and the third s, we 
shall have the two e(|uation8, 

1. Ox-f- 5y 7s = 560 

2. 9r + 25^ 4- 49s =? 2920. 

And here, if we subtract three times the first, or 9r H- ISy -f* 
alz =s from tlie second, there remains IC^ + 

sa: 1240; dividing by 2, we have 5y -f* 14s * 620; whence 
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1 4 

we obtain y = 124- — : so thatmust be divlubleby 

* t) 


5. If therefore we make z = 5tt, we shall have y = 
124 — I4tf; which values of^ and z beinf;; substituted in the 
first equation, we have Sj: — 35u -f- (520 = 560; or 5x = 


qs,. 

35m — 60, and x = -20; 


therefore we shall make 


u =r from which we obtain the following answer, 
X =r 35/ — 20, y = 124 — 42/, and z =: 15/, in which w'e 
must substitute for / an integer number greater than 0 and 
less than 3 : so that wc are limited to the two following 
answers; 


If 




, 1 X rr 15, y = 82, 

we have J- ro ^ — Af\ 
j X = 50, y = 40, 


15. 

30. 


CHAP. III. 


/y* Compound Indeterminate Kquations, in tcJticJi one of the 
Unknown Quantities docs not exceed the First Degree. 


.31. Wc shall now proceed to indeterminate equations, in 
which it is required to find two unknown quantities, one of 
them being multiplied by the otlier, or raised to a power 
higher than the first, whilst the other is found only in the 
^i^^t degree. It is evident that equations of this kind may 
i>e represented by the following general expression : 
a \-bx Y-cy + dx’‘+exy^fx^-\-ff.t‘y + ftx* + kj^-{~, &c. =0. 
As in this equation y does not exceed the first degree, that 
letter is easily determined; but here, as before, the values 
l)oth of X and of y must be assigned in integer numbers. 

We shall consider some of those cases, beginning with the 
easiest. e 


32. Question 1. To find two such numbers, that their 
pHuluet added to their sum may l>e 79. 

Cull the numbers sought x and y: then we must have 
xy -J- .r y = 79; so that ^ = 79 — .v, and 

79 

■!/ = 


x-t- 1 


.r+1 ' x-f-i ' .r-f-1’ 


from which 


we see that c -4“ 1 must be a divisor of 80. Now, 80 having 
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several divisors, we dial! also have several values of x, as the 
following Table will shew: 

The divisors of 80 are 1 2 4 5 8 10 16 20 40 SO 

therefore ar 0 1 3 4 7 9 15 19 39 79 

and = 79 39 19 15 9 7 4 3 1 0 

But os the answers in the bottom line are the same as 

those in the first, inverted, we have, in reality, only the five 
following; viz. 

X r: 0, 1, 3, 4, 7, and 
= 79, 39, 19, 15, 9. 

33. In the same manner, we may also resolve the general 
equation xy ax by z=i c \ for we shall have xy by 

_ c — ax oft + e , . 

c — ax, and y = -j—, or y ——w — a ; that is to say, 

X + ft must be a divisor of the known number ab r: 
so that each divisor of this numlwr gives a value of j. If 
we therefore make ab H- c w-c have 

y — — fl; and supix>sing j + ft =/J or x = Z'— ft, it 

is evident, that y ^ g — and, consequently, that we have 
also two answers for every method of representing the iimn- 
beraft -1- c by a product, such as Of lliesc two answers, 
one is x =f— b, and y = g - tt, and the other is ob¬ 
tained by making x + ft = in which case x — — ft, 

and y —f — 

If, therefore, the equation + iti -f 3^ = 42 were pro¬ 

posed, wc should have a — fi, ft = 3, and c = 42; con- 

48 

sequetuly, y rz 3. Now, the number 48 may l>e 

represented in several ways by two factory, nttjff : and in 
each of those cases we shall always have either x 3, 

and y ■=. g — 3% or else x = g — 3, and y =jr— 2. The 
analysis c^' this example is as follows : 


1 X 48 f2 X ‘i4j8 X 16 

s 
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priven numbers, and it is required to find integers for jc and 
1 / that are not known. 

ax +e 

If we first separate i/, we shall have y =-and re¬ 


moving X from the numerator, by multiplying both sides by 
7n, we have 


my = 


max + me 


= a + 


me At ah 


mx—b ^ ‘ mx—h 
We have liere a fraction M'hose numerator is a known num> 
l)cr, and whose denominator must be a divisor of that num- 
Ix-T; let us tlierelbre represent the numerator by a product 
of two factors, Jg (which may often be done in several 
ways), and sec if one of these factors may be compared with 
mx — 6, so that mx — h Now, for tins purpose, since 

must be divisible by m ; and hence it fol- 




■m 


lows, that out of the factors of me + we can employ only 
those wliich are of such a nature, that, by adding h to them, 
the sums will be divisible by m. We shall illustrate this by 
an example. 

Let the e(|iiatlon he .'xry z= Sir -f- 3// -J- 18. Here, we 
have 


2/ 


^ +18 

57r— 3’ 


and 5y = 


lar-f 90 
5x- a 


0 




_9r> 
5.r-3 ■ 


it i> therefore required to find those divisors of 96 wlfich, 
added to 3, will give sums divisible by 5. Now’, if we con¬ 
sider all the divisors of 96, which are 1, S, 3, 4, 6, 8, 12,16, 
24, 32, 48, 96, it is evident that only these three of them, 
viz. 2, 12, 32, will answer this condition. 

'Ihcrefore, 

1. If Sa* — 3 = 2, we obtain .5// = 50, and 
consecjuently x = 1, and y = iO. 

If 5x — 3 = 12,weobtain 5y = 10, and 
consequently x = 3, and ^ = 2. 

3. If6x — 3 = 32,weobtain 5y = 5, and 
consequently x = 7, and = 1. 

35. As in this general solution w’e liave 

mc’^ab 

my — a = - t-, 

mx — b 

it w'ill be nroper to observe, that if a number, contained in 
the forimila mc+ab, have a divisor of the form mx — b, the 
c|uotient in that case must necessarily be contained iiv the 
lormula my — a: we may therefore express tlie number 
me + ab by a product, such as (mx ^ b) x {my — a). For 
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example, let m = li>, a = 5, A = 7, and c r= 15, and ire 

215 

have 12y — 5 =r Now, the divisors of 215 arc 

1, 5, 4^3, 215; and we must select from these such ns are 
containi'd in the fonnula 12r - 7; or such as, bv adding 7 
to them, the sum may be divisible by 12: but 5 is the only 
<livist>r that satisfies "this condition; so that 12r — 7 r: 5, 
and 12y — 5 = 43. In the same manner, as the first of 
Uicse equations gives a* =r 1, we also find y, in integer num¬ 
bers, from the other, namely, y = 4. '1 his property is of 

tlie greatest importance with regard to the theory of num¬ 
bers, and therefore deserves particular attention. 

36. IjCt us now consider also an equaliuii of tliis kind, 

jiy X* = 2jr -f- 3^/ 29. First, it gives us 

2x-:r'-|-29 , . 

n = j- 3 ~» ” -y = - ^+^335 

26 

y X 1 =- - : so that x — 3 must be a divisor of 26; 

and, in tliis case, the divisors of 26 being 1, 2, 13, 26, we 
obtain the three following answers : 

1. .r — 3 = 1, or .r = 4 ; so that 

y + x+ 1 = j/+*> = 26, ami ^ = 21 ; 

2. X — 3 = 2, or X = 5; so that 

y + x + l =^-r6 = 13, and t/ = 7; 

3. X — 3 = 1. 3 , or X = 16 ; so that 

y + x-|-l=j/ + 17 = 2, and ^ — 15. 

This last value, being negative, must be oraitteil: and, 
for the same reason, we cannot include the last case, 
X - 3 = 26. 

37. It would be unnecessary to analyse any more of these 
formulae, in which we find only tlx; first piwer of and 
higher powers of x; for these cases occur but seldom, and, 
besides, they may always be resolved by the method which 
we have explain^. But when y also is rais^ to the second 
power, or to a d^ree still higher, and we wish to determine 
Its value by the aoove rules, we obtain radical signs, which 
contain the second, or higher powers of x; and it is then 
necessary to find such values of x, as will destroy the radical 
signs or the irrationality. Now, the great art of Indeter¬ 
minate A.ncdyine consists in rendering tnose surd, or inoom* 
mensurable formulae rational: the methods of performing 
which will be explained in the following chapters 

* See the Appendix to this chapter, at Art. 4, of the Ad¬ 
ditions by De In (irangc. 
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QUESTIONS FOB PRACTICE. 

1. Given 24a: = 13j^ 4- 16, to find jc and y in whole 

niimbere. Ans* a; =: 5, and y z: S. 

2. Given 87a: + 256y = 15410, to find the least value of 
ar, and the greatest of y, in whole positive numbers. 

Ans. X zz 30, and y == 12800. 

3. What is the number of all the possible values of y^ 
and 2 , in whole numbers, in the equation 5x 4- 7?/ 4- 
n^ = 224? 

4. Hoi^any old guineas at 21,9. 6d; and pistoles at 175, 
will pay 100/.and in how many ways can it be done ? 

Ans. Three mfierent wavs; that is, 
19, 62, 105 pistoles, and 78, 44, *10 guineas. 

6. A man bought 20 birds for 20 pence; consisting of 
geese at 4 pence, quails at {d. and larks at \d, each; how 
many had he of each ? 

Ans. Three geese, 15 quails, and 2 larks. 

6. A, 11, and C, and their wives P, Q, and R, went to 
market to buy hogs; each man and woman bought as many 
hogs, as they gave shillings for each; A bought 25 hogs 
more than Q, and B bought 11 more than P. Also ca3i 
man laid out three guineas more than his wife. Which two 
jiersons were, respectively, man and wife ? 

A71S. B and Q, C and P, A and R. 

7. To determine whether it be possible to pay 100/. in 

guineas and moidores only? Ans. It is not possible. 

8. I owe my friend a shilling, and have nothing about me 
init guineas, and he has nothing but louis d’ors, valued at 
17 . 9 . each; how’ must 1 acquit myself of the debt ? 

Ans. I must pay him 13 guineas, and he must give me 
16 louis d’ors. 

9. In how many ways is it possible to pay 1000/. with 

crown Sjgiiineas, and moidores only ? Ans. 70734. 

10. To find the least whole number, which being divided 

by the nine whole digits resjxx:tively, shall leave no re¬ 
mainders. " Ans. 2520. 
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CHAP. IV. 

On the Methwl of rrndcrinff Surd Quantities cf thejftmt 

f 6 j* + cx^) liaiional. 

38. It is required in the present case to determine the 
values which are to be adopted for a*, in order that the 
formula a -f- bx -J- ex- may becotne a real M|uarc; and, 
consequently, tliat a rational root of it may w assi^ed. 
Now, the letters «, A, and c, represent given numlx'rs: and 
the determination of the unknown quantity de{K*iids chiefly 
on the nature of these numbers; there being many cases in 
which the solution becomes iniiK>ssible. But even when it is 
possible, we must content ourselves at first with being able tti 
assign rational values for the letter jr, without rctpiinng those 
\attics also to lie integer numbers; as this latter eondiiioit 
prtKliices researches altogether peeuruir. 

39. We suppose here that the fonnula extends no farther 
than the second jx>wer of .r; tlie higher diiiu nskms rei|iiirc 
different methods, which will lie explained in their pr< »}><•»- 
places. 

\Vc shall observe first, that if the s«*ond power \%ere not 
in the fonnula, and c were = 0, the problem would he at¬ 
tended with no difliculty; for if ^^(« -t-/ ac) were the giwn 
formula, and it were required to detertiiine a*, so that a -t- hj 
might be a square, w'e should only ha^ e to make n + hx rr // . 

whence we should immediately obtain .r = ‘—— . N\)w. 

whatever numlier we substitute here for the value of .r 
would always bi' such, that a \ bx would be a stpiare, an<l 
consequently, + ^«t') w'oiild be a rational tpiantity. 

40. ' We shall therefore l)egin with the formula ^ '(1 + .t '); 
that is to say, we are to find such values of a*, that, hy add¬ 
ing unity to their squires, the sums may likewise l>e squares; 
and as it is evident Uiat those values of x cannot be integ<*rs, 
we must be satisfied with finding the fractions which express 
them. 

41. If we supposed 1 4- x® z= since 1 + must be a 

square, we should have x* = —• 1, and x z=, — 1 ; 

so that in order to find x we should have to seek numbers 
for whose squares, diminished by unity, would also leave 
squares; and, conscc|uently, we should be led to a question as 
difficult a.s the former, w'itliout advancing a single step. 
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It is certain, however, that there are real fractions, which, 
beinff substituted for jr, will make 1 -f a square; of 
wliicTi we jtnay be satisfied from the following,cas^: 

1. If O’ = we have 1 -f- x* consequently 

V{1 + = *. 

2. 1 + ■*’* b^omes a square likewise, if jp = which 
gives v"(l + J^) = 

3. If we make x = -rV* obtain 1 + ar* = 4-14, the 


TXTt 


square root of which is 44 * 

But it is required to shew how to hnd these values of x* 
and even all possible numbers of this kind. 

42. There are two methods of doing this. The first re¬ 
quires us to make -v/(l x*) = x p ; fiom which sup¬ 
position we have 1 -|- jt* = + 2px p-, where the square 

destroys itself; so that we may express x without a 
radical sign. For, cancelling jr on Ixitn sides of the equa¬ 


tion, w’e obtain 2px -j- p- = 1 ; whence we find x = 


__ 1-pg 


Zp 


a quantity in which we may substitute for p any number 
whatever less than unity. 


m 


Let us therefore suppose p = and we have 


1 — 


—, find if we multiplv both terms of this fraction 

7wi “ " 


by w ', we shall find x ~ 


)imn 


43. In order, therefore, that 1 + x' may become a square, 
Ave may take for m and n all possible integer numbers, and 
in this manner find an infinite number of values for x. 

Also, if we make, in general, x — 


s<]uaring, I -f- ar® = 1 -j- 


2mn 

n* — 2mrn~'^ni* 


4»i’n* 


, or, by putting 


4i;i* . I « + 2 ot*«* -f- m* 

1 = in the numerator, 1 -j- xi =-4m*n*-’ * 

fraction which is really a square, and gives 

1 I 

v'fl -f* X') = -TT-. 

^ . Hmn 

We shall exhibit, according to this solufion, some of the 
least values of x. 
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If»z=«, 8, 8, 4, 4, 5, 5, 5, 5, 

and m r: 1, 1, 1, 8, 1, S, 8, 4» 

We have ar = , yo'» f ‘:;Rr* 

44. We have, therefore^ in genera), 

(n® —m*)® + 

^ (Sum)' ’ 

mad, if we multiply this equation by (Smn)®, we find 

(dmn)® + (ft® -- f»«)* = (n* + wi*)®; 

so that we know, in a general manner, two squares, whose 
sum gives a new square. This remark will lead to the 
soluUoD of the following questimi: 

To .find two square numbers, whose sum is likewise a 
square number. 

We roust have JO* + y® = r*; we have therefore only to 
make p = 2wfi, and q = n* — »»*, then we shall have 
r = n* 4- m\ 

Farther, as (n® -f m®)® — (2mri)® = (w® — m®)®, we may 
also resolve the following question: 

To find two squares, whose difference may also lx; a square 
number. 

Here, since p® — = r®, we have only to sup|K>st‘ 

p = fi® 4- m\ and q = Sma, and we obtain r = «- — m*. 
We might also make p = fi® 4- w’, and q = n- — 
from which we should find r = 2mn. 

45. We spoke of two methods of giving the f«>rni of a 
square to the formula 1 + ar®. The other is as follows r 

ffXJC * 

If we suppose ^/(1+x*) = 1 + —, we shall have 


1 -f. X* = 1 4 ^ ; subtracting 1 from both sides, 


we have x* = 


n 
2mjr 


nr 
m*jr 


-j-—, This equation may be divided 

n n* 


. . 2m m*x , 

by X, so that we have x s=-1-or n*x = + m*x, 

^ n n 


whence we find x = 


2mn 


n 




m* 


Having found tliis value of 


4m ®M* 

71* —2m®n* 4 m* 


7t* ^ 4 m* 

n* —2m®«‘ 4 m*' 


which is 


the square of 


n*4m® 
n®—m** 


Now, as we obtain from that, the 
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, . (2ww)® . (n®+«!*)* t 11 1 . 1 

equation 1 4. »* 1“™, aa be- 

fore, (n*—m*)* -|- (giran)* = (n*+ 
that is, the same two squares, whose sum is also a sqyare. 

46. The case which we have just analysed furiii^es tw< 
methods of transforming tlic general formula a + dx -t- cr 
into a square. The first of these methods applies to all 
the cases in which e is a square; and the second to those ir 
which a is a square. We shall consider both these sup¬ 
positions. 

First, let us suppose that c is a square, or that the giver 
formula is a -f Since tnis must be a square, 

fit 

we shall make */{a -f- -»and shall thus 


1 , ^ 2mfic . m- 

have a + hx xf^-\ -——h 


in which the 


terms crintaining x*’ destroy each other, so that 


, , 2mfx . m 
a + bx= 


n 


n‘* 


If we multiply by n\ we obtain 


m* — n*a 


n^a f- n*bx=2mnfx-\-ni^ ; hence we findar= 
substituting this value for x, we shall have 

x/'ia -f bx + f»x') = -4—— = -ri —a 

' ''' ' n*b — 2mnf n n*b—2mnf 


47. As we have got a fraction for x, namely. 


W‘ — 7l'U 

n‘‘b — 2mt^ 


let us make .r 


P 

—, then p — m~ — n'-<r, and 
7 


An 

q =s n^b — 2mTif; so that the formula a + * 

square; and as it continues a square, though it he mul¬ 
tiplied by the square q^, it follows, that the formula 
aq--^bpq-\-^p* is also a square, if we suppose p=m ~—n*a, 
and q = n*ft — Hence it is evident, that an infinite 

number of answers, in integer numbers, may result from 
this expresinon, because the values of the letters m and n are 
arbitrary. 

48. The second case which we have to consider, is that in 
which a, or the first terra, is a square. Let there be pro¬ 
posed, for example, the formula 4- + car-, whicti it 

is required to maxe a square. Here, let us suppose 
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mx 


+ fix 4 * =y*“I-» we shall have 

^ ^ m*x* ,. , 

+ Ax + cx^ =y^ 4 - which cquatioo 

the tcrmsy* destroying each other, we may divide the re¬ 
maining terms by x, so that wc obtain 

1 . Sm/* wi'X 

b + cx = -^ + —, or 
fl M 

n'b -h nrcx = 9.mnf -f- ni*J, or 
r(»-c — i»*) = ^mnf •— n* 6 ; or, lastly, 

_ Smnf-^n^b 


n*c — wi'* 


If we now substitute this value instead of x, we have 

,/(/. + /«: + =. . 

^ ^ nV— 


wV— r/i* 


and making x =: -~,w'e may, in the same manner as hefore, 

transform the expressiony*’^' 4- hpq 4 cp\ into a sejuare, 
by making p = ^mjif — «'7/, and = nc — m-. 

49* Here we have chiefly to distinguish tlie ca^e in whicli 
a = 0 , that is to say, in which it is rcxjiiircd to make a 
square of the formula bx 4 ex*; for wc have only to 

ffijc 

suppose ^/{bx 4 ex*) == —, from which we have the cqua- 


n 


/» o 

WI*X* 


tion bx 4 ex* = ——; wrhich, divided by x, and multiplied 


n 


by i»% gives bn^ 4 en'x = wi*x; and, fx>n.se(|UCDtiy, 

bn* 


mr 


■ cn- 


If we seek, for example, all the triangular numl>crs 
tliat are at the same time squares, it will be necessary that 
X" 4 "T 

—^—, whidi is the form of triangular numbers, must be 
a square; and, consequently, 2x* 4 2x must also be a 
square. Let us, therefore, suppose to be that square. 




2 n* 


; m 


and we shall have 2 n*x 4 Sn* rr m’x, and x = __ 

which value we may sulistitutc, instead of m and f#, all jws- 
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bible numbers; but we shall generally had a fracaion fur .r, 
though Bometinies we may obtain, an integer numlier. For 
example, if m = 3, and n = 2, we find a; = 8, tlie triangular 
number of which, or 36, is also a square. 

We may also make m = 7, and n 5; in this case, 
x =: — 50, the triangle of which, 12^5, is at the same time 
the triangle of +49, and the square of 35. We should 
have obtained the same result by making m=: 7 and vi — 10; 
for, in that cose, we should also have fuuod .r =: 49. 

In the same manner, if m = 17 and n zz 12, wc obtain 
,r = 288, its triangular number is 


.r(x+l) 288x289 

2 ~ 2 


= 144 X 289. 


which is a S(]uarc, whose root is 12 x 17 = 204. 

50. AVe may remark, with regard to this last case, that 
we have been able to transform the formula h.r + c.r- into a 
s<|iiaro from its having a known factor, j*; this observation 
leads to other cases, in which the formula a + hx \- ex' 
m.'iy likewise become a S(]uare, even when neither a nt>r c 


are stpiares. 

'I'hese cases occur when a -f- bx -f- cx'^ may be rcst)lve<l 

into two factors; and this happens w'hen b' — 4«c is a 

s<|uare: to prove which, we mav remark, that the factors 

depeiul alwa^'S oi) the roots ol an equation; and that, 

therefore, we must suppose a -f- bx + cx* = 0. This 

being laid down, we have c.r* — bx — a, or 

. b.r a , ^ . 

‘ = —-, whence wc nnd 

c c 

b 1r a , b 




x^{b' — 4ac) 


2c 


and, it is evident, that if fr — 4ric be a square, this quantity 
lK*come> rational. 

Therefore let b~ — 4«c = d*; then the r(X)ts will be 


— 5 ^-, that is to say, x = consequently, the 


b — d 


divisors of the formula a bx ex' arc .t -j-, and 


jc . If we multiply these factors together, we arc 

brought to the same formula again, except that it is dividetl 

bx b* 

by c ; for the product is x' — —j- —• ; and since 

d* = 5^ — 'jkic, we have 
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X* + 


bjt 
— + 

r 



A* , 4ac . . Aur , a 

4<.« + 4^ — ^ ^ J 


which being 


mulliplietl by r, gives ex* -f Aa* 4“ «• We have, therefore, 
only to multiply one of the factors by c, and wc obtain the 
formula in question exfHressed by the product. 

Ad Ad 

<" + -*--8 + 

and it is evident that this solution must be applicable when¬ 
ever — 4<ic is a square. 

51. From this results the third case, in which the formula 

a 4" 4“ be tronsfonned into a square; which wc 

shall add to the ouier two. 

52. This case, as we have already obser\’ed, takes place, 
when the formula may be represented by a product, such 
as {f + gx) X (A + Ax). Now, in order to make a stjuarc 
of this quantity, let us suppose its root, or 

\''k/’-+- X (/* + A'x) = ’’ball then 


have X (A \ kx) — —^ ; ami, dividing 


jf 


I • • I . I t > ) 

thise(]uation by^ we have A -f Ax= — - -; or 


n* 


A/*‘ + Avi'-x = yin* ~f- gffi*.r ; 


/«»* — An- 

and, consequently, x -• 

* * kw—fftn 

To illustrate this, let the following tpjcstiun.s ho pro- 
]K)sed. 

QucstiifH 1. To Hiid all tlic numbers, x, such, that if 2 
lie subtracted from twice their stpiarc, the remainder may be 
a stjuare. 

Since 2x* — 2 is the quantity which is to lx* a scjuare, wc 
must observe, that this quantity is expressed by the factors, 
2 X (x 4- 1) X (.r — 1). If, therefore, we suppose its root 

»i(x-f-I) , m*(x 4- 1)" 

dividing by x 4 1, and multiplying by n% we obtain 

wi* 4 

^ «»‘x 4” »*S and x = s-r-:. 

‘ 2n* — mr 

Jf, therefore, wc make m = 1, and n = 1, vre find x = 5, 
and 2.r- — 2 = 16 =s 4®. 

li' VI = 6 and n = 2, wc have x = — 17. Now, as x is 
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otiJy found in the second power, it is indijflTerent whether we 
take X = — 17, or x s= + 17; either supposition equally 
gives 2x* — 2 = 576 = 24*. 

53. Qfiestion 2. Let the formula 6 + 13x + 6x* be pro¬ 
posed to be transformed into a square. Here, we have 
a = 6, 5 = 13, and c = 6, in which neither a nor c is a 
square. If, therefore, we try whether b* — 4oc becomes a 
square, wc o]>tain 25 ; so that we are sure the formula may 
be represented by two factors; and those factors are 

(2 + 3x) X (3 + 2x). 

»/i(2 + 3.r) ... , 

It -IS their root, we nave 


(2 + 3x) X (3 + 2x) = 


to^(24 3j)° 


which bc-comes 3n' -f 2;i».r = 2m* + 3m’x, whence we hnd 

2m‘—Sn® 3n^-2m« , 

—::—?r~.- Now, in order that the nunic- 
2/r—ihn^ 3nt* — 2n* 

rutur of this fraction may become positive, 3n‘ must be 
greater than 2m'; and, consciiuently, 2m* less tlian Sti*: 

that is to say, —- must be less than I- With regard to the 


denominator, ii* it must be positive, it is evident that 3m* 
must exceed 2w'; and, consequently, must be greater 

Ti 

than If, therefore, wc would have the positive values 
of .r, wc must assume such numbers for m and n, that 

—p may be less than and yet greater jghan y. 


For example, let m = 6, and n 

wi* 

—— = which is less than i, 

M* * 


= 5; we shall then have 
and evidently greater than 


whence x = 

54. This third case leads us to consider also a fourth, 
which occurs whenever the formula a -f- 5x -f cx* may be 
resolved into two such* parts, that the first is a square, and 
the second the product of two factors: that is to say, in this 
case, the formula must be represented by a quantity of tlie 
form p* + yr, in which the letters p, gr, and r express quan¬ 
tities of the form./* + gx. It is evident that the rule for this 
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case will be to make (/>*'+ qr) =:/» -f. ^i we shall 

thus obtain qr = p*-\ -in which the terms 

p' vanish; afVer which wc may divide by 9 , so that we find 

2mp , m^q _ . - 

r = orn V = S»mp -f- m*q, an equation from 


which X is easily determined. This, Uicrefore, is the fourth 
case in which our formula may be transibriued into a square; 
the application of w’hich is easy, and we shall illustrate it by 
a few examples. 

55. Question 3, liequired a number, x, such, that double 
its square, shall exceed some other s(]uare by unity ; that is, 
if wc subtract unity from this double sc|uare, llie remainder 
may be a square. 

For instance, the case applies to the numlier 5, wliose 
square i?5, taken twice, fjives the nuuilK'r 50, which ix 
greater by 1 than the square 19 . 

According to thisenuncintifHi, fir- — 1 must be a scjuarc , 
and as we have, by the formula, « = — 1 , 5 — 0 , and r 
it is evident tiiat neither a nor c is a s<{iiare; and fartiicr, 
that the given quantity cannot lx? resolved into two factors, 
since — 4arc = 8 which is not a stjuure ; so that none of 
the first three cases will apply. But, according to the fourth, 
this formula may be represented by 

T- -r (-r" ~ 1 ) = .C' -b (•*■ — 0 X (•*■ + 0- 


^ 0 

If, therefore, we suppose its root = x H-, wc 


ii 


shall have 

,, , , „ Swixfjr+l) 7a«(.r-l-l)’ 

j:” + (X + 1) X (x-i) = x=+--+ ■ ■ ■ ■ , ^ 

71 n 


This equation, after having expunged the terms .r*^, uiul 
divided tlie other terms by x -f 1 , gives 

n*x — 71* = 2fnnx + m’x -b 7 n"; whence wc find 
X = -and, ^cc in our formula, — 1 , the 

«*—»iim—Tit* 


squarb alone is found, it is indifierent whether wc take 
poffltive or negative values for x. Wc may at first even 
write — m, instead of -b fit, in order to have 
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_ wi* + n® 

*“ —?»** 

It' we moke m = I, and n = 1 , we find ;r = 1, and 
•— 1 s= 1 ; or if we make m = 1 , and n = 2 , we find 
JT = 4 -» 2 a;* — 1 = lastly, if we suppose tn = K 

and n=: — we find a:— —5, or x = +5, and &r *—1 =49. 

56. Question 4. To find numbers whose squares doubled 
and increased by 2, may likewise be squares. 

Such a number, for instance, is 7, since the double of 
its sciuare is 98 , and if we add 2 to it, we have the square 
100 . 

We must, therefore, have 2a’" + 2 a square; and as 
a =2, /» = 0 , and c = 2 , so that neither a nor c, nor 
5- — 4flre, the last being = — 16, are squares, we must, 
tJjerefore, have recourse to the fourth rule. 

Let us suppose the first part to be 4, then the second 
will be 2 j'* — 2 = 2 (a' + 1 ) x (or ~ 1 ), which presents 
die quantity pro{)Osed in the form 


Now, let 2 + 


4 + (.r 4- 1) X (j? — 1). 

m{jr + 1 ) 


n 


be its root, and we sliall liave 


die etjuation 
4 -f 2(.r L 1) X (jt* — 


1) = 4 + 


4w(.r-f-l) 

n 


m%x 4 - 1 )® 


in which the squares 4, are destroyed ; so that after having 

divided the other terms by a? + 1 , we have 

2 «’j: — 2 n* = 4ni« 4 " m*x 4 - m *; and consequendy, 

JC = - TT'Z -• 

2n *—rm 

If, in this value, we make t» = 1 , and n = 1 , we find 

= 7, and 2 j:* 4 - 2 = 100. But if m = 0, and n = 1, we 
have T = 1, and 24:* 4“ 2 = 4. 

57. It frequently happens, also, when none of the first 
three rules applic^s, that we are still able to resolve the 
formula into such parts as the fourth rule requires, though 
not so readily as in the foregoing examples. 

Thus, if the question comprises the formula 7 4" 

4 - ISx*, the resoiudon we speak of is possible, but the 
method of performing it does not readily occur to the mind. 
It requires us to suppose the first part to be (1 — a:)* or 
1 - 2 r 4“ -a:*, so that the other may be 6 4“ 4-124:®; 

and w'c perceive that this part has two factors, because 
17 a (4 X 6 X 12), = 1 , IS a square. The two factors 



3S2 


EUUfXMTS 


PART II. 


tlierefcHre are (S + x (3 + 4r) ; so that the formula 
becomes (1 — x)* + (* + x (S + 4x), vhi^ we may 
iu>w resolve by the iburth rule. 

But, as we have observed, it cannot be siud that this 
analysis is eaiuly found ; and, on this account, we shall ex¬ 
plain a ^ncral method for discovering, beforehand, whether 
the re^lution of any such formula be po^Ue or not; for 
there is an infinite number of them which cannot be re¬ 
solved at all: such, for instance, as the formula Sjc* S, 
which can in no case whatever become a square. On the 
other hand, it is sufficient to know a single case, in which a 
formula is possible, to enable us to find ail its answers; and 
this we shall explain at some length. 

58. From what has been said, it may be observed, that all 

the advantage that can be expected on these occasions, is 
to determine, or suppose, any case in which such a formula 
as o + + rx®, may be transformed into a square; and 

the method which naturally occurs for this, is to substitute 
small numbers successively for x, until we meet with a case 
which gives a square. 

rvow, as jc may be a fraction, let us begin with substituting 

for X the general fraction ~ ; and, if the formula 
bl ef® 

a 4- - 1- ^ which results from it, be a square, it will be 

u V 

so also affor haidng been multiplied by ; so that it onlv 
remains to try to find such integer values for t and u, as will 
make the formula om- -f- biu -f- cf* a sc]uarc j and it is 

evident, that after this, the supposition of x = cannot fail 

to give the formula o -f- Ax -f- cx® crqual to a square. 

But if, whatever we do, we cannot arrive at any satisfac¬ 
tory case, we have every reason to suppose tliat it is altogether 
impossible to transform the formula into a square; which, as 
we have already said, very frequently happens. 

59. We ^aU now shew, on the other nand, that when one 
satisfactory case is detemnined, it will be easy to find all the 
other cases which likewise ^ve a square; and it will be per- 
ceiv^, at the same time, that the number of those solutions 
is always infinitely great. 

Let us first conrider the formula 2 -f- Tx®, in which a 2, 
5 ss O, and c = 7. This evidimtly becomes a square, if we 
suppose X = 1; let us therefore make x = 1 -f- and, by 
suostitutioD, we shall have x® = 1 4* % •+" and our 
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formula becomes 9 + 1% 4- V* which the first term is 
a square; so that we shall suppose, oonformablv to the 
second rule, the square root of the new formula to be 

S 4- ^ and we shall thus obtiun the equation 

9 14^ -f. 7^8 = 94—which we may ex¬ 
punge 9 from both sides, and divide by y : which being 
done, we shall have 14n* 4- Wy = 6m» + m'y ; whence 

6mn—14f»® , , 

y = consequently, 

6wn —7n*—. i . 

X •=z . , in which we may substitute any 

values we please for m and n. 

If we make m = 1, and n = 1, we have ^; or, 

since the second power of x stands alone, or = where¬ 

fore 2 4- 7.r" = V- 

If m = 3, and n = 1, we have x ~ — 1, or4f = 4"1* 
But if m = 3, and n = — 1, we have x = 11; which 
gives 2 4" = 2025, the square of 45. 

If 7/2 = 8, and it = 3, we shall then have, in the same 
manner, j: = — 17, or x = 4- 17- 

But, by making m = 8, and n = — 3, vre find x = 271; 
so that 2 + 7^*- = 514089 = 717^ 

GO. Let us now examine the formula 5x' 4* Sj:* 4- 7, w'hich 
becomes a square by the supposition of a: = — 1. Here, if 
we make x = ^ — 1, our formula w ill be changed into this; 

5y* — 1% + 5 
+ 3^-3 
• 4- 7 


_ 


n 


— 7y + 9, 

the square root of which we shall suppose to be 3 
which means we shall have 

5y_7^ + 9 = 9-^+^$^,or 

— 7 n® = — 6 m /2 4 " '<> whence we deduce 

7 «*—Gotti , , , 6 mn 4 -OT« 

y = -T i «nd, lastly, x =s--=—. 
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If MSS 2, and ft s= 1, we liave x sr — 6, and oonsequendy 

-I-a;*: 4 . 7 = 16^ = 18«. 

But if in 3s —52 and n ss we find x s= 18, and fix* 4- 
8x4-7= 1681 = 4F. 

61. Let us now omsider the foraiula, 7x^ 4 -4* 13, in 

•* ^ 
which we must begin with the supposition of x = Hav¬ 


ing substituted and multiplied u*, we obtain 
7f* 4" 4“ 13m®, which must be a square. Let us tliere- 

fore try to adopt some small numbers as the values of t 
and u. 

If # = 1, and M = 1, r zr 35 

/ = ^ - 1 , ‘hcfonnula will becon.c.| = { 

2 = 3, and « = 1, * r: 1^1. 


Now, 121 being a square, it is proof that the value of 
X rr 3 answers the rcquued condition; let us therefore sup¬ 
pose X s= y 4 3, and we shall have, by substituting this 
value in the formula, 

7y® 4 42y 4 (>3 + 15y + 45 4 13, or 
7y * 4 57y 4 121. 


Therefore let the root be represented by 11 


a,Kl 

n 


shall have 7y"- + tyiy + 121 = 121 + c.r 

7n*y 4 57fi* = 9^mn 4 whence 

57n’ — 22mn , 36»i*—22inn43m’ 

w* — 7«® m’ — ln* 

Suppose, for example, m = 3, and ft = 1; we shall then 
find X = — I, and the formula becomes 

7x® 4 15x 4 13= V = (ir* 

If m = 1, and n = 1, we find x = — ; if m = 3, and 

n = — 1, we have x = and the formula 

7x«415x4-13 = 

62. But frequently it is only lost labor to endeavour to 
find a case, in which the proposed formula may become a 
square. We have already saia that 3x* 4 - ^ those 

unmanageable formulae; and, by mving it, according to this 
.rule, the form 32® 4" shaU perceive that, ^atever 

values we give to t and m, this quantity never becomes a 
square number. As the fomiulie of tnis kind are very 
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numerous, it wLli be worth while to fix on some cliaracten^, 
by which their iin|x>ssibility may be perceived, in order that 
we may be often saved the trouble of useless trials ; which 
shall form the subject of the following chapter*. 


CHAP. V. 


Of the Cases zn which the Formula a -f- 5j? + cx* can never 

become a Square. 


63. As our general formula is composed of three terms, 
we shall observe, in the first place, tliat it may always be 
transformed into another, in whicii Uic middle term is want¬ 
ing. This is done by supposing x ; whicli substitu¬ 

tion changes tlie formula into 

b)/— //* ^ —_ 4ar—6-+^- 

a + ^-77::-1-:-; or 


iic 




4c 


and since this 


must be a sipiare, let us make it equal to wc shall then 

have 4//C — b- tf ~ , =: cz®, and, consequently, 

= <”•’ -f- 5’ — 4«t*. Whenever, therefore, our formula is 
a s(|uure, this last cz* -f- — 4flrc will be so likewise; and 

reciprocally, if this he a srjuare, the proposed formula will 
Ik? a square also. If therefore wc write t, instead of b' — 4iac, 
the whole will be reduced to determining whether a quantity 
of the form cz* -j- t can become a square or not. And as 
this formula consists only of two terms, it is certainly much 
easier to judge from that whetlier it be possible or not; but 
in any further inquiry we must be guided by the nature of 
the given numbers c and t. 

64. It is evident that if / a? 0, the formula cz^ can become 
a square only when c is a square^ for the quotient arising 
from the xlivisi<Hi of a square by another square being like¬ 
wise a square, the quantity cz- cannot be a square, unless. 


* See the Appendix to this chapter, at Article 5. of the Ad 
ditions by De la Grange. 



886 


SLEMXNTit 


PAKT IF. 


-p*, tliat 18 to say, e, be one. So that when c is nota aquarc. 

At 

the formula es* can by no means beccane a square; and on the 
oontraiy, it* c be itself a square, ez* will also ^ a square, 
whatever number be assumed for z. 

65. If we wish to consider other coses, we must have re> 
course to what has been already said on the subject of dif¬ 
ferent kinds of numbers, considered with relation to their 
division by other numbers. 

We have seen, for example, dial the divisor 3 produces 
three different kinds of numbers. The first comprcliends 
the numbers which arc divisible by 3^ and may be expressed 
by the formula 3n. 

The second kind comprehends the numbers which, lieiiii^ 
divided by 3, leave the remainder 1, and are contained in 
the formula 3n 4- 1. 

To the third class belong numbers which, being diviclcd 
by 3, leave S for the remainder, and which may be repre¬ 
sent^ by the general expresdon 3i» + 2, 

Now, since all numbers ore comprehended in these three 
formulae, let us therefore consider their squares. First, if 
the question relate to a number included in the formula 3», 
we see that the square of this quantity being 9a'% it is divisible 
not only by 3, but also by 9. 

If the given number lie included in the formula 3n -|- 1, 
we have the square 9n’-|-6n-j-1, which, divided by 3, 
gives -f- 2n, with the remainder 1 ; and which, con¬ 
sequently, belongs to the second class, 3fi -j- 1. J^astly, if 
the number in question be included in the formula 3n 4- % 
we have to consider the sciuare 9«* + + 4; and if wc 

divide it by 3, we obtain on'^ -f- 4n + 1, and the remainder 
1; so that this square belongs, as well as the former, to the 
class 3a -f- 1. 

Hence it is obvious, that square numbers arc only of two 
kinds with relation to the number 3 ; for they arc eiilier 
divisible by 3, and in this case arc necessarily divisible also 
by 9; or ttiey arc not divisible by 3, in which case the re¬ 
mainder is mways 1, and never 2; for whicli reason, iky 
number ooDtainea in the formula 3n ^ can be a square. 

66. It is easy, from what has just been said, to shew, that 
the fmmula 3dr^ 4 2 can never become a square, whatever 
integer, or fractional number, w'e choose to substitute for .r. 
For, if X be an int^er number, and we divide the formula 
8x* 4 2 by 3, there remmns 2; therefore it cannot be a 
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square. Next, if j: be a fraction, let us express it by 
t . . • 

suppoung it already reduced to its lowest terms, and that t 

3/* 

and u have no common divisor. In order, therefore, that —jr + 2 

may be a square, we must obtain, after multiplying by u% 
also a square. Now, tliis is impossible; for the 
number u is either divisible by 3, or it is not: if it be, t will 
not be so, for i and u have no common divisor, since the 

fraction — is in its lowest terms. Therefore, if we make 
u 

M = as the formula becomes 3^* -j- 13/*% it is evident that 
it can be divided by 3 only once, and not twice, as it must 
necessarily be if it w'ere a square; in fact, if we divide by 3, 
we obtain 4" 0^** Now, though one part, is divisible 
by 3, yet the other, t", being divided by 3, leaves 1 for a 
reniaindor. 

Let us now suppose that u is not divisible by 3, and see 
what results from that supposition. Since the first term is 
divisible by 3, we have only to learn what remainder the 
second term, 2 m-, gives. Now, u" being divided by 3, 
leaves the remainder 1, that is to sav, it is a nunibcr of the 
class 3« -}- 1 ; so that 2m- is a numl)cr of the class 6m -f 2; 
and dividing it by 3, the remainder is 2; consequently, the 
formula 3/- -f" 2 ms if divided by 3, leaves the remainder 2, 
and is certainly not a s(|uarc number. 

C7. We niaj’, in the same manner, demonstrate, that the 
formula 3r- -f- 5 m-, likewise can never become a square, nor 
any one of the following : 

3/- 4- 8mS 3/- -f 11 m-’, 3^^ + 14m% &c. 
ill which the numbers 5, 8, 11, 14, &c. divided by 3, leave 
2 for a remainder. For, if we suppose that u is divisible by 
3, and, consequently, that t is not so, and if we make u =s= 3 m, 
M'e shall always be brought to formulas divisible by 3, but 
not divisible by 9: and if u were not divisible by 3, and 
consc(]ucntly h- a number of the kind 3m -f- 1> w'e should 
have the first terra, 3^-, divisifile by 3, while the second 
terms, 5u*, 8 m®, llw®, &c. would have the forms 15n -f- 5, 
24m -f 8, 33n f 11, &c. and, when divided by 3, would 
constantly leave the remainder 2. 

68. It is evident that this remark extends also to the m?- 
neral foimula, 3i5® •+• (3 m 2) X m®, which can never be¬ 

come a square, even by taking negative numbers for «. If, 
for example, we should make » = — 1, I- say, it is im- 
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pOMible for the fomiiila ^ u'^ to become a «juarc. This 
IS evident, if u lx? divisible by 3 : and if it» be not« then u" 
is a number of the kind 3n and our formula becomes 
31® — 3n — 1, wluch, beingr divided by 3, gives the re¬ 
mainder — 1, or 4- 2; and m general, if n be = — im, we 
ol>taiii the formula 3/® — (Sf» — 2) w®, which can never be¬ 
come a square. 

^ 09. So far, therefore, are we led by cxinsidering the di¬ 
visor 3; if we now consider 4 also as a divisor, wc see tliat 
every number may be comprised in one of the four following 
formulae; 

4»i, 4n 4- 1, 4n -4- 2,. 4n 4- 3. 

The square of the first of these classes of numbers is lOn-; 
and, consequently, it is divisible by 16. 

'rhat of the second class, 4n 4" 1» is 16#i® 4- 4- 1 ; 

which if divided by 8, the remainder is 1; so that it belongs 
to the formula 8fi -f 1. 

The square of the third class, 4ii 4- 2, is 16/» - 4-10» 4- 4 ; 
which if we divide by 10, there remains 4; therefore this 
square is included in the formula 16n -f- 4. * 

Lastly, the square of the fourth class, 4n -f- 3, lx‘ing 
16n® + 24« + 9, it is evident that dividing by 8 there re¬ 
mains 1. 

70. This teaches us, in the first place, timt all the evi ii 
square numbers are cither of the fomi Kwi, or 16m 4- 4; 
and, consequent!V, that all the other (*ven formula*, iianiely, 

lfo»4-2, 16«4-*6, 16n4-8, 16«4-10, Wn^VJ, I6n » 14,* 
can never become square numbers. 

Secondly, that ail the odd squares are contained in the 
formula 8» 4- 1; that is to say, if we divide them hy 8, 
they leave a remainder of 1. And hence it follows, that all 
the other odd numbers, which have tlie form either of 
8« 4- 3, or of Sh 4 5, or of 8» 4- 7, can never be squares. 

71. These principles furnish a new proof, that the formula 
3i- 4- cannot be a square. For, either the two numlxTs 
/ and » are both odd, or tlie one is even and the other odd. 
They cannot be both even, because in that case they 
would, at least, have the edmmon divisor 2. In the first 
€:ase, therefore, in which both and u" are contained in the 
formula Sn 4- the first term 3/®, being divided by 8, 
would leave the remainder 3, and the other term 2«® would 
leave the rommnder 2; so that the whole remainder would 
be 5: consequently, the formula in question cannot be a 
square. But, if the second case be supposed, and f be even, 
and u odd, the first term 3^® will be divisible by 4, auid the 
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second term if divided by 4, will leave the remainder 2; 
so that the two terms together, when divided by 4, leave a 
remainder of 2, and therefore cannot form a square. Lastly, 
if we were to suppose u an even number, as and t odd, 
so that is of the form 8ri -f 1, our formula would be changed 
into this, 24» 4- 8 + 8^^; which, divided by 8, leaves 3, 
and therefore cannot be a square. 

This demonstration extends to the formula + (8n +; 
also to this, (8m + 8) <* + 2 m®, and even to this, 

(8m 4- 3) t~ + (8» 4- 2) ; in which we may substitute for 

m and n all integer numbers, whether positive or negative. 

72. But let us proceed farther, and consider the divisor 5, 
with respect to which all numbers may be ranged under the 
five following classes: 

5/1, 5n + 1, 5n 4 2, 5n 4- 3, 5» 4 4. 

We remark, in the first place, that if a number be of the 
first class, its square will have the form 25/»®; and will con¬ 
sequently Ixj divisible not only by 5, but also by 25. 

Lvery nunil>er of the second class will have a square of 
the^^rm 25n- 4 10/t 4 1; and as dividing by 5 gives the 
remainder 1, this s(]uare will lie contained in the formula 

.j/t 4 1- 

The numl>ers of the third class will have for their square 
25//- 4 20n 4 4; which, divided by 5, gives 4 for the re¬ 
mainder. 

The square of a numl>er of the fourth class is 4 

39/1. 4 9; and if it be divided by 5, there remains 4. 

Lastly, the scjuarc of a number of the fifth class is 
25//* 4 40/1 4 13; and if we divide this square by 5, there 
will remain 1. 

When a square number therefore cannot be divided by 5, 
the remainder after division will always be l, or 4, and never 
2, or 3: hence it follows, that no square number can be con¬ 
tained in the formula 5n 4 2, or 5» 4 3. 

73. From this it may be proved, that neither the formula 
at - -f- 2#/®, nor 5t- 4 3m®, can be a square. For, either u is 
divisible by 5, or it is not : in the first case, these formulae 
will be divisible by 5, but not by 25 ; therefore they cannot 
Ik? squares. On the other hand, if « be not divisible by 5, 
u" will either be of the form 5» 4 1, or 5n 4 4. In the 
first of these cases, the formula 5t" 4 2m® becomes 5^ 4 
10m 4 2; which, divided by 5, leaves a remainder of 2; 
and the formula 5<® 4 3 m® becomes 5<® 4 I5n 4 3 ; which, 
being divided by 6, gives a remainder of 3; so that neither 
the one nor the other can be a square. With r^i^d to the 
case of m® = 5n 4 4, the first formula lx‘comes5<* 4 lOn 4 8; 

V o 

A yw 
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which, divideil by 5, leoves S; aiid the other becwncs 
5^ 4- 15w 4 12, whKsh, divided by 5, leaves 2; so that ia 
this case aim, neither of the two formulae can be a scmare. 

For a similar reason, we may remark, that neimer the 
formula 5/* 4 (5« 4 2 >m«, nor St* 4 (5» 4 8 )mS can be. 
come A square, since tliey leave the same remainders that we 
have just f<mnd. We miahl even in tlie first term write 
iustead of 5V, provide m be not divisible by 5. 

74. Since all the even squares are contained in tfie formula 
4n, and all the <jdd squares in the formula 4n 4 1; and, 
eonsequentJy, since neitlier 4« 4 2, nor 4» 4 3, cun b^mie 
a sqtiare, it fc»llows that the general formula (4fa 4 S) 4 
(4fi 4 3)w^ can never be a square. For if t be even, will 
lie divisible by 4, and the other term, being divided by 4, 
will give 3 for a renuunder; and, if we suppose the "two 
numbers t and u odd, the remainders of /* and of «* will be 
1; conseouenlly, the remainder of the whole formula will l>e 
2: now, tnere is no square number, which, when divided by 
4, leaves a renuunder of 2. 

We shall remark, also, that both m and n may lie t|||en 
negatively, or = 0, and still the formulm St- 3m*, and 
Sh — cannot be transformed into squares. 

75. In the same manner as we have found for a few di¬ 
visors, that some kinds of numbers can never become sqiiarts, 
we might determine similar kinds of numbers for alt other 
div'isors. 

If we take the divisor 7, we sliall have to distinguisli 
seven different kinds of numbers, the s<]uares of which we 
shall also examine. 

Kinds of numbers. Their squares arc of the kinil. 


1 . 

In 

49n* 

T/i 

2 . 

In 4 1 

49«* 4 I4w 4 1 

7»i 4 1 

3. 

7» 4 2 

49n* 4 4 4 

7» 4 4 

4. 

7n 4 3 

49n® 4 42n 4 9 

7 n 4 2 

5. 

7n 4 4 

49n* 4 56« 4 16 

7n 4 2 

6. 

7n 4 6 

49ii’ 4 70n 4 25 

7n 4 4 

7. 

7// 4 6 

49n* 4 84n 4 36 

In 4 1. 

Therefore, 

since the 

squares which arc not 

diviuble by 7, 


are all contained in the three forinulse 7n -f- 1, 7» -4 2, 
In-j- is evident, that the three other formulae, 7« 4 3, 
In 4 5, and In 4 6, do not agre^e with the nature of 
squares. 

76. To make this conclusion still more apparent, we shall 
remark, that the last kind, 7» + 6, may be also expressed 
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by 7« — 1; that, in the same manner, the formula 7» + 5 
is the same as 2, and 7n + 4? the same as 7n — i). 

This being the case, it is evident, that the squares of the 
two classes of numbers, 7n 4- 1, and 7» — 1, if divided by 
7, will give the same remainder 1 ; and that the squares of 
the two classes, 7n + 2, and 7» — 2, ought to resemble 
each other in the same respect, each leaving the remainder 4. 

77. In general, therefore, let the divisor be any number 
whatever, which we shall represent by the letter d, the dif¬ 
ferent classes of numbers which result from it will be 

dn ; 

dn -+• 1, dn + 2, + d, &c. 

dn — 1, dn — 2, dn — 3, See. 

in which the squares of 4- 1, and df« — 1, have this in 
common, that, when divided by d, they leave the remainder 
1, so that they lielong to the same formula, dn + 1 ; in the 
same manner, the squares of the two classes dn -f 2, and 
dn — 2, l>elong to the same formula, dn + 4. So that we 
maj^ conclude, generally, that the squares of the two kinds, 
dn + o, and dn — a, when divided by d, give a common 
remainder or that which remains in dividing a* by d. 

78. These observations are sufficient to point out an in¬ 
finite number of formulae, such as at* 4- w'hich cannot 
by any means become squares. Thus,-by considering the 
divisor 7, it is easy to perceive, that none of these three 
foriiiuluc, 7t^ 4- 3u\ 7t" 4- 5m*, 7^ 4- 6m®, can ever become 
a square; because the division of «* by 7 only gives the re¬ 
mainders 1, 2, or 4; and, in the first of tlic^sc formulae, 
there remains cither 3, or 6, or 5 ; in the second, 5, 3, or 6; 
and in the third, 6, 5, or 3; which cannot take place in 
sejuare numbers. Whenever, therefore, we meet with such 
formula;, we are certain that it is useless to attempt discover¬ 
ing any case, in which they can become squares: and, for 
this reason, the considerations, into which w*e have just 
entered, are of some importance. 

If, on the other hand, the formula proposed is not of this 
nature, we have seeh in the last chapter, that it is sufficient 
to find a single case, in which it becomes' a square, to enable 
us to deduce from it an infinite number of similar cases. 

The gjven formula. Art. 63, was properly ax* 4-5; 
and, as we usually obtain fractions for x, we supposed 

t 

X = so that the problem, in reality, is to transform 
at^ 4* 5 m* into a tH|uarc. 
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But is frequently an infinite, number of cases, in 

which X may be assigned even ui int^i^ numbers; and the 
determination of those cases sliall form the subject of the 
following chapter. 


CHAP. VI. 

Cases in Integer Numbers, in tckich ilie Fonmila 
ax* + h becomes a Stpiare. 

79. VATe have already shewn. Art. 6,% how such forniul.e 
as a + &r -f ex', are to be transformed, in order that the 
second term may be destroyed; we shall therefure con tine 
our present inejuiries to the formula ax- -i- h, in which it is 
required to find for x only integer numlwrs, which may 
transform tliat formula into a square. Now, first of all, 
such a formula must be possible; fur, if it be* not, we shall 
not even obtain fractions vxUues of x, far less inlciror oik's. 

80. Let us suppose then oo*’ 4- 6 = ; a and h being 

integer numbers, os well as x and y. 

Now, here it is absolutely necessary for us to know, or to 
have already found a case in integer numl>ers ; otherwise* it 
would be lost labor to seek for other similar oises, as tlic 
formula might happen to be impossible. 

VVe shall, therefore, suppose that this formula Ixaromcs a 
square, hy making x and wc shall represent that sijuare 
by so that af*^ 6 = g®, where J'eeaAg are known num¬ 
bers. Then we have only to deduce from this case other 
{amilar cases; and this inquiry is so much the more iiii- 

E ortant, as it is subject to considerable difficulties; w'hich, 
owever, we sha^l be able to surmount hy particular artifices. 

81. Since we have already found af^ 6 = ^, and like¬ 
wise, by Iwpothesis, ax* 4 ^ = y, let us subtract the first 
equation m>m the second, and wc shall obtain a new ont^ 
ax'- — af* =:y* ^ g*, which may be represented by factors 
in the .following manner; a(x 4 -x (x +ig") x 

{y — g)f and which, by multiplying both sides by pq, be¬ 
comes apqix + f) X (x —y) == pq{y 4 i?) X - g). If 
we now decompound this equation, by making op{x 4y) = 
q{y + g), ana q{x — y*) piy — /r» derive, from 

these tw'o cejnations, values of tfie two letters x and y. The 
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first, divided by y, gives y + and the 


se- 


qx—of 

cond, divided by gives y — ^ = - -• 


Subtractingtliis 


latter equation from the former, we have 
_ (ap'—g')x-i-(ap'+^\f 

^ P9 ’ 

^gpq — (ap* —+ therefore 

J ft^n which we obtain 

ajy — q^ ap' — q' 

V ^ And as, in this lat- 

^ ^ a/i*-ry* (ap^—q^)p p 

ter value, the first two terms, both containing the letter 

£p(ap' ) 

may be put into the form other two, 

containing the lettermay be expressed by ‘dl the 

terms will be reduced to the same denomination, and we 
slnUl have ,j 

82. This operation seems not, at first, to answer our pur¬ 
pose ; since having to find integer values of x and we are 
firoiight to fractional results; and it would lib required to 
solve this new question,—What numbers are we to substitute 
for p and q, in order that the fraction may disappear ? A 
(jucstion apparently still more difficult than our original one: 
hut here we may employ a particular artifice, that will 
readily bring us to our object, which is as follows; 

As every tiling must be expressed in integer numbers, let 

us make —-o = «», and - = «, in order that we 

op “~q ^9 

may have x = ng — rnfl and p = mg- — nqf. 

Now, we cannot here assume m and n at pleasure, since 
these letters must be such as will answer to what has been 
already determined: therefore, for this purpose, let us con¬ 
sider their squares, and we sh^ find 


JM’ 


_ aV+8opV+g» 
- 2ap^q* + q** 


W 


a*p*— 2ap'q^ + q*' 


and hcncc 
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jr* 

a*/?*— %tp'q*‘ 


83. ^^'c see» therefore, that the two ntimberK m and n 

must be such, that m* = on’ -f 1. So that, as a is a known 
niiinber, we must begin by considering the means of de¬ 
termining such an integer number for n, as will make 
an'* -f 1 a sc|uare; for then m will be the root of that s<|uare ; 
and when we have likewise determined the miml>ery so, 
that fl/** 4- b may become a sijuare, namely we shall ol>- 
tain tor x and y the following values in integer luimlHTs; 
X = y =s — ru ^; and thence, lastly, ax^ + 

b=.y\ 

84. It is evident, that having once determined m and w, 
we may write instead of them — m and — n, because the 
square ft’ still remains the same. 

Dut we have already shown that, in order to find x and y 
in integer numlier$^ so that ax' + /i = y*, we must f^r^t 
know a case, such lliat of'' + b may be equal to g '; w hen 
we have therefore found such a case, wc must also endcavt>ur 
to know, beside the nui:\^ber </, the values of oi and », which 
will give an' +!=»«*: tlie method for which shall he <le- 
scribed in the sequel, and when this is done, wc shall have a 
new case, namely, x = ng + mf^ and y = mg + for/’ also 
ax' + A = y'. 

Putting this new c:ase instead of the preceding one, w hich 
was considered as knowm; that is to say, writing 4- mf 
forand mg 4> tu^ for we shall have new values oi' x 
aiul from which, if they be again substituteil for x and y^ 
we may find as many other new values as we please: so 
that, by means of a single case known at first, wc may after¬ 
ward determine an innnitc number of others. 

85. 'llie manner in which w'c have arrived at this solution 
has been very embarrosscKl, and seemed at first to lead us 
from our object, since it brought us to complicated fractions, 
which an accidental circumstance only enabled us to reduce: 
it will be proper, therefore, to explain a shorter mctliod, 
which leads to the same solution. 

86. Since we must have ax* 4- 5 = y', and have already 

found b — g', the first c(}uation gives us 5=^* —, 

and the second gives b ^ g' — of '; consequently, also, 
yi" — ax' s= g' qf', and the whole is reduced to dc- 
tennining the unknown quantities x and^, by means of the 
known quantitiesjTand g^ It is evident, Uiat for this pur- 
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pose we need only make x =y’ and ^ ^; but it is also 

evident, that tliis supposition would not furnish a new case 
in addition to that already known. We shall, therefore, 
suppo^ that we have already found such a number for n, 
that + 1 is a square, or that an* + 1 = m *; which fac¬ 
ing laid down, wc have m* — an* = 1; and multiplying by 
this equation the one we had la.st, we find also y* — ax* = 
X {m* — an") = »*»«' — fl/* +a*J^^n*m 

Let us now suppose y = gm + «//*, and we shall have 

+ Qqfgmn + a]f^n^ — ax- = 
g^'m- — qf'^m* — ag^n" + 

in which tlie terms and are destroyed ; so that 

there remains ai - = q/’-m^ + -f- 2a^mn, or x® = 

/’-7/I- 4“ 4- g'n*. Now, this formula is evidently a 

s(j[uare, and gives x s= fm + gn. Hence we have obtidned 
the same formula; for x and y as before. 

87. It w'ill be necessary to render this solution more 
evident, by applying it tp some examples. 

Q.H€si\on 1. To find all the integer values of x, that 
will make 2x* — 1, a square, or give — 1 = y*. 

Here, we have a zz. 2 and h zz — 1; and a satisfactory 
ca.se immediately presents itself, namely, that in wiiichxrrl 
and y zz\', which gives us/*“ 1 and g ^ \. Now, it is 
farther required to aeteruiinc such a value of n, as will give 
2n" + 1 = m-; and we see immediately, that this obtains 
when n =: 2', and consequently m = 3; so that every case, 
which is known for and g, giving us these new cases 
X = 3/' 4- 2^, and y zz ^ ^ we derive from the first 

solution,y = 1 and g = 1, the following new solutions: 

r =./= 1 I 5 529 I 169 

y = g = 1 j 7 41 I 239, &c. 

88. Question 2. To find all the triangular numbers, 
that are at the same time squares. 

2* 4“2 

Let z be the triangular root; then is the triangle, 

which is to be also a square; and if we call x the root of this 

square, we have =x- : multiplying by 8, wc have 

42’ q- 4; = 8x”; and also adding 1 to each side, we 
have 

42* + 42 + 1 = (22 4- 1)' = 8x* 4- 1. 

Hence the question is to make 8x’ + 1 become a square; 
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if we find Hu:' + 1 = we sbaU have ss 2^ -f It 
and, OMisequenUy, the triangular root required will be 


Now, we have a = 8, and 6 s 1, and a satisfactcnry case 
iminodiately occurs, namely,^ = 0 and ^ = 1. It is fartlier 
evident, tliat 8»« + 1 = m®, if we make » = 1, and »/« = 8; 
therefore a* = ^ 4- and ^ = %• + and since 

y —1 

~ = g— , we shall have the following solutions : 


X =y=0 

6 

35 

204 

1189 

y 

17 

99 

577 

3363 

V — 1 _ 

c =0 

i 8 

49 

288 

1681, 


89. Question 3. To find all the pentagonal numbers, 
which are at the same time squares. 

' 3r - — z 

If the root be s, tlic pentagon will be = , which 


we shall make equal to so that 3s- — s = 2a '*; tlieii 

multiplying by 12, and adding unity, we have 

36sr® — 4- 1 = (6s — 1 24a'® 4- 1; also, making 

V 4-1 

24tr* 4* I = y% we have ^ 6s — I, and z = —g” • 


Since a = 24;, and 4 = 1, we know the casey'= 0, and 
^ = 1 ;* and as we must have 24n* q- 1 = m\ we shall make 
n = 1, which gives m = 5; so that we shall have a-=.^' 4 g 

w 4" 1 

and y = + 24/*; and not only z = — 0 ~~f hut also 

« =s . g because we may write y = I — 6 z: whence wc 


find the following results: 


x=y=0 

1 

10 

99 

y — g — 

5 

49 

485 

' =4- 

1 

a 5 

T 

81 

1 •— V 

or 2 =: — = 0 

% 

~T 

-8 

— * ♦» 

v 


980 

4801 

a^o I 

T 

-800, &c. 


90. Question 4. To find all the integer square num¬ 
bers, which, if multiplied by 7 and increased by 2, become 
squares. 
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It is here required to -have 7x* + 2 = m* a s= 7, and 
b =■ 9, \ and the known case immediately occurs, that is to 
say, jr = 1; so that a ==y = 1, and y = g i=. S, If we 
next consider the equation 7n^ 1 = m*, we easily find 

also that 7» = 3 and w = 8; whence x — 4* f j and 

y =:iig + 21 f. We shall therefore have the fc lowing 
results: 

r=y=l 17 271 
y=:^r= 3 45 717, &c. 

91. Clm ation 5. To find all the triangular numbers, that 
arc at the same time pentagons. 

Let the root of the triangle be p, and that of the pentagon 

jy Q 

q : then we must have ' ^—, or =. p^ -f-jp; 

and, in endeavouring to find q, we shall first have 


q^ z= J^q 4- 


3 


= V ± ^'(A + 


P" +P 


),orq- 


, and 

1 + x/(12p«-|-12p+ 1) 


J3 /, - y - g 

Conswjuently, it is reiiuired to make 12j»* 4- \2p 4- 1 be¬ 
come a s(]uare, and that in integer numbers. Now, as 
there is here a middle term we shall begin with making 
./• — 1 . 

p = —by which means w'e shall have 12p^=^3x^—6x-i‘3, 


and 12/» = Ga* — 6 ; consequently, 12p* 4 -12p 4 -1 = Sx- — 2; 
and it is this last quantity, which at present we are required 
to transform into a square. 

If, therefore, w'c make 3x* — 2 = we shall have 
•3? — 1 1 4~ t/ 

p = — 5 —, and q = ; so that all depends on the formula 

3 a:*— 2=y; and here we have a = 3, and 5=—-2. Farther, 
w'e have a known case, a: =y*= 1, andy = g = 1; lastly, 
in the equation m* = 3n- 4- 1, we have n = 1, and m = 2 ; 
tlierefore we find the following values both for x and y, and 
for p and q: 

First, X = ^ 4 - g*, and 

x=y=i 

» =«= 1 

p = 0 

2 = T 

or g = 0 

because wc have also q = —^. 


= ^ 

+ r; 

then. 

3 

11 

41 

5 

19 

71 

1 

5 

20 

1 

1 0 

T 

12 

Z 

T 

-3 

^ V 
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9^ Hitherto, when the given fonnula contained a second 
term, we were obliged to expunge it, but the method we 
have now given may be applied, without taking away that 
second term, in the following manner. 

Let ax- + ^< 2 ^ + c be the given formula, which must be a 
square, and let us suppose that w'e already know the case 
+ e = . 

Now, if we subtract this equation from the hirst, we shall 
have a(x* —J^) + b(x — J") = which may be ex¬ 

pressed by fxictors in this manner: 

(x -f) X (ax 4^ X (4* ,!?•); 

and if we multiply botli sides by /ig, we shall have 

-y*) Kflx of b) ^ yq iy - g) x (+ ^), 
which equation may be resolved into these two, 

1. p(x — f) q{y £r)» 

2. y(ax + -I- 6) = + g). 

Now, multiplying the first by p, and the second by q, and 
subtracting the first product from the second, we obtain 

+ («q* + + ^* = %p</, 

L - W 

which gives x = —-=- IT'^—\ -i- 

° aq'-- p- aq^—p* aq^—p* 

Hut the first equation is q{y — ^ *" J") .. 


_^gpq_ __ _^ 

^^aq*—p* aq'-^p^ aq* — p 


l) ; so that y — ^ = 




-and, consequently, 

aq' — p*^ aq' — p' * * 

gy* 4-p- ^fpq bpfl 


a(f—pr 

p® aq^—p^ aq^—p^' 

in order to remove the fractions, let us make, us 
a?*-fp* __ 

aq*-^p^ 

^ -!L±i. 


Now, 

before, = w, and , = n; and we sliall have 

wi 4* 1 —- ,, and « t — q 

aq —p* aq^ ~-p Jta 

x:=^ng - mf^ and y = mg - naf ~ ^bn; 


therefore 


in which the letters m and n must be such, that, as before, 
-m* = an* 4- 1. 

93. The formulas which wc have obtained for x and p, 
are still mixed with fractions, since some of their terms con¬ 
tain the letter b ; for which reason they do not answer our 
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purpose. But if from'those values we pass to the succeeding 
ones, we constantly obtain integer numbers; which, indeed, 
we should have obtained much more easily by means of the 
numbers p and q that were introduced at the. beginning. 
In fact, if we take p and q, so that // r: no* 4- 1, we shall 
have aq^ — 0 *= — 1, and the fractions will disappear. For 
then x=.—^gpq 4- f \onf 4- p*) + 6^*, andp= —•^oij®4’P*) 
4 2a/pq 4 bpq ; but as in the known case, af* bf -{■ c 
r= we find only the second power of it is of no conse¬ 
quence what sign we give that letter; if, therefore, we 
write — g instead of 4 ^, we shall have the formula; 

X = 9gpq 4 p*) 4 *9^ and 

y = 

and w'c shall thus be certain, at the' same time, that 
ax'- bx c — ^ 2 , 

Let it be rc^quired, as an example, to find the hexagonal 
niiml)cr$ that are also squares. 

We must have 2.r* — a* = y\ or a = 2, b = — 1, and 
r = 0, and the known case will evidently be x 1, and 

y - g = 1 . 

Farther, in order that we may have p® = 2^® 4 1, we 
must have ^ = 2, and p = 3; so that w'c shall have 
r = 12g 4 17 /*“ 4, and y — 4 2^ — 6; W'hence re¬ 

sult the following values : 

x=f^\ 25 841 

P = g = 1 35 1189, See. 

94. Let us also consider our first formula, in which the 
second term was w’anting, and examine the cases which make 
the formula ax‘^ 4 5a s(]uare in integer numbers. 

l.et 45 = y*, and it will be required to fulfil two 
conditions: 

1. We must know a case in which this equation exists; 
and w'c shall suppose that case to be expressed by the equa¬ 
tion of* 45 = g*. 

2. We must know- such values of m and n, that 
7/1 • = an*" 4 1; the method of finding which will be taught 
in the next chapter. 

From that results a new case, namely, x — ng 
and y = mg 4 anf \ this, also, will lead us to other »milar 
cases, which w'e shall represent in the following manner: 

X =,/* I A I B I c I D I E 
p=gr|r|Q|ii|s|T, &C. 

inwhicliAssag 4»»/1 b=«p 4WA csRa4iNB ps=nR +mc 
and ps=wg4nn/lQ=s»BP4fl»A R=mQ4anBls =;ffiK4<smc,&c. 
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and these two series of numbers may be easily continued to 
ao^ lei^pth. 

95^ It will be observed, however, that here we can¬ 
not continue the upper series for x, without having the 
under one in view; but it is easy to remove this incon¬ 
venience, and to give a rule, not only for finding the upper 
series, without knowing the other, but also for determining 
the latter without the former. 

The numbers which may be substituted for x succeed 
each other in a certxun progression, such that each term (as, 
for example, e), may to determined by the two preceding 
terms c and d, witliout having recourse to the terms of the 
second series a and s. In fiurt, since e = ns + mn = 

n(niB + anc) + m{nK me) = 

SfimR •+ on'e 4- »**c, and «r = d — me, 
we therefore find 

E = 2mD ~ + a«*r, or 

E = 2mD — (m® — an*)c ; or lastly, 

E = 2mD c, because m* = on* 4- 1, 

afid m* — on* = 1 ; from which it is evident, how each tenn 
is determined by the two which precede it. 

It is the same with respect to the second scries ; fur, since 
T = ms 4- onD, and d = «k 4- we, we have 
T = ms 4- an*B 4- omne. Farther, s = rwa + owe, m) 
that one, = # — iwr; and if we suhstitiite tliis value ofowi, 
we have *r = Sms — r, which proves that the second pro¬ 
gression follows the same law, or the same rule, ns the first. 

Let it be required, as an example, to find all die integer 
numbers, x, such, that SLr’ — 1 = 

We shall first have^*=1, and g-= 1. Then m =2w 4 1, 
if n = 2, and m = 3; therefore, since A = ng 4- «(/' = •>, 
the first two terms will be 1 and 5 ; and all the succeeding 
ones will be found by the formula £ = 6 d — c : that is to 
say, each term taken six times and diminished by the pre¬ 
ceding term, gives the next. So that die numbers x which 
we require, will form the following scries: 

1, 5, 29, 169, 985, 5741, &c. 

This progression we may continue to any length; and if 
we choose to admit fractional terms also, we might find an 
infinite number of them by the mediod which has been 
already explained *. 

* Sec the appendix to this chapter at Art. 7, of the additions 
by De la Grange. 
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CHAP. VII. 


a particular Method, bf/ which the Formula om* + 1 
becomes a Square in Integers. 


96. That which has been taught in the last chapter, can> 
not be completely performed, unl^s we are able to assign for 
any number o, a number n, such, that a/n^ + 1 may become 
a square; or that we may have m' = an"' + 1. 

This equation would be easy to resolve, if we were satis¬ 
fied with fractional numbers, since we should have only to 

np 

make m — \ ^sr, by this supposition, we have 


m 


= 1 




, -i • 1 • 1 

4 - “ j —tin 4- 1; in which equation, we 


may expunge 1 from Ixjth sides, and divide the other terms 
by 'n : then multiplying by q\ we obtiun 9.pq =anq '; 


and this equation, giving n 



would furnish an 


infinite number of values for ti: but os n must be an integer 
immlier, this method will be of no use, and therefore very 
different means must be employed in order to accomplish 
otir object. 

97 . W v must begin with observing^ that if w-e wislied 
to liave ««■’ -f 1 a square, in integer numbers, (whatever be 
the value of a), the thing required would not be possible. 

For, ill the first place, it is necessary to exclude all the 
cases, in which a would be negative; next, we must exclude 
those also, in which /i would be itself a square; because 
then 071 ^ would be a square, and no square can become a 
square, in integer numbers, by being increased by unity. We 
are obliged, therefore, to restrict our formula to the con¬ 
dition, that a be neitlier negative, nor a ^uare; but when, 
ever a is a positive number, without being a square, it is 
possible to as^gn such an integer value of w, that ««“■+■ 1 
may become a s(][uare: and when one such value has been 
found, it will be easy to deduce from it an infinite number 
of*others, as was taught in the last chapter: but for our 
purpose it is sufficient to know a sungle one, even the least; 
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and this, Pdl, an £n^ish writer, has taught to find by 
air ingenious method; which we shall here expfiiin. 

98. This method is not such as may be employed ge¬ 
nerally, for any number a whatever; it is applicaole only to 
each particular case.. 

We shall therefore bepn with tlie easiest cases, and shall 
first seek sudi a value of «, that 2 n' -f 1 may be a square, 
or that V^( 2 «* 4 - 1 ) may bmme rational. 

We immediately see that this square root becomes greater 
than ft, and less than Sn. If, therefore, we express tliis root 
by 91 4 p, it is obvious that p must be less than ft; and w c 
shall have ^/(2n* '+ 1) = f» 4 p; then, by squaring, 
4 1 = n* 4 2np 4 p '; therefore 

n* = Sup 4 p’ — 1 , and » = p 4 v'ISp* — 1 ). 

The whole b reduced, therefore, to the condition of — 1 
being a square; now, tliis is tlie case ifp = 1, which gives 
ft = 2, and v'lSn' -4 1) = 3. 

If this case had not b^n immediately obvious, w'e should 
have gone farther; and since \'( 2 p‘' — 1)7 p *, and, con¬ 
sequently, n 7 2 p, we should have made n = 2p 4 9 ; and 
should thus have had 


2p 4 y = p 4v/(2p* — 1), or p 4 ? = ^'(2p' — 1), 

and, squaring, p"' 4 2 py + 9 ' = 2 p' “■ 1 » whence 

p* = 2/9 49 ’ 4 1, 

which would have given p = 9 4 ^''(29' 4 1); so that it 
would have been necessary to have 29 ' 4 la st]uare; and 
as this is the case, if we make 9 = 0 , we shall have p = I , 
and ft = 2, as before. This example is sufficient to give an 
idea of the metliod ; but it will be rendered more clear and 
dbtinct from what follows. 

99 . Let a = 3, that b to say, let it be required to trans¬ 
form the formula 3n* 4 1 into a square. Here we shall 
make ^/(3n“ 4 1 ) = « 4 p, which gives 

3 f»* 4 1 = n* 4 2 fip 4 p% and 2n' = 2np 4 p* — 1; 


whence we obtain n 


p4^/(3p' — 2) 
o 


Now, since 


^(3p> «. S) exceeds p, and, consequently, n is greater 


• 

* This sign, 7, placed between two quantities, signifies that 
the former is neater than the latter; and when the angular 

J ioint b turned the contrary way, as Z., it signifies that the 
brmer is less than the latter. 
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than 


Sjp 


or than /?, let us suppose 


n — p and we 


slial] flare 

Sip + —- p + - 2 ), OP 

4 - 27 = \/{^p ' — 2 ); 

then, by squaring ^pq +4^' = 3/»-' — 2; so that 

2/>* = 4“ + 2, or p*= ^pq + + 1, and 

P — q 4-v'(3y"+ 1). 

Now, this fcmmila being similar to tlic one proposed, we 
limy make q — (), and shall thus obtain jo =: 1, and n = 1; 
whence v/(3w' -f* 1) == 2. 

100 . Let a = 5, tliat wc noay have to make a square of 
llie formula 5«'4- 1, the root of which is greater tlian 2 / 1 . 
We shall therefore suppose 

1) = 2i> + V, or 5 m ^ — 4 m 4 m^ » 

whence we obtain 

n = \np p — 1, and n — Sip 4-v^(5p'' — 1). 

Now, ^ ' {op‘ — 1) 7 2/j; whence it follows that nv ^p\ for 
which reason, wc shall make n zz ^p + which gives 
“f* q —i/{^P^ — ^)» or 4fp--\- 4epq + <?''= — 1, and 

jr = Ipq 4 yM- 1 ; s«» that p r= -j- A''(5y’ + 1); and as 
^ = 0 satisfies the terms of this equation, we shall have 
p = 1, and M = 4; therefore 1) = 9. 

101. I.et us now suppose «==(), that we may have to 
consider the formula ()/< -{-1> whose root is likewise con¬ 
tained betw’cen iln and 3w. We shall, therefore, make 

+ 1) = 2w 4“ p, and shall have 

Gn ■ 4- 1 = 4m'’4- 4«p 4“ p \ 2m'' = 4mj? 4" P' ~ 


and, thence, n 


^'{Gp- —2) 2p4- </(6p“ —2) 

p 4- - ,y -, or «=-^- 


so that n 7 2p. 

If, therefore, we make n — 2p we shall have 

4p 4- 2q = 2p + 2), or 

2p 2q ^ 2); 

the s(]uares of which are 4/>'’4“ 4“ 4^’“ —2; so 

that 2p‘ rr Spq 4- 4^^ 4- 2, and p'‘zz^pq 4- 2^"' + 1. Lastly, 
p = 2^ f N'Chy* + 1). Now', this formula resembling the 
first, we have q — G\ wherefore p = 1, » sz 2, and 
V'((>«*4- 1) = 5. 

102. Let us proceed farther, and take a = 7, and 
7 m■■'4 “ 1 == wi' ; here w'c see that m 7 2n\ let us therefore 
make m = 2 m 4“ P» shall have 


A A 



554 
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1 = 4»* + 4inp -f- p% or 3»* = 4np p* — 1; 
which gives n = -^-. At present, since « 7 tP» 


and, consequently, greater than p, let us make n = p + 9 , 
and we shall have p -h 89 = v' ("Tp^ — 3); then, stpiaring 
both sides, p* + 6p^ -f 99 * = Tp*" — 5, so that 
6 p* = 6/>9 + 99 * + 3, or 2p* = 2 p 9 q- 89 ' + 1 ; whence 


we get p = 




ij 


Now, we have here p 7 -, 


39 


o 


and, fxinscquently, p7 q\ so that making p = 9 - 1 - r, wc 
shall have 9 q- 2 r = \^C79* + 2 ); Uic s<{uarcs of which arc 
9 * + 49 r + 4r* = 79 * + 2 ; then 69 * = 49 r + 4r* — 2, 


or 39 * = "Zqr 4- 2r‘ — 1 ; and, lastly, 9 = 


r-h ^^(7r*-3) 
3 


Since now q 7 r, let us siqiposc 9 5 = r + and we -shall 
have 


2r + 3,» = v'lTr* — o); then 
4r‘ 4 12r« 4“ 9 j* = 7r* — 3, or 
Sr‘ = 12r,t 4" 9'’‘ 4“ or 

r*" = 4rs 4" 4* «nd 

r = 2 j 4 ^^(7J^* + 1 ). 


Now, this formula is like the first; so that making j = 0 , 
we shall obtain r=I, 9 = 1 , p=2, and tt = 3, or 

f» = 8. 

But this calculation may be considcnihly abridged in 
the following manner, ivhich may be aduptcu also in other 


cases. 


Since 7«* 4" ^ = ***> follows that vi l 3w. 

If, therefore, wc sup|josc vt = 3/i — p, wc shall have 
7w^ 4 " 1 = 9”* “ owp-j-Z'S or 2 u‘ = Cwp — p‘ 4~ ^ • 

, . . 3p4-v'(7p‘4“2) , , ^ r 

whence we obtain n = — -^- ; so tliat n z op ; for 


this reason wc shall w’ritc fi = tip ~ 2q; and, 6([uaring, w c 
shall have 9p* — 12 p 9 4 49‘ = 7p^ 4" ^ ? o** 

2p* = 12 p 9 — 49 * 4- 2, and p' = Gpq — 29 * 1, 

whence results p= 89 4"^ ('79*-f* !)• Here, we can at 
once make 9 = 0 , which gives p = 1, n = 3, and m = 8 , 
as before. 

103. Let o = 8 , so that 8 n* 4" ^ ^ 

Here, we must make to = 3n — p, and shall have 

8 n* + 1 = 9n* — 6 «p 4 " PS o** ”* = ^ ? 

whence » = 3 p +v^( 8 p* + ^)* formula being al- 



CUAP. VIJ. 


OF AX.GEBRA. 


355 


ready Himilar to the one proposed, we may make p = 0, 
which gives n = 1, and m = 3. 

104. VVe may proceed, in the same manner, for every 
Ollier number, «, provided it be positive and not a square, 
and we shall always be led, at last, to a radical miantity, 
such as + 1), similar to the first, or given formula, 

and tlien we have only to sup[x}sc ^ = 0; for the irra¬ 
tionality will disappear, and by tracing back the steps, we 
shall necessarily find such a value of «, as will make an’ + 1 
a sfjuare. 

Sometimes we quickly obtain our end; but, frequently 
also, we are obliged to go through a great number of 
o])erations. This depends on the nature of the number 
a ; but we have no principles, by which we can foresee 
tlio number of operations that it will be necessary to jicr- 
form. The process is not very long for numbers lx‘low 13, 
but when a = 1.‘3, tlie calculation becomes much more 
prolix ; and, for this reason, it will be proper here to resolve 
that case. 


lOo. Let therefore a = 13 , and let it be required to 
find 13 «‘ 4 - 1 = wi*". Here, as 7 9 n‘, and, consequently, 
m 7 h*t us sup}K>r.c m = 3 w -f- p; W'e shall then have 
13 //‘ 4- 1 =: -f 6*«p + p‘, or 4 '»* = C«p + p* — 1, and 


It — 


3p+x (I3p‘ —4) 


, wliicli shews that w 7 -*p, and there¬ 


fore imicii greater than p. If, therefore, we make 7i=cp4.y, 
we shall have p+ 4 ^—^ ( 13 p‘— 4 ); and, taking the stjuares, 

lop* — 4 p* -f 8py + 16 y*; 
so that liJp* = 8p<7 4- 16*7* + ~ + L 

74- v /(137*4 3) ,, 9+37 

and p — - - - -. Here, p 7 

tS 


or p 7 (/; 'VC 


.shall proceed, therefore, by making p ■= q and shall 

ihu.s obtain 4 - 3 r = ^ ( 137 * 4 - S); then 

137* 4 - 3 = 47* -f 1271- -h 9 r*, or 
97* = 1277- 4- 97'» — 3 , or 
37* = 477' 4 - 3 r* — 1 ; 

. o,,4.v'(13r*-3) 

which gives 7 = - 3 -. 


Again, since 7 7 


2 r+ 3 r 


or 777 , we shall make 


7 = r + 5 , and we shall thus have r 4 - 3# =iv^(18r* — 3); 
t»r l3r* — 3 = r* 4- 4- 9^*, or 12r* = 6 /*s 4- 9tf* 4- 3, or 

47 ** = 2/-A 4 - 3^* 4 - 1 ; whence wo obuun 
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r = -^. But here r 7 —or r 7 «; wlierc- 

fore let r = 5 + /, and we shall have 3«+ 4^=: ^>'(13s*+ 4), 
and 13^* + 4 = + 24>st + 16^*; 

so that 4«^ = J24 j»^ 4- 16^*^ — 4, and 8* sr 6/jr 4/‘ — 1 ; 
therefore .t = 3^ 4 * v^(13/* — 1), Here we have 

7 3^ 4“ 3/, or j 7 6/; 

we must therefore make .v = C/ 4* «; whence 

iU + w = a/( 13^‘ — 1), and 13<* - 1 = i)/‘ -f (Uu 4- m*; 

then 4^* = 6/m 4- + 1; and, lastly, 

3m + \>'(13«*' + 4) 6if , 

/ =- z -, or / "7 -r> and 7 «. 

4 4 

If, therefore, wc make / = 1 / + r, we sliall have 

/# 4" 4r = a'(13m* 4“ '!■)» and 13 m*4’ 4 = «* 4- 4- I6 r*; 

therefore 12«* = Snr -f- 16 t’‘ — 4, or 3m‘=2mt» + 4r* — 1 ; 

v+ — 0 ) ‘k' 

lastly, « =-jT-, or m 7 , or m 7 i’. 

o ti 

Let U8, therefore, make m = t* + .r, and we shall have 
2r + Sj- = A^(l3r‘ — 3), and 
13e* — 3 = 4r*‘ + + IL'*; or 

= 12iu* -f 3a * 4- 3, or 3i;* = 4i’x 4“ 3.i'- + 1, and 

‘>r+ ^/(13x* + 3) 

7 ‘ — ---; so that v 7 , x, and 7 r. 

I A*t US now suf^xise v = x 4 - and wc shall have* 
a; + = v/(13j'‘ + 3), aii<l 

13r* 4-3 = j ‘ 4" ^J/ + %*» t*** 

12r* = GLry 4” f)y* — 3, and 
4 j* = -f 3^* — 1; whence 

y4-i/(13y*-4) 

4 

and, consequently, a* 7 ^V'e shall, therefort*, makt* 
r zz 1 / Zf which gives 

3^ 4- 4:: = — 4), and 

13^* - 4 = 9^"' + 24z;/ + o** 

4^^ = 24:y 4- 16z* + 4; therefore 
zz Gj^ 4" 4,'/‘ -r 1, anti 
1 / zz 3^ 4" \''(13z:‘ 4" 

Tliis formula l>cing at length similar to the first, w'e may 
take s = 0, and go bock as follows: 
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z =r 0, ?/ = It -j- X = 3, I y = r + # = 71, 

y =. \f ^ =«, + »= 5, = 5^ -f" ^ = 109, 

j?=j^ + z=l, jj=C^H-m = 33, n = />•+*? = 1^» 

T; = i‘+y = 2, r=.»-i-< = 38, m = Sti + _p = 649. 

So that 180 is the least number, after 0, which we can 
substitute for n, in order that ISn' + 1 may become a 
square. 

lOG. This example sufficiently shew's how prolix these 
calculations may be in particular cases; and when the num- 
l>crs in question are greater, we are often obliged to go 
through ten times as many operations as we had to perform 
for tlie number 13. 

As we cxinnot foresee the numbers that will require such 
tedious calculations, we may with propriety avail ourselves 
of the trouble whicli others have taken; and, for this pur- 
jK>sc, a Table is subjoined to the j)resent chapter, in wliich 
the values of in and n arc calculated for all numl)crs, a, be¬ 
tween and 100; st) that in the eases which present them- 
sc'lves, w^e may take from it the values of vi and w, which 
answer to the given number a . 

107. It is projKjr, lujwever, to remark, that, for certain 
numbers, the letters m and n may be determined generally ; 
this is the case when a is greater, or less than a stjuare, fjy 
1 or ; it will be proper, therefore, to enter into a particular 
analysis of these eases. 

108. In order to this, let « = c’ — 2; and since we must 
have (<’’ — 2)m* -j- 1 = //*-, it is clear that m z cn ; therefore 
%ve shall make in — cn — jiy from which we have 

— 2)m‘ 1 = - 2 cnp -\~p~f or 

“h I' thcretbre 


n 




and it is evident that if we 


inakej:^ = 1, this quantity becomes rational, and we have 
11 =: c, and m — — 1. 

For example, let a ~ 23, so tliat c n 5; we shall then 
have 23/j* -f" ^ = wi*, if n = 5, and m = 24. The reason 
of which is evident from another consideration; for if, in 
tiic case of a — — 2, wc, make n = r, we shall have 

1 =r r-* — 2c‘' -I- 1 ; which is the square of — 1. 

109. Let « = c* — 1, or less than a square by unity. 
First, we must have (c* — l)n* -f 1 = m*; then, because, 
as before, m z cn, wc shall make in "rz cn — p; and this 
being done, wc have 

{e* — I)?*’-)-! +1; 
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whereforen=:r/>4- /»•-f 1). Now, the irrationality 

disappcanxl by sup{)osing p = 1 ; so that n — 2r, and 
m = Sie* — 1. This also is evident; for, since a = e* — 1, 
and n = 2r, we hnd 

an* 4-1 =4^ — 4<‘‘’ -f 1, 

or txjiial to the souare of Se* — 1. For exain|ilc, let a = 24, 
<»r c =s 5, wc shall have n = 10, and 

24rt' 4- 1 = 2401 = (49)* ♦. 

110. I ^ct 118 now suppose o = r’' 4- 1* or a pjrcater than 
a square by unity. Here we inual liave 

(i” 4 1 )m* 4- 1 = wS 

and m will evidently lie greater than cn. Let us, therefore, 
M rite m z:z cn 4- p, and we shall have 

(f* 4- l)n'' -41= t'w* 4 - — 2<7ip 4- P' — 1 ; 

whence n = rp 4 - ^{c'p~ 4 - P" — !)• Now, we may make 
p = 1 , and shall then have n =2<’; therefore w' = 2<’ 4- 1 ^ 
w’hich is what ought to be the result from the consi(lcration, 
that a = r’ 4- I, aiul n = 2f, which gives 
an' 4- 1 = ic* 4- 4 <''' -f 1, the s<|uare of 2* - t 1- For ex¬ 
ample, let a — 17 , so that c = 4 , and we shall have 
ITw 4 - 1 = J7i' ; by making ji = 8, anil 7 ii = J 3 Ji. 

111. Lastly, let a =: c' -+• 2, or greater than a sijuare by 

2, Here, we have (f -f- 2)«'’ 4 - 1 and, as before, 

M 7 cn : therefore we shall supjx>se m = <71 4- p, xuid shall 
thu.^ have 

r'n' 4- 2n* 4 - 1 — c'n- 4 - Unip + p , or 
2 n* = 2 <pn 4 - p"* — 1 , which gives 

rp+ 4-2p - 2) 

n — 

I.et p = I, we shall find n = r, and 7 // — c- 1 ; anil, in 
lact, fiince a — e' 4-2, and w = e, we have nn ' 4-1 — <'*4 ’ 4-1, 

which is the square of <•* 4 1- 

For example, let o = 11, so th.it r = 9; w’C shall liiid 
llw' 41 = 7 »', by making n — 3, and ;« = 10. If we 

* In this case, iikew’ise, the radical sign vanishes, if we make 
p = O: and this supposition incontestably gives the least possible 
numbers for m and h, namely, n = 1, and w = r ; that is to say, 
ifc = ,‘>, the formula 24n*4 I becomes a square by making 
7 < =: 1 ; and the root of this square w ill be m ■=■€ — 5. F. T. 
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supposed a = 83, we should have e = 9f and 

83«* + 1 = m% where n = 9, and m = 82*, 

* Our author might have added here another very obvious 

2 

eiusc, which is when a is of the form e* zt for then by mak¬ 
ing a = r, our formula on* -j- 1, becomes e®c* d: 2ce 1 == 
(tr ± I 1 was led to the consideration of the above form, 
from liaving observed that the square roots of all numbers in¬ 
cluded in this formula are readily obtained by the method of 
continued fractions, the quotient figures, from which the fractions 
are derived, following a certain determined law, of two terms, 
readily observed, and that whenever this is the case, the method 
which is given above is also ap[>lied with great facility. And as 
a great many numbers are included in the above form, I have 
been induced to ])iucc it here, as a means of abridging the 
operations in those particular cases. 

Tlie reailer is indebted to Mr. P. Barlow of the Royal Aca¬ 
demy, Woolwich, for the abo\e note ; and also for a few more 
in this Second Part, which aie distinguished by the signature, B. 



ELEMENTS 


PART II 


aeo 


Table, shewing for each value of a the least numbers m and «, 
that will give w* =s ofi* + !♦; ©r that will render an* + 1 
a square. 


a 

» 

m 

t? 

2 

3 

ti 

1 

O 

5 

4 

<» 

6 

2 

5 

mm 

i 

3 


8 

1 

3 1 

10 

6 


11 

3 

10! 

112 

2 

7 1 

13 

180 

619 ! 

If 

4 

15 I 

15 

1 

4 ! 

17 

8 

33 j 

18 

4 

17 

19 

39 

170 1 

20 

2 

9 ' 

21 

12 

55 * 

22 

42 

197 S 

23 

5 

21 i 

21 

1 

5 .1 

2(i 

10 

51 ' 

27 

.5 

26 

2S 

21 

127 

29 

1820 

9801 j 

30 

2 

11 ; 

31 

273 

1520 

32 

3 

17 } 

33 

4 

23 1 

34 

6 

35 ;1 

35 

1 

fi 

37 

12 

73 i 

3S 

6 

37 i. 

39 

4 

25 ! 

40 

3 

19 

41 

320 

2049 i 

42 

2 

13 

43 

531 

3482*j 

44 

30 

199 ‘ 

45 

24 

161 ! 

46 

3588 

24335 ‘ 

47 

7 

48 i 

48 

1 

" 1 

.50 

14 

99 I 

51 

7 

50 

52 

90 

649 


a 

n 

M 

53 

9100 

66219 

51 

66 

485 

55 

12 

89 

56 

o 

15 

57 

20 

151 

58 

2571 

19603 

5f) 

6fl 

530 

60 

4 

31 

61 

226153980 

176631<X>I9 

ti2 

8 

63 

<>3 

* 

8 

65 

16 

129 

66 

8 

65 

67 

5‘)G7 

‘18812 

68 

4 

33 

6‘J 

J)36 

1 4 I *'J 

70 


251 

71 

413 

3 I 80 

72 

2 

17 

73 

267000 

2281219 

71 

430 

36f >9 

75 

3 

2f> ! 

76 

f;6;>() 

57799 ’ 

77 ' 

'Ml 

351 i 

78 

6 

53 ! 

79 

9 

f 0 i 

80 

1 

i 

82 

IH 

163 j 

83 


82 

81 

6 


85 

309W 

285769 

86 

1122 

10105 

87 

3 

28 

88 

21 

197 

89 

53(XX) 

5(KX)01 

90 

o 

mm 

19 

91 

165 

1574 

92 

rj{) 

1151 

93 

1260 

12151 

94 

' 2210()4 

2143295 

95 

4 

39 

96 

5 

49 

97 

6377352 

62809633 

98 

10 

99 

99 

1 

10 


* Sec Article 8 of the additiun.-* by Dc la 
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CHAP. VIII. 


Of tli€ Method ,^rendering the Irrational Formula, 
^/{a 4- 6a: + cx^ + dxr) Rational. 


112. We shall now i)roceed to a formula, in which x rises 
to the third power; after which we shall consider also the 
fourth power of Xy altliough these two cases are treated in 
the same manner. 


Let it be required, therefore, to transfonn.into a square 
the formula a + 6 j: -f fa* +- dx\ and to find proper values 
of X for this purj)ose, expressed in rational numbers. As 
this investifration is attended with much j^rcater difficulties 
than any of the preceding cases, more artifice is requisite to 
find even fractional values of a*; and with such w^c must be 


satisficnl, without j>rctcnding to find values in integer num- 
bei's. 


It must here l>e prc\iously remarked also, that a general 
solution cannot l>e given, as in the preceding cases; and 
that, instead of the number here employed leading to an 
infinite number of solutions, each o|)eration will exhibit but 
one value of .r. 


lid. As in considering the formula a + bx -f cx”y w’c 
observed an infinite number of cases, in which the solution 
becomes altogether impossible, we may readily imagine that 
this will be much uftener the case with resyiect to the present 
formula, which, besides, constantly requires that we already 
know, or have found, a solution. So that here w'e can only 
give rules for those cases, in which we set out from one 
known solution, in order to find a new one; by means of 
which, we may then find a third, and proceed, successively 
in the same manner, to others. 

It docs not, however, always hap{)cn, that, by means of a 
known solution, w’e can find another; on the contraiy, 
there are many cases, in wdiich only one solution can take 
place; and this circumstance is the more remarkable, as in 
the analyses which we have before mode, a single solution 
le<l to an infinite number of other new one.s. 

114 . We just now observetl, that in order to render the 
transformation of the formula, a + bx + ex" 4- da^, into a 
Bijuare, a case must ho presupposed, in wdiich that solution is 
))OSsible. Now, such a case is clearly jx:rccived, when the 
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3&i 

first term is itself a square already, and the formula may Ik* 
expressed thiis,^ + bx -I- dx^; for it evidently*^ be¬ 
comes a stiuare, if x = 0. 

We sliall therefore enter ujx>n the subject, by considering 
this formula; and shall endeavour to sec how, by setting 
out from the known case x = 0, wc may arrive at some 
other value of x. For this pur|>ose, wc 'shall employ two 
different method^ which will be separately explained: in 
order to which, it will lx? j>ropcr to begin' with particular 
cases. 

115. Let, therefore, the formula 1I>e 

pmposed, which ought to become a square. Here, as the 
first term is a stpiarc, we shall adopt for the root retpiired 
such a quantity as will make the first two terms vanish. 
For which purjSose, let 1 + x be the rtnit, whose square is 
to be equal to our formula; and this will gi\e 1 4 — 

.r* + a*^ = 1 4- Sir -f -t', of which equation the first two 
terms destroy each other ; so that we have .r = — x ‘ -f- x‘, 
or .1^ = Ji.r% which, being divided by x‘, gives x = ij; so 
that the formula becomes 1 4- 4 — 4 + H ~ 1>. 

I^ikewise, in order to make a sipiare of the furmiila, 
4 + fix — 5x* + IL S we shall fii'st suppose its rtKJt to be 
2 -f- fix, and seek such a value oi' n as will make the first 
two terms disappear ; heucc, 

4 -f fix — 5x' 4' ‘kr' =: 4 -f 4wx 4 n .r "*; 
therefore we must have 4n = 6, and w = ’ ; whence re¬ 
sults the e<}uatiun — 5a* = M*.r* zr ^x*, or fix’ = a 

which gives x = ] ^ ; and this is the value which will make 
a square of the propt)sed formula, wliose root will be 

t> 1 1 „ - 4 5 

-r ii • 

116. The second methotl consists in giving the nxii three 
tenns, as y‘4-gx-f-7i.i% such, that the first three terms in 
the equation may vanish. 

Let there be proposed, for example, the formula 1 — 4x -r 
fix* — 5x*, the root of which we shall suppose to be 
1 — 2x + 7ix*, and we shall thus have 
1 _ 4- — 5x’ 1= 1 — 4x -f 4x* — 47ix’ + h^x* + 2/ix*. 

The first two terms, as we see, arc immediately dcstroyetl on 
lx>th sides; and, in order to remove the third, wc must make 

4. 4 = 6; consetjuently, 7* = 3 ; by these means, and 
transposing ^ix* = 2x*, wc obtain - 5x^ = — 4x’ 4- a *, 
or — 5 = — 44“ so that x = — I. 

117. These two methods, therefore, may lx: employed, 
when the first term « is a square. The first is founded on 
expressing the r(K>t by two terms, as_/ 4 i-'Ji in which ^ is 
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tlic .scjuare root of the first term, and p is taken such, that 
the second term must likewise disappear; so that there re¬ 
trains only to compare with the third and fourth term 
of the formula, namely + dx'*; for then that equation, 
being divisible by x*, gives a new value of x, which is 



In the second method, three terms arc given to the root; 
that is to say, if the first term a we express the rexjt 

h\\f px -j- (pr after which, /; and q are determined such, 
that t!ie lirst three terms of the formula may vanish, which 
is done in the following manner: since 

/‘^ -i hx + ex' -}- dx^ —f ^-f ^pfx + -f 2pqx^ + y’x*, 

we must liave and, consequently, p = farther, 

r — p'^ 

c — ^Xfq -|- p- \ ox q — — -^ir- ; after this, there remains the 

'r/ 

e<juation da”* = ’■dpqx'^ \- ; and, as it is divisible by x", 

d — ‘2pq 


e obtain from it x = 


r 


IIS. It may frequently happen, however, even when 
that neither of these methods will give a new value 
of x ; as will ajjpear, by considering the fiirmula dx^, 

in which the second aiul third terms are wanting. 

I'or if, according to the first method, we sup})ose the root 
to he /■-(- p.r, that is, 

H- d.r"' + 2/>x + p«x^ 

we shall have ^Ifp — 0, and y? = 0; so that dx^ = 0; and 
therefore x — 0, which is not a new value of a*. 

1 f, aceonling to the second method, we were to make the 
rooty 4- px + qx^y or 

/ - + d.r * :^/H- -f 1 *^'- -i" -r 

wc should fiiul ilfp — 0, /;* + = fb = 0; w'hencc 

d.r ' = 0, anti alst> x = 0. 


111). In this case, we have no other expedient, than to en¬ 
deavour to find such a value of x, as will make the formula 
a stjuarc; if we succeed, this value will then enable ais to 
fintl new values, bv means of our two methods: and this 
will apply even to tlie cases in wdiieh the first term is not a 
stpiare. 

If, for example, the formula .1 -f- must become a square; 
as this takes place w hen .r — 1, let x = 1 and we shall 

thus have I 'dy f + j/-; the first lerni of wdiich is a 
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square. If, therefore, wc sup{K>se, according to the first 
method, the root to be -f py^ we shall have 

4 + ^ + %* -I- = 4 + ^py + 

In order that the second term may disapix^ar, we must 
make = 3; and, consequently,/> = ; whence 3 +y = y/-', 

. — 3Q — 

and ^ = p* — 3 = - ~ .♦» = —therefore .r = — 

• which is a new value of x. 

If", agiun, according to the second methixl, wc represent 
the root by S -f* + 58^*» we shall have 

4 4 3j^ P f ^py + Atqy- +p"y ' f ^pqy^ + qy\ 

from which the second term will lx? rcniovt*d, by making 
4/j = 3, or p = ; and the fourth, by making Uj + jp = 3, 

or q — —; so tliat 1 = ^Jtpq -f- whence we 


obtain y = 


l^pq 



or y = 


t S 1 
IT 4 I 


and, consequently, 


120. In general, if we have the formula 
(I + bv r.r* -4- (Lr\ 

and know also that it liecomes a wjuare whcfi .r =./.! or i)kU 
o + A/" -f- r/’* -f ■- we may make .r — /' + y^ aiul 
shall hence obtain the following new formula : 
a 


+ fi/' + 

+ r/'’ 4- iic/y 4- 
4 - ilf^+ tyj y -i- 'iiilfy- 4 - 


yf-f (6-r 2cf -^ti<l/’^)y+(c + iitl/')y^ + dy'- 
In this formula, the first term is a scpiare; so that the 
two methods alxjvc given ma^’ lx* applied with success, as 
they will fumisli new values of y^ and consequently of x 
iUso, since x -V y. 

121. But often, also, it is of no avail even to have found 
a value of x. This is the case with the formula 1 + 
which becomes a sc|uare when j- = 2. For if, in cunsc(|uciice 
of this, we make or = 2 + v, w'c sliall get the formula 9 -1- 
1% 4 Qty^ + which ou^t also to become a square. 

Now, by the first rule, let the root be 34-/^» and we shall 
have94-12p-|-%24-y = 94-%^y+P*i^*» in which we must 
have 6p =: 12, andy; =: 2; therefore 6 4 p = p* = 4, and 
.^ = — 2, which, since we made x = 2 4- jy, this gives 
X = 0; that is to say, a value from which we can derive 
nothing more. 
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UR also try the second method, and represent the root 
by 3 + py H ; this gives 

in wliich we must first have (ip = 12, and /) rr 2; then 
67 + = Cy -|- 4 = 6 , and 7 = J-; farther, 

1 = 2p7 + 5-2^ = ♦ + 

hence= — 3, and, consequently, .r =: — 1, and 1 +^=:0 ; 
from which we can draw no further conclusion, b^ause, if 
wc wished to make x — —1 -f-z, we should find the formula, 
iiz *- 3s- 4" the first term of which vanishes ; so that we 
emmot make use of either method. 

We have therefore sufficient grounds to supjiose, after 
what has been attempted, that the formula 1 -|- ar^can never 
become a square, except in these three cases; namely, when 
1. .r =r 0, 2. .r = — 1 , and 3. x 2, 

But of this we may satisfy ourselves from other reasons. 
122. Let us consider, for the sake of practice, the formula 
1 -f 3x\ which becomes a square in the following cases; 
when 


1. .r = 0, 2. X = — 1, 3. X = 2, 
and let us stni whether w'e shall arrive at other similar 
values. 

Since x “ 1 is one of the satisfactory values, let sup¬ 
pose 4 ■ = 1 -j-y> and we .shall thus have 

1 + 3.r» = 4 -f Op -t- %= 4- 


Now, let the rtx>t of this new formula be 2 -i-py, so that 

4 4“ 4“ 97 ’ 4" ^7 = 4 4“ 4/(7 4" P'y*- ^Ve must have 

9 = 4p, and p = ’, and the other terms will give 9 4~ = 

P' = rr.i and y = ■“ i consequently, x = — and 
1 4-3.r* Iwconics a square, namely, — the root of which 

or 4“ rx- and, if we chose to proceed, by making 
•c = — 4" 'VC should not fail to find new values. 

Let us filso apply the second method to the same formula, 
and suppose the root to be 2 -\~py 4" 7^* * which supposition 
gives 


4 -f 


Qj, + + 3y = f 4 + i I 

V *"i Jr 3 


therefore, we must have 4p = 9, or p = and 47 + p® = 
9 = 47 -f or 7 = and the other terms will give 

3 = 2 p 7 + 7 ^ = 4 l-l 4 . 7 ’y, or 567 4- = 384, or 

1287 = — 183; that is to say. 


X = 


— 183, or 


32- 


- 183. 


So that y s= — and x = — ; and these values 
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will furniah new ones, by foliowihg the methods which have 
heen pointed out. 

1S3. It must be remarked, however, that if we gave our¬ 
selves the trouble of deducing new values from the two, 
which the known cose of or == 1 has furnished, we should 
arrive at fractions extremely prolix; and we have reason to 
be surprised that the case, o” ~ 1, has not rather led us to 
the other, a* = 2, whicli is no less evident, 'i’his, indeed, 
is an imjjerfection of the presc'nt method, w hich is the only 
mode of proceeding hitherto know n. 

We may, in the same manner, set out from the case 
X = 2, in order to find other values. I^t us, for this pur- 
}iose, make x 2 -j- and it will Ik' ro(|uired to make a 
square of the formula, 25 36^ Here, if 

we sup|X)se its r(K>t, aecording to the first mctluHl, to he 
5 ] we shall have 

25 + 3% + 18y + = 25 + 10/y ;.y; 


and, conset]ucntly, 10/^ = JXi, or p = : then expunging 

the terms wlach tlostnn’ each other, and di\iilliig the <»lher.'» 
by y*, there re.''Ults 18 + \\ij zz }>' — ; cinisec|iu'nil\, 

y — — and x ~ ; whence it follow s, that 1 + y.r’ is 
a stpiare, whose root is 5 -f- /// r: — !: J| . 

In llie sectmd method, it would he lucessary l<i supjK>se 
the root 5 + py + yy'» we should then have 


25 -f 36/ + ISy* + 



25 -f lOpy + lOy y' r Mpq v’ 


\ 

) 


the second and third terms would <lisap{>ear by making 
lOp = 36, or p = ■-/, and 10</ -f p- = 18, or 
10^ = 18 — = ‘-Ij*, or y — ,Vt ’ other 

terms, divided by #/’, would give 2y;y + q'p = 3, or 

q^y - 'Xpq =‘— II that is, ^ and 

~ — _ 6 » >) 

X — — X I 3T* 

124. This calculation dixfs not become less tedious aiul 
difficult, even in the cases where, setting out difierently, we 
can ,give a genend .solution; as, for exunqile, when the 
formula proposed is 1 —x — x’ -f- x% in which we may 
make, generally, x = w- — 1, by giving any value whatever 
to n: for, let « = 2; we have then .r = 3,and the formula 
becomes 1 — 3 — 9-1-27 = 16. Let n = 3, we have then 
X = 8, and the formula becomes 1 — 8 — 64 -f- 512 = 441, 
and so on. 

But it should l>c observed, tliat it is to a very peculiar 
circumstance wc owe a solution so easy, and tins circum¬ 
stance is readily perceived by analysing our formula into 
factors; for we immediately see, that it is divisible by 
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1 — jr, that the quotient will be 1 — jt®, that this quotient 
is composed of the factors (1 + x) X (1 — x); and^ instly, 
that our formula, 

1 —x’=(l—x) X (1+x) X (1—x)=(l—x)®x (1+x). 
Now, as it must be a □ [sf/uarc"}, and as a □, when divisible 
by a □, gives a n for the (juotient*, we must also have 
1 -f X = □ ; and, conversely, it 1 -p x be a □, it is certain 
that(l — .i)» X (1 -H x) will be a square; we have therefore 
only to make \ x = an^ we i in mediately obtain 

X = 71^ — 1. 

If this circumstance had escaped us, it would have been 
difficult even to have determined only five or six values of 
X by the preceding methods. 

lilo. Ilencc we conclude, that it is proper to resolve every 
fornuda propos<.*d into factors, when it can be done ; and we 
have already shewn how tins is to be done, by making the given 
formula equal to 0 , and then seeking the root of tliis equa¬ 
tion ; for each root, as .r —^fy will give a factory*— .r; and 
this inquiry is so much the easier, as here we seek only 
rational nxits, vhich are always divisors of the known term, 
or the term whicl> iloes not contain x. 

This circumstance takes place also in our general 
formula, a -f 6 x -f cx' + f/x’, when the first two terms dis¬ 
appear, and it is consei{uently the quantity c.r^ -j- dx^ that 
must be a square; for it is eviilcnt, in this case, that by di¬ 
viding by the stpiare x ‘, we must also have c + dx a square; 
and we have therefore only to make c-f* dx = in order 

to have x =-—, a value which contains an infinite num- 

d 

lx.*r of answers, and even all the possible answ'ers. 

In the application of the first of the two preceding 
metluKls, if we tio not choose to determine the letter for 
the sake ol‘ removing the second term, we shall arrive at 
another irrational formula, which it will be required to make 
rational. 

For example, let -f- bx -f- cx- -|- dx^ be the foimiula 
projwsed, anil let its root px. Here we shall have 

-p 6 x 4 * rx- + dx* ~,f^ -f- from which the 

first terms vanish; dividing, therefore by x, we obtain 

* The uiathematical student, w ho may wish to acquire an 
extensive knowledge of the many curious properties of num¬ 
bers, is referred, once for all, to the second eoition of Legen¬ 
dre's celebrated Essai sur la Thcorie des Nombres; or to Mr. 
Barlow’s Elemcmary Investigation of the same subject. 
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6 -f er + dx* zi + p*a^^ tui eqiunum of tb« second de¬ 
gree, whtdi gives 

aj 

So that tho question is now reduced to finding such values 
of p, os will make the formula 71* — 8^ -f- c* —4&d 

l>ect>me a square. But as it is the fourth power of the rc- 
quirctl number p which occurs here, tliis case belongs to the 
tollowing cliapter. 


CHAP. IX. 

Of the Modiod of rendering Rational the iticommenmrahle 
Formula + da-’ + car*). 

128. We are now come to fonnula*, in whicli the indeter¬ 
minate number, jr, rises to the iburtii p(»\ver; and this must 
be the limit of our researches on (|uantiues affected by the 
sign of the stjuore root; since the subject has not yet been j)ro- 
secuted far enough to enable us tf> transform into si|uares 
any formulae, in which higher |X)wcrs of* x arc found. 

Our new formula furnishes three cases: tho first, when 
the first term, o, is a sc]uarc; the second, when the last 
term, ex*, is a square; and the third, wdien botli the first 
term and the last are squares. We sliall coiis'ider each ot 
these cases s^arately. 

129. 1st. Resolution of the formula 

+ car* + djT* q. ex*). 

* • 

As the first term of this is a square, we might, by the first me^ 
thod, suppose the root to be/* + px, and determine p in such a 
manner, *Riat the first two terms would disappear, and the 
others divisible by x"; but we should not fail still to find 

in the equation, and the determinauon of x would depend 
on a new radical sign. We shall therefore have recourse to 
the second method; and represent the root byy’+ px + ; 
and then determine p and 9, so as to remove the first three 
terms, and then dividing by x*, we shall arrive at a rimple 
equation of the first degree, which will give x witliout any 
radical rigns. 
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, 130 . If, therefoTD, tlie root bcy’-j- ***<! for that 

reason 

+ bx + ex' + 4- ex* = 

./ ' 4“ H- 4 - 4” 4“ 

the first terms disappear of themselves; witli regard to 
second, we shall remove them by making b = 2ifpt 

p = ; and, for the third, wc must make c = + 

<ir q = . This being done, tlie other terms %vill be di- 

vihible by x% and will give the equation d-\-ex^ 2 p^ 4 - 9 ®**’, 
from whicli we find 

d-Zpq —d 

q —e’ e—9* 

131. Now, it is easy to see that this method leads to no¬ 
thing, when the second and third terms arc wanting in our 
i'orniula; that is to say, when 6 = 0 , and c = 0 ; for then 

p — 0 , and 7 = 0 ; consequently, x = — -^, from which 

we can commonly draw no conclusion, because this case 
evidently ^ves da*’ -j- ex* — 0 ; and, therefore, our formula 
l»ecoiues e(]ual to the squarey*-. But it is chiefiy with ro- 
s|>cct to such formula; as /** 4 - ex\ that this method is of no 
advantage, since in tliis cose wc have d = 0 , which gives 
X = 0, and this leads no farther. It is the same, when 
b zz 0 , and d = 0 ; that is to sav, the second and fourth 
terms are wanting, in winch case the formula is 

c 

cx' 4 “ ex *; for, then /» = 0 , and q = whence 

.1 = 0 , os we may immediately perceive, from which no 
furllit>r advantage can result. 

132. 2d. Resolution of the formula ^ 

x/{a + bx + ex'* + dLr* 4- 

We might reduce this formula to the preceding case, by 
supposing X = —; for, as the formula 

b c d 

must then be a square, and remain a square if multiplied 
by the square 3 ^, we have only to perform this multiplica¬ 
tion, in order to obtain the formula 


a u 


si' 
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^ + Ay® 4- 4* 4:^f*» 

wliidi is (]wte wmilar to the former, only inverted. 

But it IS not necessary to go through this process; we 
have only to suppose the root to be fx* + px + or, in* 
versdy, 9 + px + gjr% and we shall Uius have 


41 + + ear* + d!ar* + = 

+ iSpQX + Sti^qs* 4- p^* 4* 

Now, the fifth and nath terms destroying each other, wc 
shall first detenninep soi,' dut the fourth terms may also 
destroy each other; wtnch liappens when d = or 


p 3= ^; we shall then likewise determine in order to rc- 

move the third terms, making for this purpose 

c = H"P% or y = ; 

which done, the first two terms will furnish the equation 
a 4- 6 x = y' 4 - ^tpqxi whence we obtain 


a—o® —a 

2pg — a b — ^jfq 

13 S. Here, again, wc find the same imperfection that was 
before remarkeo, in the case where the second and fourth 
terms are wanti^; that is to say, 6 s 0, and d = 0; be¬ 


cause we then find p = 0 , and 


9 = 


; therefore 


X 


^ -t ■ 
0 


now, diis value being infinite, leads no farther 


than the value, x = 0, in the first case; whence it follows, 
that this method cannot be at all employed with re 8 |]oct to 
mipressions of the fextn a -f- cx* -f- 
1 S 4 . Sd. Resolution of the formula 

bx + caj* + dr* + g*x*). 

It is evident that we may employ for this formula both 
the meUiods that have been made use of; for, in the first 
place, since the first term is a square, wc may assume 
^4“ px 4” 9X* fisr the root, and make the first thi^ terms 
vanish; then, as the last term is likewise a square,* we may 
also make the root S' 4~px 4~^^» remove the last three 
terms; by which means we shall find even two values of x. 

But tms foimola may be resolved also by two other 
methods, winch are pecidUrly adapted to iL 

Id the first, we suf^nse the root to bey**f px 4* ^x®, and 
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p is determihed such, that the second terms destroy each 
other; that is to ray, 

.Z' + Ax + cx'*^ 4- djp 4- = 

[p + ypx + ^x* + 


Then, making b = or /» = ^ ; and ^ce by these 


means both the second terms, and the first and last, are 
destroyed, we may divide the others by x^, and shall have 
the equation c + dx = P* 4" from winch we 


obtain x =: 


9ffp^d ’ 


or 


X = " Here, it ought 

or 


to be particularly observed, that as g* is found in the 
formula only in the second power, the root of this square, or 
may be taken negatively as well as positively; and, for 
this reason, we may obtain also another value of x; namely. 






X = -—V, or X =: _ , 

— —d 2gp 4- d 


135. There is, as weo!)servcd, another method of resolving 
this formula; which consists in first suppoaiig the root, as 
before, to bey*-f* ox and then determining p in such 

a manner, that the fourth terms m^ destroy eaxm other; 
which is done by supposing in the fundamental equation. 


d 

d = or p = jj—; for, since the first and the last terms 


disappear likewise, we may divide the other by x, and there 
will result the equation A + cx = -f- ^fgx -f-p*x, which 

gives X =; —. W e may farthm* remark, that as 

yg+p'-c ^ 


So that this method also furnishes two 


the square p is found alone in the formula, we may sup¬ 
pose its root to be — ^ fhmi which we shall have 

- - ^-^yp 

p*—yg^c 

new values of x; and, consequently, the methods we have 
empWed give, in all, six new values. 

13^ But here again the inconvenient circumstance occurs, 
that, when the second and the fourth terms are wanting, or 
when A = 0, and d = 0, we cannot find any value of x 
which answers our purpose; so that we are unable to re¬ 
solve the formula p H- cx* 4- gx*. For, if A == 0, and 

o B 2 
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dtaO, we have, by' both method^ p = 0; the former 
giving X = other saving x s 0; neither of 


which are proper for furnishing any further ccniclusions. 

137. These then are the three formulae, to which the 
methods hitherto explained may be applied; and, if in the 
formula proposed neither term be a ^uare, no success can 
be expected, until we have found one such value of x as will 
make the fonnula a square. 

Let us suppose, therefore, that our fonnula becomes a 
square in the case of x =: /i, or that 

a bh ch* '*■ eh* =: ; 

if we make x xzh we shall have a new formula, the 
first term of which will be ; that is to say, a square, which 
will, consequently, fall under the first case: and we may also 
use this transformation, afler havin|^ determined by the pre¬ 
ceding methods one value of x, for instance, x = A; for 
we have then only to make x = A in order to obtain n 
new equation, with which we may proccetl in the same 
manner. And the values of x, that may be found in this 
manner, will furnish new ones; which will also lead to 
cuhers, and so on. 

138. But it is to be particularly remarked, that we can in 
no way hcqie to resolve those formulae in which the second and 
fourth terms arc wanting, until w’c have found one solution; 
and, with regard to the process that must be followed after 
that, we shall explain it by applying it to the formula a-f rx% 
which is one of those that most frequently oexur. 

Suppose, therefore, we have found such a value of x = A, 
tliat a + eh* = k* ; then if we would find, from this, other 
values of X, we must make x =: A + and the following 
formula, a + ^h* + 4xh^ + + 4fefaf* -f must 

be a square. Now, this formuU being reducible to 
A* -f 4eA^ -f" 6cAy + 4eAy* 4* it therefore belongs to 
the first of our three cases; so mat we shall represent its 
square root l^ A 4~ + 9^*^ ^"d, consequently, the 

formula itself will be equal to tne square 

4 - 4 qYi 

from which we must first remove the second term by de¬ 
termining p, and consequently q; that is to say, by making 

2eh^ 

4c/** =: 2fcp, or p = -j ^; and 6rA* = 9kq 4-i»*. w 
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, . c/4*(A®+2o)’(' ia iji a 

or, lastly, y =: -p- - , because m* z=. — «» after 

which, the remaining terms, being divided by 

y^, will give 4s^A 4 - ^ whence we find 

y n — ; and the numerator of this fracbon may be 

, . , 4e7iAr*—4!e*A*(A*+2o). 

thrown into the form-- - j, 

or, because zzk* — into this, 

trAAr* —4fA(A^—a) x (A«+2«) _ 4eA( —aA*+2a*)_4‘aeA(2a—A*) 

p ■“ P ” p • 

With regard to the denominator — r, since 

<r74®(A:*4-2a) , , 

q = -^-, and ch* = k -a, it becomes 

fc 

. (A-s—o) X (4* + 2«)‘ - r(3aA**-4a=) ca{3k* — 4a*) 


4*5 4*® A® ’ 

so that the value sought will be 

4a€h{2a-k) A® 

A** ^ atr(3Ar*-4a*)’‘*‘ * 


474A*(2a-4‘’) , , 

y = ; and, consequently, 

, 7/(8aA*-A*-4a’) 


x=y + 4 =- ^ 

4(Jfc^-8aA*-f^ 


34*-4o* 


.r = 


4a*—34* 


* By multiplying 6rA*—p* by A', and substituting for A*p* its 
equal, 2rA'. 

f For since k* = a eA"*, therefore 3A* — 2eA* = 3a -t- eh* 
= A* -H 2a. 

. ^ekk* , eA«(A«+2a) _ 2eAs 

J Here 4eA = —y —, also 9 = --p-, and p = —p- j 


therefore 2pq = j and, consequently, 

WiA'-4e='A*(A*+2a) „ 

•tcA — 2 pq = -- 


m 


ctisatmim 


I^ASTII. 


lf» tlierefi)re» ve substitute thie value of « in the formula 
a •!> ex*, it beoouies a square; and its root, which we have 
supposed to be At + will have this fomi, 

16ifc(**-e)x(*»+2«)x <««-**)’ 

SA*—4e» **“ (SA*—4a«)' * ' 

because, as we have seen, p s 9 a - -' 




y- 


4W^(««-Ar^) 


, and eh* = Ar* — o *. 


3/t*—4a* 

1S9. Let us ^itinue Uie investis^on of the formula 
o + ex* ; and, nnce the case a + eh* = k* is known, let 
us con»dcr it as furnishing two different cases; l>ecau8e 
a? a -f ^ end x a <— A; for which reason we may trans¬ 
form our formula into another of the third class, in whicli 
the first term and the last arc . squares. This trans¬ 
formation is made by an artifice, which is oflcn of great 

utility, and which consists in making x a ; liy which 

means the formula becomes 

a(l —+y)* ^ 

-(Trpp-. “ ™“>« 

—iiuly 4*6A;y “+• —i8o][y*-4* k^i/* 

Now, let us suppose the root of this formula, according to the 

third fsase, to be ^; so that the numerator of tnir 

(1 -jy)® 

formula must be equal to the square 

k* + 2kpy + py — 2k^ — 2k^ -4- A y; 
and, removing the second terms, by making 

— 4a 

4Jfc* -- 8a = 2Ap, or p = -r— ; and dividing the 


* Thus, 

— 4AA*(2a—4*) Sek*k(2a^k^) Sk(k*-a) x(2a-i^) 

^ 4 ^ Si*—4a* “■ 

2^) ^ 16W(2a—i*) ^ 16f A *i(i* -t- 2a) X (2a—4*)* 

164<4*—a) X (4* -f-2a) x 
— <34*—4a*)* 

B. 


,by substituting ei * = 4 *< 
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-Other terms by shall have 

Gf + 4^{k' 2a) =— ai:®4.p» - or 

p(4^ — ^ atp) n p* — si*; or 

p = ——» and pi =z 2*® — 4a; so that 


y(8i* — 16o) = 


—4i*— 

P j 


and 


^ _A*—4ai®-f 4x1® 
i*(2i®-4a) * 

If we now wish to find x, we have, first, 

i*—8ai®+4a® 
^ -4o) 

and, in the second place, 

, 3i*-4a® 

^ 


—4a) 

1+y i*—8ai*+4o® 

1. 3i*—4o» 


and, consequently. 


_ h(k-* _8oi’+4a*) 

•* “ 3i*-4a« ’ 

but this is just the same value that wc found before, with 
regard to the even jxjwers of x. 

140. In order to apply this result to an example, let it be 
required to make the formula — 1 a square. Here, 
wc have a =— 1, and r = 2; and the known case when 
the formula becomes a square, is that in which x = 1; so 
that h = 1, and i” r= 1; that is, Ar = 1; therefore, wc ^all 

have the new value, x = = — 13; and since the 

fourth power of x is found alone, we may also write 
X =;: + 13, whence ^ - 1 = 67121 = (239)*. 

If we now consider this as tlie known case, we have 
h = 13 and k ^ 239; and shall obtain a new value of x, 
namely, 

13 X (239*+8x289^-1-4) 42422452969 

3 X 239*-4 “ 9788426919’ 


141. We shall (xmsider, in the same manner, a formula 
ratlier more general, a -h ex* + ex*, and shall take for the 
known case, in which it becomes a square, x so that 

a + c/i* + eh* = k*. 

And, in order to find oUicr values from this, let us 



876 


SLBMENTS 


rABT If. 


suppose jr = A H- and our formula will a»sume the fol¬ 
lowing ftmn: 

0 

c^*+2c/w 


A"* + (Sch + 4€h*)ijf + (04- 4'4c/»/‘ -f ty*. 

Xhe first term being a square, wc shall suppose the rtH>t 
of this formula to be A -+• py 4* * and the fornuila itself 

will necessarily be equal to the s(]uarc 

^ + 2*7^ -h ;»V + 4 ; 

then determining p and y, in order to expunge the mxmhuI 
and tliird terms, we shall have for this purpose 

2 cA 4- — ^'P ; or p = —— ; and 


c 4" 6rA* = 9kq 4 P'i 


or q zz 


c -f Geh^ — p- 


Now, the last two terms of the general ef|uatioii lK*iiig 
divii^ble by y^, they are reduced to 

4eh-\-cy 2pg + ; 

which gives y = — ^ and, consequentl}*, the value also 

ofa? = ^4*^* If we now consider this new case as the 
given oncy we shall find another new cose, and, may procceil, 
in the same manner, as far as we please. 

14^ Let us illustrate the preceding article, by applying 
it to the formula 1 — or* 4* ni which a = 1, e = — 1, 
and r= 1. The known case is evidently x =1; and, there¬ 
fore, A sa 1, and A = 1, If we make x = 1 4.V> nod 
the square root of our formula 1 4* "I" must first 

cA 42 rA* c4C«^A* — 

have p =-^— = 1, and then q = -=* t 


These values give y =s 0, and x = 1. Now, this is the 
known case, and we have not arrived at a new one; but it 
is because we may prove, from other considerations, that the 
proposed formula can never become a square, except in tlie 
cases of X as 0, and x = + 1. 

143. Let there be given, also, for an example, the 
formula 2 — 3x^ 4 2x*; in which a = 2, c = ~ 3, and 
e s 2. The known case is readily found; tliat is, x s= 1; 
so that A = 1, and A = 1: if, therefore, wc moke x=sl4^ 
and the root s= 1 -p py -p q^, wc shall have p ss: 1, and 
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0 =4; whence v = O, and x= 1; which, as before, leads to 
nothing hew. 

144, Again, let the formula be 1 + &r* + jr*; in which 
o = 1, c = 8, and c = 1. Here a slight consideration is 
sufficient to point out the satisfactory case, namely, jr = 
for, by supposing ^ = S, we find P = 7; so that making 
X = 2 -l-y, and representing the root by 7 -f py + gyS .we 
shall havep — V*> 9 = whence 

— __ S 8 8 O an/1 _ S 8 • 

y — r g" r r > ^ ~ tittt* 

and wc may omit the sign minus id these values. But we 
may observe, farther, in this example, that, dince the last 
term is already a square, and must tner^ore remain a square 
also in the new formula, wc may here tipply the method 
which has been already taught for cases of the third class. 
Therefore, as before, let .r = 2 + y, and we sliall have 

1 

32 -f 32y -j- 8y‘ 

16 -4- 32y + Sly'- + 8y^ + y^ 

49 + 64y + 32y’ 4- 8y’ + y*, 

an expression w'hicli we may now transform into a S(jiiare in 
several ways. For, in the first place, we may suppose the 
root tt> be 7 + py -{- y*; and, consequently, the formula 
eijual to the square 

49 -f Hpy f p’y* + 14y« + + y^; 

but then, aftar destroying 8y*, and by supposing 

2p = 8, or p = 4, dividing the other terms by y, and de¬ 

riving from the equation 

64 4- 32y = 14p 4- 14y + p"y = 56 + 3C^, 
the value ofy =— 4, and of x = — 2, or x ae q- 2, we conic 
only to the case that is alremly known. 

Farther, if we seek to determine such a value for p, that 
the second terms may vanish, we shall have 14p = 64, and 
p = ’y ; and the other terms, when divided by y*, form 
the equation 14 + p^ -}- = 32 4- or 

-f- y = 32 4- %, whence we find y =—and, 
consequently, x = — or x = 4- value trans¬ 

forms our formula into a square, w'hose root is 
Farther, as —y* is no less the root of the last term than 
-j-y®, we may suppose the root of the formula to be 
7 4- py — y s or the formula itself equal to 
49 4- i4»y 4- And here we shall 

destroy the lost terms but one, by making — 2p = 8, or 
p= 4; then, dividing the other terms by y, we shall have 
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64 4* * IV “• *S— 56 

which gives jy = — 4; that is, the known case again. II’ 
we chose to destroy the second terms, we should have 
64 s: I Vf and /» =» y; and, consequently, dividing the 
other terms by y*, we should obtain 

62 + %/ = or 

3S + 8y = — V.i/i whence 

y = ~ and X =- ‘I; 

that is to say, the same values tliat we found before. 

145. We nw proceed, in the some manner, with rt^iMX'i 
to the genera! formula 

o + 5r + ex* + dx* + ex*, 

when we know one case, as .r = h, in w*hich it liocoincs a 
square, 4^. The constant method is to suppose x = /i + v : 
from this, we obtain a formula of as inanv terms as the 
other, the first of them l>eing If, after that, wc express 
the riK>t hv k -{- qy' ; and dclenninc p and g «», that 

tlic second and lliird terms may disap^X'or; tlie last two, 
being divisible by y’, will be reduced to a simple etpialion 
of the first degree, from which wc may easily obtain tlic 
value of y, and, consequently, that of x also. 

Still, however, we shall be obliged, as before, to exclude 
a great nunil>er of cases in the^application of this method ; 
tliose, for instance, in which tlic value found for x i.s no 
other than x = k, which was given, and in which, con¬ 
sequently, we could not advance one ste|l. Such cases 
shew eitmr that the formula is impossible tn Itself, or that 
wc have yet to find some other case in which it becomes 
a square. 

146. And this is the utmost length to which mathe¬ 
maticians have yet advanced, in the resolution of formula;, 
that are affected by the sign of the square root. No dis¬ 
covery has hitherto been made for those, in which the quan¬ 
tities under the sign exceed the fourth degree; and 
when formulae; occur which contain tlie fifth, or a higher 
power c£ x, the artifices wliich wc have explained are nut 
sufficient to resolve them, even altliough a case be given. 

That the truth of what is now said may be more evident, 
we shall consider the formula 

k’ + 5x + ex’ + dj^ + ex* 

the first term of which is already a square. If, as be> 
we suppose the root of thiwformula to be A 
and determine p and so as to make the second and third 
terms disappear, there will still remain three terms, which. 
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when dirided by form an eqtnUicm of the lecond degree; 
and 07 evidently cannot be expressed^ except by a new irra* 
tional quantity. But if we were to suppose the root to be 
k~\‘px~\- qx* + rx^, its square would rise to the sixth 
power; and, consequently, though we should ev^ de¬ 
termine p, y, and r, so as to remove the second, third, and 
fourth terms, there would still remain the four^, the fifth, 
and the sixth powers; and, dividing by x*, we should again 
have an equation of the second degree, which we could not 
resolve without a radical sign, l^is seems to indicate that 
we have really exhausted the subject of transforming formulse 
into squares; we may now, therefore, proceed to quantities 
affected by the sign of the cube root. 


CHAP. X. 

Of the Method of rendering rattcmal //le ?rra/iono/Formula 

-h bx + ex' -r dx^). 

147. It ia here required to find such values of x, that the 
formula a + bx + ex' + dx* may become a cube, and that 
we may be able to extract its cube root. We see im¬ 
mediately thoi^no such solution could be expected, if the 
formula exccOTed the tliird degree; and we shall add, that 
if it were only of the second degree, that is to say, if the 
term dx^ disappeared, the solution w'ould not lie easier. 
With regard to the case in which the last two terms dis¬ 
appear, and in which it would be required to reduce the 
formula a + 6 j7 to a cube, it is evidently attended with no 
difficulty; for we have only to make a bx = to find 

p^—a 

at once x = '——, 

148. Before we proceed farther on this subject, we must 
again remark, that when neither the first nor the last term 
is a cube, we must not think of resolving the formula, 
unless we already know a case in which it becomes a cube, 
whether that case readily occurs, or whether we are obliged 
to find it out by trial. 

So that we have three kinds of formulce to consider. 
One is, when the first term is a cube; and as then the 
formula is expressed by bx car® ■+• tfor®, we imme- 
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diately mrceivc the known esse to be that of jr« 0. The 
seoona dass comprehends the formula a &r eati* •«- 
that is to say, the case in which the lost term is a cube. 
The third dass is composed of the two former, and com- 
furehends the cases in which both Uic first term and the last 
are cubes. 

140. Cate 1. -f 4a? + car® + da^ be the proposed 

formula, which is to be transfmtned into a cube. 

Suppose its root to be^ px;. and, cxmsequcntly, tliat 
the fiiimula itself is equal to the cube 

+ dppx + ^p«x® + ; 

as the first terms disappear of themselves, we sliall de¬ 
termine p, so as to make the second terms also disapjicar; 


namely, by making b = J^p, or p = ; then Uic remain- 

ing terms being divided by x’, c dir = 1]^* ; 

c-Wp' 

or X ss —-j-. 


If the last term, dx^, had not been in the fonnulo, we 
might have simply supposed the cube root to lie and 
should have then nadjf* =jf* -*■ bx cx*, or 4 ex = 0, 


and X = — —; but this value would not have served to 
c 


find others. 

150. Cate 2. If, in the second place, the pro|x>sed 
expression has this form, a -|- 6x + ex* -f- we may 

represent its cube root bjs p + gx, the cube of' which is 
jp + 9p*gx + i *** “lat tlie last terms destniy 

each other. Let us now determine p, so that the last tenns 
but one may likewise disappear: which will be done by 


c 

supposing c — %®p, orp = 
then give'o + 4x = p’ + Sgp^x ; 


and the other terms will 
whence wl find 


a-~^fp 

If the first term, a, had been wanting, we should have 
contented ourselveB with expresang the cube root by gx^ 
and should have bad 

^bx ex* -h or b ■{- cx = 0, 
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whence ; but this is of no use for finding other 

values. 

151. Case S. Lastly, let the formula be 

y*® •+■ 5x cx* -*• 

in which the first and the lost terms arc Ixith cubes. It is 
evident that we may consider this as belonging to either of 
the two preceding cases; and, consequently, that we may 
obtain two values of x. 

Hut lM?sidc this, we may also represent the root byyVgx, 
and tlicn make the formula equal to the cube 

-h ^gx ^f^x^ 

and likewise, as the first and last terms destroy each other, 

, the otiiers lieing divisible by x, we arrive at the equation 
b cx =■ which gives 

152. On the contrary, when the given formula belongs 
not to any of tlic alKive three coses, we have no other re¬ 
source tiiaii to try to find such a value for x as will change 
it into a cul>e; then, having found such a value, for ex¬ 
ample, X =■ h, 9JCt timt a oh -*■ ch^ -+■ dh^ = 1’, we su|>- 
|K>se j* = A and find, by substitution, 

a 

bh 

c/t® + itchy -h cy^ 

dh^ -f. Sdh^y -j- SdJty* + dy^ 

Ir* -f (6 -f* 2ch + ^dhljf^ -h (e + -f- dy^. 

This new formula belonging to the first cose, we know 
how to determine y^ and therci<>rc shall find a new value of 
X, which may then be employed for finding other values. 

153. Let us endeavour to illustrate this method by some 
examples. 

Suppose it'were required to transform into a cube the 
formula 1 •«. x which belongs to the first case. We 

might at once make the cube root 1, and should find 
X -t- x^s 0, that is, x(l x) = 0, and, consequently, cither 
xsO, or x=—1 ; but from this we can draw no con¬ 
clusion. Let us therefore represent the cube root by 
1 -t- px ; and as its cube is 1 3px -i- 3p®x* + we 
shall have 3p = 1, or p = 4* ^^ich' means the other 
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terms, bcang divided bj or*, give •{* or 

l_3n8 » 

X =:- - —. Now, p 80 that x = -J- s= 18, and our 

P VT 

formula becomes 1 + 18 + 8S4 = S48, and the cube itxit 
1 + ^ ~ 7. If now we proceed^ by making ar s= 18 + p, 
our mrmula will assume the fonn 3^ + 37^ + y\ and by 
the first rule we must suppose its cube root to be 7 + ppi 
comparing it then with the cube 

348 + 147py 4- + pV, 

it is evident we must make 147p = 87, orp = ; the 

other terms mve the equation Sip'* 4- p^/ = 1, whence we 
obtain the value of 


147>i(147*-21 x37®) 
3r 


—_ 1049180 

~ Tc tfrr 8 


l-21p' 

^ = ~y~ ^ 

which may lead, in the same manner, to new values. 

154. iJet it now be required to make the furniub 2 4- x* 
equal to a cube. Here, as we easily get the case x = 5, we 
shall immediately make x = 5 4~ and shall have 
27 4- 1(^ 4* p®; sup|K>sing now its cuIk? root to be 8 4- py, 
so that the formula itself may be 27 + 27//y 9p *p® + P^^-> 
we shall have to make 27p = 10, or p = [ , ; therefore 
1 = 4 - p^p, and 

1—9p^ 27 X (27’‘-9 X 100 _ 

“ p’ “ 1000 “ 


i <r'o cy Huu 


X = rVoVi therefore our formula becomes 24x‘ — 
the cube root of which must lie 3 4- py = -1 *2. 

155. Let us also see wliether tlic formula, 1 4- x\ can 
l)ecomc a cube in any other cases beside the evident ones of 
X = 0, and x =— 1. W^nay here remark fit's!, that 
though this formula belongirto the third class, yet the root 
1 4> X is of no use to us, because its cube, 1 4- 3x 4* 8x* 4- x\ 
being equal to the formula, gives 3x4>3x*=:0, or*dx(l +x)ss0, 
tliat 18 , again, x ==- 0, or x = — 1. 

If we made x =•— 1 4* p, we should have to transform 
into a cube the formula % — 3y* 4- y”, which belongs to 
the second case; so that, supposing its cube root to be 
p 4- p, or the formula itself equal to the q||ie 
p* 4- 8p*y 4- 4* y*, we should have 9p = — 8, or 

p =— I, and thence the equation ^=p*4‘8p*p= —1 4-3p, 
whidi gives p = e* or infinity; so that wc obtain nothing 
mewe from this second supposition. In fact, it is in vain to 
seek for other values of x; for it may be demonstrated, 
that the sum of two cubes, as + x®, can never become 
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a cube*; go that) by innking / 1, it follows that the 

formula, + 1> can never become a cube, except in the 
cases already mentioned. 

156. In the same manner, we shall hnd that the formula, 

+ 2, can only become a cube in the case of ar — 1. 

This formula bdongs to the second case; but the rule there 
given cannot be applied to it, because the middle terms are 
wanting. It is by supponng ar rr — 1 >{~ ^> which mvcB 
1 -f~ ^ H~ ^9 that the formula may be managed ac> 

cording to ail the three cases, and that the truth of >^at we 
have advanced may be demonstrated. If, in the first case, 
we make the root = 1 -j-t/, whose cube is l-f 
we have — r: which can only be true when =: d: 

and if, according to the second case, the root be — 1 4*^» 
or the formula equal to — 1 + — 3y* -f we have 

1 -f 1 - 4 - 3^, and ^ or an infinite value; 

lastly, the third case requires us to suppose the root to be 
1 + ^) which has already been done for the first case. 

157. Let the formula + 3 be also required to be 

transformed into a cube. This may be done, in the first 
place, if .r =: — 1, but from that we can conclude nothing: 
then also, wrhen or = 2; and if, in this second c^ase, we sup¬ 
pose ar = 2 + y, we shall have the formula 27 + 3% -I- 
18^* + ; and as this belongs to the first case, we shall 

represent its root by 3 -f-the cube of which is 

27 + 27py + H* * then, by comparison, we find 
27// = 3o,or p = }; ana thence results the equation 

18 + % = = 16 + «^7y, 

which gives ^ and, consequently, or = —there¬ 
fore our formula 3 3x^ = — x» ®nd its cube root 

3 4 py = ^; which solution\ould furnish new values, if 

we chose to proceed. 

158. Let us also consider the formula 4 -f- which be¬ 

comes a cube in two cases that may be considered as known; 
namely, x =; 2, and x= 11. If now we first makex=2-4-^, 
the formula 8 ^ *4* be required to become a cube, 

having for its loot 2 4 and this cubed being 8 ^ -f- 

rS/* + 1 = 4 + ; therefore y = 9, and 

X s= 11; which is the second given case. 

If we here suppose ar = 11 -|-y, we shall have 
125 4 2% +^» which, being made equal to the cube of 
5 or to 125 4 75py 4 gives p = fx; 


See Article 2^7 of this Part. 
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and thence \5tfp '¥p^y n 1, cw /?*// =r 1 — 15p* =r 
consequeiiUy, ^ = - SVirfr * = — A*^- 

And Mnce jr may either be negative or positive, x* being 
found alone in the given fonniila, let us siipjiose 

our formula will become which 

must be a cube; let us therefore multiply botli terms by 
1 — in order that tlie denominator may become a cube; 

j -n • ^—8 m + 8m* —8«* , 1 ,t 1 

and this will give -~ *‘*'*^* 

have the numerator 8 — 8^ + 8v' — 8y*, or if we divide by 
8, only the formula 1 ~ y + y* — to transform into a 
culic; which formula belong to all tne three cases. Let us, 
according to the first, take fi>r the root 1 — -fy; the ciilie of 
which is 1 — y -f- -j-y* —• nave 1 — y = 

T — tV^» uv ^ 27y = 9 — y; therefore y = ; also. 


1 + y = and 1 — y = \ whence x = 11, as before. 


We sliould have exactly the same result, if we con¬ 
sidered the formula as coming under the second ease. 

Lastly, if we apply the third, and take 1 — y for the nwrt, 
the cul>e of which is 1 — -f- 8y* — y*, we shall have 

— l-+-y= — 3-f 3y> and y = 1 ; so that x = L in¬ 
finity ; and, cunse(|uently, a result which is of no use. 

159. But since we already know the two cases, .r = 2, an<l 

.c = 11, we may also make x = ; tor, by these 




means, if y n 0, wc have x = 2 ; and ify ^ oc, or infinity, 
we have x=: 11. 

Therefore, let x =r ^ an^ 


our formula Ixjconies 


4 + 


4 44y -|_ 121 y« 8 -P 52y-|-125y 


or 


Multiply both 


terms by 1 + y» in order that the denominator may be¬ 
come a cube, and wc diall only have the numerator 
8 + GOv + lT7y* + l^y^» to transform into a cube. And 
if, for this purpose, we suppose the root to be 2 + 5y, we 
shall not only have the first terms dis^pikear, but also the 
last. We may, therefore, refer our formula to the second 
case, taking y + for the root, the cube of which is 
p® + 15p“y^4-75py* + 125y*; so that we must make 
15p ss 177, or p = 4r i there will result 8 + GOy = 
p* "k 15p*y, or ~ xi'ff'i'fj andy = tvAA* whence 

we might obtain a value of x. 


4* 
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But we may also suppose x = ; and, in this case, 

our formula becomes 

4+ 44^-i-121 fyg _ 8+3%+12%* 

1—Sy+^* ~ 


4 + 


I Q I O I 6 

1 f T. 


{1-2/Y ' 

so that multiplying both terms by 1 —we have 8 + 28^ + 
8%- — 125^* to transform into a cube. If we therefore 
suppose, according to the first case, the root to be 2 + 
the cube of which is 8 + SSt/ + have 

80 — 125y = ®-/ + o** * -= 'r’ ^ a*'d, conse¬ 
quently,^ = 744 -b “ ^ whence we get x s=. 11 ; that is, 

one of the values already known. 

But let us rather eonsuler our formula with reference to the 
third case, and suppose its root to be 2 — 5t/; the cube of 
this binomial being 8 — 6% + loOy* — we shall 

have 28 + 89// = — 60 + therefore^ = *% whence 

we get X ~ — ' i; ° i so that our formula becomes 
or the cube of 

160. I'lie foregoing are the methods whicli we at present 
know, for reducing such formulae as we have considered, 
either to squares, or to cubes, provided the highest jwwer of 
the unknown quantity does not exceed the fourth |X)wer in 
the Ibriner case, nor the third in the latter. 

We might also add tlie problem for transforming a given 
formula into a biquadrate, in the case of the unknown quantity 
not exce€?ding the second degree. But it will l)e perceived, 
that, if such a formula as o ■+ -f- ex* were prop>sed to he 

transfonned into a biquadrate, it must in the first place be 
a sc{uare; after which it will only remain to transform the 
root of that square into a new square, by the rules wliich we 
have given. 

If x* + 7, for example, is to be made a biquadrate, we 
6rst make it a square, by supposing 

X — » or X - -j:—— ; 

2pq 

the formula then becomes equal to the square 

9* — 14yy* + 49/»* gr‘ + 149)?*+49/?* 

*pT' + ’ - ■ 

2pq 


the root of which 


4/>'*9* * 

must likewise be transformed into 


a square; for this purpose, let us multiply the two terms by 
2 p 9 , in order that the denominator Ivecoming a square, we 
may have only to consider the nunlieralor 2pq{lp*- + 9 ')* 
Now, we cannot make a squan* of this fonnula, without 
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having pri'viously found a satisfactory case; so that sup- 
posing q = pZf wc must have the formula 

and, consequently, if we divide the formula 2::(7-} 2 ;*) 
must become a square. The known case is here s — 1, for 
which reason we snail make z = I q- and we shall tlius 
have 


(2 + %) X (8 -f % -H y’) = 16 + 30y + %• 
the root of which we sliall sup|x>se to he 4 + ^y; then its 
square wUl be 16 + 2% + which, being mode equal 
to the formula, gives 6 + 2y = *J ; therefore y and 

s = I: also, s ; so that q = % and y = 8, which 

makes x = and the formula 7 4- .*’* = VaVrV* 

DOW’ extract the scpiare niot of this fraction, we find ; 
and taking the square nx)t of this also, we find ] I ; con¬ 
sequently, the given formula is the biquadratu of * 

161. Before we conclude this chapter, we must ohsen’c, 
that there are some formula[‘, which may be transformed into 
cubes in a general manner; for exmnple, if rx* must be a 
cube, we have only to make its rout rz yx, and we 6ih1 


ex' = y^x’,or c = y^x, that is, x = —, or x = c^r’, if wc 

write instead of y. 

7 

The reason of this evidently is, that the formula contains 
a square, on which account, all such formulm, as a{b + cx)'f 
or all' 4 - 9>abcx 4 - ac* 2 ^, may very easily be transformed 
into cubes. In fact, if we suppose its cube root to be 

we shell have the equation a(b 4 - cjr)* = , 

7 T 

which, divided by (6 + cx)\ gives a = —whence we 
get X ^ value in which q is arbitrary. 


This shews how useful it is to resolve the given formulx 
into their factors, «vhcnevcr it is possible: on this subject, 
therefore, we think it will be proper to dwell at some length 
in the following chapter. 
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CHAP. XI. 

Oftlic Resolution nf the Formula ax~ -f hxy + cy^ info its 

Factors. 

162. Tile letters a* and y sliall, in the present formula, re¬ 
present only integer numlx»rs; for it has been sufficiently 
seen, from what ha.s been already said, that, even when we were 
confined to fractional results, the question may always be 
reduced to int^cr numbers. For example, if the number 

sought, a*, lie a fraction, we have only to make x = “,ai)d 

may always assign t and u in integer numlx^rs; and as this 
fraction may be reduced to its lowest terms, we shall con¬ 
sider the numbers t and 1 / as having no common divisor. 

I.et us suppose, therefore, in the present formula, that x 
and 1 / are only integer nunilx^rs, and endeavour to determine 
what values must be given to these letters, in order that the 
formula may have two or more factors. This preliminary 
inquiry is very necessary, before we can shew how to trans- 
form this formula into a scpiare, a cube, or any higlier 
power. 

163. There are three cases to be considered here. The 
first, when the formula is really decomposed into two rational 
factors; which happens, as we have already seen, wl>cn 
b* — 4ac becomes a S(]uarc. 

The sei‘ond case is that in wliich those two factors are 
equal; and in wliich, consequently, die formula is a square. 

The third case is, when the formula has only iri'ational 
factors, whether they be simply irrational, or at die sajuc 
lime imaginary. T'hey will be simply irratiimal, when 
b‘ — 4fac IS a |X)Htivc number without being a square ; and 
they will be imaginary, if b' — 4</c be negative. 

164. If, in order to begin with the first case, we suppose 

that the formula is resolvible into two rational factors, w.e 
may give it this form, ( X (/ta* t- Ary), which already 

contains two factors, if we then wish it to co^'itain, in a ge¬ 
neral manner, a greater number of factors, we have only to 
make Jx gy = pq^ and hx ky = rs-^ our formula will 
then become equal to the product pqrs ; and will thus neoes 
«in1y contain four factors, and we may increase Uiis oumiber 
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at pleasure. Now, frtmi Uiesc two equations we obtain n 

double value ft>r.r, namely, x and x = r-^» 

J * 

which gives hj^ — — /%; cmisequenlly, 

frx — hpq j t •.» i » 

y —jr* »widx — 7 — : but it w’e cliousc to have 

j K j K ng 

X and y expressed in integer numbers, we must give such 
values to the letters p, q, r, and a, tlmt the numerator may 
be really divisible by the denoiuinatnr; which hap}iens 
eitlier when p and r, or q and are divisible by that de* 
nominator. 

169. To render all this more clear, let there be given the 
formula — y^, which is composed of the factors (or 4-jy) X 
(x — ^). Now, if this fonnula must be resolved into a 
greater niimlier of factors, we innv make s y zi pq^ and 

X — y zr. rs \ we shall then have .r ~ and 


y = order that these values may lieconie in- 

teger numbers, the two products, jHj and rs, must be either 
both even, or both odd. 

For example, let = 2 : 7, q ~ 5^ r — 6 , and ^ — 1, we 
shall have pq = 35, and r* ~ 3; therefore, x = 19, niul 
y = 16; and thence x' — = 105, which is composed of 

the factors 7x5x3xl;so that this case is attended 
with no difficulty. 

166. The second is attended with still less; namely, that 
in which the formula, containing two equal factors, may lx* 
represented thus: + gyYt that is, oy a square, which 

can have no other ^tor^ than those which arise from the 
root fx 4 - A for if we make/!r 4 - — /^» formula 
becomes p-^-, and may consequently have as many factors as 
we choose. W'e must farther remark, that one only of the 
two numbers x and y is determined, and the other may lx; 


poy “ SV 

taken at pleasure; for x - j, ; and it is easy to 

give y such a value as w ill remove the fraction. 

The easiest formula to manage of this kiml, is x^; if w'c 
make x ^ the square x^ will contain three square fac¬ 
tors, namely p\ q*, ami r*. 

167. Several difficulties occur in considering the third 
case, which is that in which our formula cannot oe resolved 
into two tw^onal factors; and here fwrticidar artifices ore 
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necessary, in order to find such values fur x luid y, that the 
formula niav contain two, or mor^factors. 

We shall, however, render this inquiry less difficult by 
observing, that our formula may be easily transformed into 
another, in which the middle term is wanting; for, in fact, 

we have only to suppose x —in order to have the fol- 


2a 

lowing formula: 

4- hyz — 2 _ 


4a 


aia 


4a 


: so that. 


neglecting the middle term, we diall consider the formula 
ax^ 4 - and shall seek what values we must give to x and 
y, in order that this formula may be resolved into factors. 
i-Iere it will be cosily perceived, that this depends on the na¬ 
ture of the numbers a and .e; so thal^wc shall begin with 
some deternanate formula; of this kind. 

168. I-.et us, therefore, first propose the formula x' •i-y\ 
which comprehends all the numbers that are the sum of two 
s(]uarcs, the least of which we shall set down: namely, those 
between 1 and 50: 

1, 52, 4, 5, 8 , 9, 10, 13, 16, 17, 18, 20,25, 26, 29, 32, 
34, 36, 37, 40, 41, 45, 49, 50. 

Among these numbers there are evidently some prime 
nunihers which have no divisors, namely, the following: 
2, 5, 13, 17, 29 , 37, 41: but the rest have divisors, and il¬ 
lustrate this question, namely, ‘ What values are we to 
adopt for x and y, in order that the formula or* 4- y may 
have divisors, or factors, and that it may have any numlter 
of factors?’ We shall observe, farther, that we mAy neg¬ 
lect the ca-ses in which x and^ have a common divisor, Ik*- 
caiise then x'^ 4 - .y* would be divisible by the same divisor, 
and even by its square. For example, if x — Ip aii<l 
y = the sum of tW squares, or 

49p‘ 4“ 49y‘^ — 49 ^ 2 )' 4- y ), 

will be divisible not only by 7, but also by 49: for which 
reason, we shall extend the question no iarther tliaii the 
ibrmuise, in which x and^ are prime to each other. 

IVe now easily see where the difficulty lies: for though it 
is evident, when the two numbers x and y are odd, that the 
formula a*’ 4 - y- liecomes an even number, and, consequently, 
divtstble by 2 ; yet it is often difficult to discover whether 
the formufa have divisors or not, when one of the numbers is 
even and the other odd, because the formula itself in that case 
is also cxUl, We do not mention the case in which x and y 
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are both even, because we have already taid, that these mitn- 
bers must not have a anianon divisor. 

169. The two numbers x and y must therefore he prime 
to each other, and yet the lortnula + V* must contain 
two or more factors. The preceding method does not apply 
here, because the formula is not restilvible into two rational 
factors; but the irrational factors, which compose the formula, 
and which may be represented by tlie pwxluct 

(^ + J/x'— 1 ) X (x - j/>/- 1 ), 
will answer the same purpose. In fact, we are certain, if the 
formula x^ + y* have real factors, that these irrational factors 
must be composed of other factors; because, if they had not 
divisors, their product could not have any. Now, as these 
factors are not only irrational, but imaginary ; and farther, 
as the numbers x an(| y have no common divisor, and there¬ 
fore cannot contain mtional factors; the factors of these 
quantities must also be irrational, and even imaginary. 

170. If, therefore, we wish the fonnula x* -f to have 
• two rational factors, we must resolve each of the two irra¬ 
tional factors into two other factors; ft>r which reason, let us 
first suppose 

X y v' — 1 = (/> 4 y s' — 1) x )r + s 1) ; 
and since — 1 may be taken minus, ns well as pius, wc 
shall also have 

X - ly — 1 — (p - q 1) X (r — r 1 ). 

Let us now take the product of these two quantities, and we 
shall find our formula x* 3 ^’ = (p‘ -j- y*) x (r‘ -f r'); 
that is, it contains the tw'o rational factors p‘ + q\ and 

4- a*. 

It remains, therefore, to determine the values of x and y, 
which must likewise be rational. Now, the supposition wc 
have made, gives 

X 4- y 1 = pr — yr 4- ps 1 4- yr \^ - 1, and 

X—l=pr — yr — pjr ^ — 1 — yrv"—1. 

If we add these formulae together, wc shall have x — pr—qs', 
if we subtract them from each other, we find 

2y -v/— 1 = 2pa — 1 4- 2qr v' — 1, or y — ps 4- qr. 

Hence it follows, if we make x = pr —yr, and y-p» ■¥qr, 
that our formula x* 4 -y* must have two factors, since we 
find X* -H y* = (p* 4- y) x (r* -f If, after this, -a 

greater number of fiu^rs be reauired, we have only to as- 
ngn, in the same manner, sucli values to p and y, that 

-p ^ may have two factors; w e shall then have three 
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faoUnrs ia all, and die number might be augmented by this 
method to any length. ^ 

171. As in this solution we have found only the second 
^wers of pf q, r, and wc may also take tliese letters minus’. 
If < 7 , for example, be negative, we shall have x ^pr + os, 
and y zsz <n» qr \ but the sum of the squares will be me 
same as before; which slicws, that when a number is equal 
to a product, such as + <?*) x (r^ + s'), we may resolve 
it into two squares in two ways; fbr we have first found 
X zzpr — qs, and y zz ps — qr^ and then also 

X zz pr qHy and y zz pg — qr. 

For example, let p = 3, y = 2, r = 2, and /t = 1: then 
w'c shall have the product 13 x 5 = 65 = in 

whioli X — 4, and j/ = 7; or a- j= 8, and ^ = 1; since in 
both eases x* + P' -= C5. If we multiply several numbers 
of this class, w c shall also have a product, w hich may be the 
sum of tw'o squares in a greater numlK*r of ways. For ex¬ 
ample, if we multiply together 2* + 1* = 5, 3- -f- 2^ = 13, 
and 4* -f- 1- = 17, w'c shall find 1105, which may l)e re¬ 
solved into two scpiarcs in four w*avs, as follows: 

1. my + 4', 2. 32^ -h 9% 

3. 3F + 12 , 4. 24^ + 23". 

172 . So that among the numbers that are contained in 

the formula x* are found, in the first place, those 

which are, by multiplication, the product of two or more 
numbers, prime to each other; and, secondly, those of a 
different class. We sliall call the latter g’lmplefactors of the 
formula jr* a^d the former compound factors; then 

the simple factors will be such numbers as the following: 

1, 2, 5, 9, 13, 17, 29, 37, 41, 49, &c. 
and in this scries we shall distinguish two kinds of numbei's; 
one arc prime numbers, as 2, 5, 13, 17, 29, 37, 41, which 
have no divisor, and are all (except the number 2), such, 
that if wc subtract 1 from them, tne remainder w’ill lie di¬ 
visible hv 4; so that all these numbers are contained in the 
expression in 4- 1. Tlie sccontl kind comprehends the 
square numbers 9, 49, &c. and it may be ohsen.*ed, that the 
roots of tJiese squares, namely, 3, 7, &c. arc not found in the 
series, and tliat their roots are contained in the formulas 
47t — 1. It is also evident, tliat no number of the form 
4n — 1 can be the sum of two squares; for since all num¬ 
bers of this form arc odd, one of the two squares must be 
even, and the other odd. Now, we have already seen, that 
all even squares are divisible by 4, and that the odd squares 
arc coiilniiK’d in the formula 4/i 4- 1; if wc therefore add 
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tc^pstliar an even and an odd square, the sum will alwfiye 
have the form of 4?* + 1> and never of 4fi — 1. Farther, 
every prime numher, which belongs to the Anrinula 4n + 1 , 
ia the sum of two squares; this is undoubtedly true, but it 
is not easy to demonstrate it *. 

173. Let us proceed farther, and consider the formula 
^ tbat wc may see what values we must give to x 

and y, in order that it may have factors. As this formula 
is expressed by the imaginary factors {x + y v-' — SI) x 
(x — ^ — 2 ), it is evident, as before, that, if it have di¬ 

visors, these imaginary factors must likewise have divisors. 
Suppose, therefore, 

X + yV— 8 = (;? + 9 ^/ - 2) X (r + s 2), 
whence it immediately follows, that t 

jc - y 2 = (p - 7 %/ — 2) X (r - JT X''- 2), 
and we shall have 

x^ + 2 y* = (p* + 2 ^*) X (r' + 2 p*) ; 
so that this formula has two factors, both of which have the 
same form. Hut it n;mains to determine the values of x and 
p, which produce this transformation. For this purpose, wc 
shall consider that, since 

X + pv' — 2 = pr — 2^5 4 - yr x'' — 2 + /Mv^ — 2, and 

X—pv' - 2 = pr — 2qa — yr x' — 2 — pj ✓ — 2, 
we have the sum 2 x = 2 pr — 4^s’i and, consequently, 
X ^ pr — Hqa : also the difference 

2 p — 2 = Zqr x^— 2 + 2 p» x' — 2 ; 

so that qr-^pa. When, therefore, our formula x* -f 2 p® 
has factors, they will always be numbers of the same kind 
as the formula; that is to say, one w'iil have the fonn 
p* -f- 2 y*, and the otlicr the form r® 4 - 2 #^; and, in order that 
this may be the case, x and p may aho be detcTinined in two 
different ways, because q may lie either positive or negative; 
for we shall first have x — pr — 29 *, and p = p# qr\ 
and, in the second place, x = pr 4 * 2 os, and y =. — qr. 

174. This formula X* 4 - 2p* comprehends therefore all the 
numbers which result from adding together a square and 
twice another square. The following is an enumeration of 
these numbers as far as 50; 

1, 2, 3, 4, 6 , 8 , 9, 11, 12, 16, 17, 18, 19, 22, 24, 25, 
27, 32, 33, 34, 36, 38, 41, 43, 44, 49, 50. 

* .The curious reader may see it demonstrated by Gauss, in 
his ** Disquisitimies Arithinctico; and by De iu Grange, intlie 
Memoirs of Ik'rlin, 1 76S. 
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We nhall divide these numbers, as before, into sim^de 
and compound; the simple, or tlmse which are not omn> 
pounded of the preceding numbers, are these: 1, 52^ 3, 11, 
17, 19, 25, 41, 43, 49, all which, except the sq^uarai 25 
and 49, are prime numbers; and we may remain, in 
neral, ^at, it a number is prime, and is not found in this 
series, we are sure to find its square in it. It may be ob> 
served, also, that all prime numbers contained in our 
formula, either belon|^ to the expression 8n -f- 1, or 8n -f- ^ * 
while all the other prime numbers, namely, those which are 
contained in the expressions 8n-|- 5, and 8n 7, can never 
form the sum of a square and twice a rauare: it is farther 
certain, that all the prime numbers which are contained in 
one of the other formulee, 8w 1, and 8» 3, are always 

resolvible into a square added to twice a square. 

175. I^et us proceed to the examination of the general 
formula x® + and consider by what values of x andy 
we may transform it into a product of factors. 

We shall proceed as before; that is, wc shall represent 
the formula by the product 

(X + V - r) X (x — y c), 

and shall likewise express each of these factors by two fac¬ 
tors of the same kind; that is, we shall make 

X + ^ c — iiJ -hq — c) X {r + s c), and 

x — .y v' - c ~ (/> —q — r) X (r — s ~ c); whence 

X'4- cy® = -f cy ) x (r® + cs*). 

We see, tlierefore, that the factors are again of Uie same 
kind with the formula. With regard to the values of x and 
p, we shall readily find j = pr + cyjr, and y — qr — pj; or 
jr — pr — cqjtf and y — ps -k- qr ; and it is easy to perceive 
how tlic formula may l)e resolved into a greater number of 
facuirs. 

176. It will not now be difficult to obtain factors for 

the formula x® — iy '; for, in the first place, we have only 

to write —c, instead of +r; but, farther, we may find 

them immediately in the following manner. As our for¬ 
mula is equal to the product 

(x -f y s 'c) X (x — p /r), 

let us make x -{■ y \ 'c — {p -{■ q \^c) x (rjr + \^c), and 

X — y s c = (p — q \'c) X {r —and we 

shall immediately have x® — cy® = (p* — cy') x (r® — cs ^); 
so that this formula, as well as the preceding, is equal to a 
pixxiuct whose factors resemble it m form. With regard to 
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the values of « and they will likewise be found to be 
double; that is to say, we shall have 

jr = fir -h cqsj and y = yr 4 * f*s; we shall also have 
:e ss pr cqa^ and y = fw — yr. If we chose to make 
trial, and see whether we obtain from these values the pro¬ 
duct already found, we should have, by trying the first, 

jir* = P'1* + %cpqis -f and 

ys =s pfg^ ^pqra 4 - q ^t or 
cy* = 4- 2 cpqrs -f cy-r®; so that 

— cy* = f>®r® — cp'^s* 4 - tfq's' — which is just 

the product already found, (fl® — cy®) x (r* — rj*). 

177 . Hitherto we have considered the first term as with¬ 
out a coeffident; but vre shall now sup|K)sc that term to lie 
multiplied also by another letter, and shall seek what factors 
the formula aj-* 4 ry* may contain. 

Here it is evident that our formula is equal to the product 
(Xv'^o -f-y v''— c) X {.V a — y x''— r), and, consct|ucntIy, 
that it is required to give factors also to these two facltirs. 
Now, in this a difficulty occurs; for if, according to the 
second method, w'e make 

•r 4- y — c = (p 4- 7 ^ - ^•) X (r X'« -f j x^ — e) — 

apr — cqs + pa — ac qr x^ — ac, and 
X x/a — y %/ — c = (p x'o —• 7 \/ — <*) x {r\/a — — r) = 

tipr — cqs — p.»x^ — ac — qr^^ — oc, we shall have 
Ox x^o — 2apr — and 

2 y x'— c — 2 ps x'— W 4 “ 2 yr x''— oe; that is to s:iy, we 
have found Ixith for x and for y irrational values, which 
cannot here be admitted. 

178 . But this difficulty may be removed thus: let us 
make 

JC \'a 4- y v'— o = (p /a -{- q x/ c) x (r + ^ x''— ac) = 
pr x/« — cqsx^ ti 4 - 71*v' — c. and 
X — y v' — c — (p x/a — y^/ ~ 0 x {r — a or) = 
pr x/« — cqs*/a — qr /— c —* up^ x' —c. This sup{X)sition 
willgive the following values fora andy; namely, a:=pr—cy^, 
and y = yr 4 - opa\ and our formula, oj-' 4 “ 
the factors (ap® + cy®) x (r® 4- aca*"), one of which only 
is of the same form with the formula, the other lx;ing 
different. 

179. 'ITiere is still, however, a great affinity between 
tliese two formulae, or factors; since all the numbers con¬ 
tained in the fir&t, if multiplied by a number contained in 
the second, revert again to the first. We have already 
seen, that two numbers of the second form x^ -f* oey*, which 
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returns to the formula + eu\ and whicli we have already 
considered, if multiplied togeuier, will produce a number of 
the same form. 

It only remains, therefore, to examine to what formula we 
are to refer the product of two numbers of tlie first kind, or 
of the form ax* cj/*. 

For this purpose, let us multiply the two formulse 
(op® + cq*) X (or^ + cs*)t which are of the first kind. It 
is easy to see that this product may be represented in the 
foliow'ing manner: (apr + cq^t)^ + ac(ps — qry. If, there¬ 
fore, we suppose 

apr + cqjr = x, and pa — qr = y, 
wo shall have the formula x* + aej/', which is of the last 
kind. Whence it follows, that if two nura.bers of the first 
kind, ox* + cy®, be multiplied together, the product will be 
a number of the second kind. If we represent the numbers 
of the first kind by I, and those of the second by II, we 
may represent the conclusion to which we have been led, 
abridged as follows: 

I X I gives II ; i x ii gives i; ii x ii gives ii. 

And this shews much better what the result ought to 
be, if we multiply together more than two of these num- 
IxTs; namely, that i x i X i gives i; that i x i x ii 

gives II; that i x ii X ii gives i; and lastly, that ii X ii x ii 

gives II. 

180. In order to illustrate the prccctling Artiele, let 
a = y, and c = 3; there will result two kinds of numbers, 
one c<intained in the formula Hr" 4" ^be other contained 
in the formula x- Now, the numbers of the first kind, 

ns far as 50, are 

1st, 2, 3, 5, 8, 11, 12, 14, 18, 20, 21, 27, 

29, 30, 32, 35, 44y 45, 48, 50; 

and the numbers of the second kind, as far as 50, are 

2d, 1, 4, 6, 7, 9, 10, 15, 10, 22, 24, 25, 

28, 31, 33, 36, 40, 42, 49. 

If, therefore, we multiply a number of the first kind, for 
exani[)le, 35, by a numlx’r of the .second, suppose 31, the 
product 1085 will undoubtedly be contained in the formula 
2jr‘* -f that is, we may find such a number for^, that 
1085 — S/j' may be the double of a square, or = 2x-: now, 
this happens, first, wlien y — 3, in which case x = 23; in 

the second place, when y — 11, so that x - - 19; in the 

thirfl place, when y — 13, which gives x = 17; and, in the 
fourth place, when y — 19, whence x — 1. 

Wc may divide the.se two kinds of numbers, like the 
others, into simple and comitottml numbers: wc shall apply 





KLEaiKNTS 


rAUT It. 


tins latter to sudi as are composed of two or more of 
the smallest numbers of cither kind; so that the simple 
numbers of the first kind will be S, 3, 5, 11, 29; and the 
compound numbers of the same class will be & 12,14, 18. 
20, 27, S2, 35, 40, 46, 48, 50, &c. 

The simple numbers of the second class will lie 1, 7, 81; 
and all the rest of this class will be compound numbers; 
namely, 4, 6, 9, 10, 15, 16, 22, 24, 25, 28, 83, 36, 40, 
42, 49. 


CHAP. XII. 

itf tfte Transformation of the Formula + a/” into 
Squares, and higher Powers. 

181. Wc have seen that it is frequently iin|>ossible to re¬ 
duce numl>ers of the fonn ox* -h vy' to sejuares; but when¬ 
ever it is possible, wc may transform this formula into an¬ 
other, in which n = 1. 

For example, the formula may become a Mpiare; 

for, os it may l>e represented by 

(-/> + 7 ) ”" 

we have only to make 2p t- ^ = x, and jP d- 7 = ^, hiuJ wc 
shall get the formula x* — 2y*, in which 0 = 1 , and c — 2. 
A similar transformation always takes place, whenever such 
formula; can l>e made squares. Thus, when it is reqiiirc*d 
to transform the formula nx* -f- into a scpiare, or into a 
higher |x>wcr, (provided it be even) we may, without 
hesitation, supjiosc a — I, and consider the other cases as 
impossible. 

182. Lett therefore, the formula x* -4- rf be proposcxl, 

and let it be required to make it a square. As it is com¬ 
posed of the factors (x -f- ^ — c) x (x -- y c), these 

factors must cither be squares, or squares multiplied by the 
uunc number. For, if the product of two numbers, for 
example, pgt ixiust be a square, wc must have p = and 
^ ~ a*; Uiat is to say, each factor is of itself a square; or 
p mr't and q = ms* ; and therefore these factors are 
squares multiplied both by the same number. For which 
reason, let us make x -f- y — c = m(p + qV — c)*; it will 
follow that X — y — c ss m(p — oy' — c)% and 

wc sliidl have x= -f- cy' 'ss m^(p* + cy*)*, w^icli is a square. 



OF Ar^aFSKA. 


CHAP. XII. 


897 


Farther, in order to deteitnine x and we have the equa¬ 
tions X -f y<s/ ~ c = mp^ 9,7npq y — c — mcq^, and 

X — y</ — c mp^ — ^.mpq y — e — meg*; in which 
X is necessarily equal to the rational part, and y y c to 
the irrational part; bo that x =: mp' — meq\ and 
y c ^ 2mpq y — e, or y ^ 2mpq ; and these are the 
values of x and Sf that will transform the expression 
x* -|- ey* into a square, m^(p* + cq^)\ the root of which is 
mp' + mcq'. 

183. If the numlierS x and y have not a common divisor, 
we must make m = 1. order that x' + cy* may 

be<x>mo a sejuare, it will be sumcient to make x — — cq''y 

and y = which will render the formula equal to the 
square (p* +- eg*)". 

Or, instead of making x = — eg", we may also Sup¬ 

pose X = eg* — />% since the scpiarc x" is still left the same. 

Besides, the 8.1016 formulae having been already found 
by methods altogether different, there can be no doubt 
with regard to the accuracy of the method which we have 
now employed. In fact, if we wish to make x* + cu^ 
a square, we suppose, by the former method, the root to be 


X + 


—, and find x® + cy" = x* + 

9 


g 9~ ' 


Kxpunge the x*, divide tlie other terms by y, multiply by 
q-, and wc shall have 

cg'y = 2pqx + p'y ; or cg'y — = 2pqx. 

Lastly, dividing by 2pq, and also by y, there results 


“ = Now', as X and y, as well as p and q. are to 

y 2pq 

have no common divisor, we must make x equal to the 
numerator, and y equal to the denominator, and hence we 
shall obtain the same results os we have already found, 
namely, x = eg* — ;>*, and y = 2pq. 

i84>. This solution will hold good, whether the number c 
be positive or negative; but, father, if this number itself 
had factors, as, for instance, the formula x* -j- ocg*, we 
should not only have the preceding solution, which 
^yes X = flcg* — »*, and y = S/jg, but this also, namely, 
X = rg* — ana y = 2pg; for, in this last case, we have, 
as in the other, 

x* + acy* = e g* -+• 9xtcp^q^ + ef*p* — (eg* -h up’)*; 

which takes place also when we make x = ap* - eg*, be¬ 
cause the square x* remains the same. 
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ThiR new solution is also obtained from the last mediod, 
in the following manner: 

If we make x + —«c = {p + q c)*, and 

X —y\/ — oe =r (p ~~ q — <*)*, we 

shall have x* 4- oe^* = (o/j® 4- eq^*^ 

anti, consequently, equal to a square. Farther, because 
^ ~ oe =: op* + 2pq — or — ry*, and 

X — — or n op* — Spq — oe — ry*, 

we find x = op* — eq", and y =: 2/jq. 

It is farther evident, that if the number or be resolvihlo 
into two factors, in a greater number of ways, we may also 
find a greater number of solutions. 

185. L>et us illustrate this by means of some determinate 
formulae; and, first, if the formula x* + y* must liecome a 
square, we have or = 1 ; so thatx = p‘ —‘q\ and = 2 y.y; 
whence it follows that x’ -f p- = (p* -j- 

If we would have x® — y* = C ; we have or «= — 1 ; so 
that wc shall take .r = p- -f q‘, and y= 2 /y, and there will 
result Jr* —y* — (p* ~ q*)* = D. ‘ 

If we would have the formula x* -f 2/® = c, wc have 
or = 2; let us therefore take x = ps — Sq\ or x = 2p* —y’, 
and y = 2py, and we .^hall have 

x" 4 = (p’-f q*) , or .* * 4 = tSp' 4 

If, in the fourth place:, we would liavc jr ' ~ o, 

in which or = — 2 , wc shall have x — p‘ 4 2 y, and 
y = 2pq; Uierefore x* — 2 y* = (p*' — 

Lastly, let us make x" 4* Here we shall have 

or = 6 ; and, consequently, cither 0 = 1, and r = 6 , or 
0 = 2, and r = 5. In the first case, .r = p" _ (jy-^ and 
y := 2pq; so that x’ f 6 y’' = (p^ + i the second, 

X = 2 p‘' — Sy*', and y = 2/jq; whence 


X* -1- Cy" = (2p' + 3q’)\ 

186. But let tlie formula ox* + Ikj })ro[x> 8 cd to be 
transformed into a sc}uare. We know iKdbrdiand, that this 
cannot be done, eacejit we already know a case, in which 
this formula really l>ccomes a s(]uarc; Imt we shall find 
this given case io he, wlwn x =/| and y zzg ; so that 
qf* 4 r^* z= h‘ \ and we may observe, that this formula 
can be transformed into another of Uie fonn V 4 oca', 
by making 

, = ^ if 

h h 


e 


a\pX' ^2acfffxy+c*g*y'‘ 
Ji* 


.and 
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we liave 


V + acu’ = = 

h* 

A» ’ 

also, since itf* + eg* = h*, we have t* + acu* = ajc*+cj/*. 
Thus, we have given easy rules for transforming the expression 
+ OCT/* into a square, to which we have now induced the 
formula proposed, ox* + ry*. 

187. Let us proceed farther, and see how the formula 
ox* + cy^, in which x and ^ are supposed to have no com¬ 
mon divisor, may be reduced to a cube. The rules already 
given are by no means sufficient for this; but the method 
which we have last explained applies here with the greatest 
success : and what is particularly w’orthy of observation, is, 
that the formula may l>e transformed into a cube, whatever 
numbers a and c are; which could not take place with 
regard to squares, unless we already knew a case, and which 
does not taKe place with regard to any of the other even 
|x>wers; but, on the contrary, tlie solution is always pos¬ 
sible for the odd powers, such as the third, the fifth, the 
seventh, &c. 

188. Whenever, therefore, it is required to reduce tlie 
formula ox* + cy* to a cube, we may suppose, according to 
the -method w'hich we have already employed, that 

xv'o d- J/y/ — c = (/> ,'fi + y v'— cY, and 
x/a — y c = ipy/a — y^/— c)*; 

the product {ap* + cy*)\ which is a cube, will be equal to 
the formula rtrx*+ cy*. But it is required, also, to deter¬ 
mine rational values for x and y, and fortunately we suc¬ 
ceed. If w’c actually take the two cubes tbs(t have been 
pointed out, we have the two equations 

Xy/a +y v'— cz=:apl/a —c — ^cpq^a—cql/^-c, and 

Xv'a —— c=ap^ a — Sap*q^ — c — Srpq^^j-i-cq!^ 
from which it evidently follows, that 

X = ap^ — ^pq', and y ^ Sap^q — cq\ 

For example, let two squares x®, and be required, 
whose sum, x® + may make a cube. Here, simre 0 = 1, 
and r = 1, we shall have x = andy = 

which giyes x® -f- = (jp® + y*)®. Now, if p = 2, and 

y = 1, we find X = 2, and y = 11; wher^ine 

.r* H-y* '= 125 = 5* 
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189. Let us also consider the formula or* 4- 3^, for the 
purpose of making it equal to a cube. As we have, in this 
case, 0 = 1, and c = S, we find 

and y = — 3y*, 

whence -f* =: (/?* -f“ This formula occurs very 

frequently; for which leason we shall here give a Table of 
the eaaest cases. 


i p 

9 

s O' 

1 

P 


1 

1 

1 

8 

0 

II 

•a 

0 

2 

1 

10 

9 

S4a = 7' 

1 

2 

as 

18 

2197 = la 


1 

0 

24 , 

1728 = 12" 

1 i 

a 

80 

72 

21952 = 28" 

a 

2 

81 

ao 1 

i 9261 = 21" 

2 i 

a 

154 

45 

29791 = ai‘ 


190. If the question were not restricted to the condition, 

that the numbers x and y must have no coninioii divisor, it 
would not be attended with any difficulty ; for if ai* + cy* 
were required to be a cube, we should only have to make 
X /z, and y =: t/s, and the formula would become 
of‘z* -|" ; which we might make equal to the cube 

and should immediately find z = -p Con¬ 

sequently. the values sought of x and y would he 
X =: + eu^)i and y = -f- c*i‘), which, beside 

the cube have also the quantity + cu' for u common 
divisor; so that this solution immediately gives 

ax*-f-cy* =: ^ cm*)*, 

which is evidently the cube of v* CM*) 

191. This last method, which we have made use of, is so 
much the more remarkable, as we are brought to solutions, 
which absoluteljy required numbers rational and integer, bv 
means of irrational, and even imaginary quantities; and, 
what is still more worthy of attention, our method cannot be 
^plied to those cases,' in which the irrationality vanishes. 
For example, when tlie formula x* + cy* must become a 
cube, we can only infer from it, that its two irrational 
factors, jt+yV^c, and x--y^/—c, must likewise be 
cubes; and rince x and y have no common divisor, these 
factors cannot have any. But if the radicals were to dis¬ 
appear, as in the case of c=:- I, this principle would no 
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longiv exist; because the two ffictcHrs^ which would then be 
X + v« and might have common divisors^ even when 

X and If had none; as would be the case, for example, if 
both these letters expressed odd numbers. 

Thus, when x* — y* must become a cube, it is not neces¬ 
sary that both X -f And x — y, should of themselves be 
cubes; but we may suppose x-f-y = and x — y=4^; 
and the formula x* — will undoubt^ly become a cmbe* 
since we shall find it to be the cube root of which is 

2pq. We shall farther have x = f- 5!^% and y =p®— 

On the contrary, when the formula ax* -f- cy^ is not re- 
solvible into two rational factors, we cannot find any other 
solutions beside those which have been already given. 

192 . We shall illustrate the preceding investigations by 
some curious examples. 

Question 1. Required a square, in int^er numbers, 
and such, that, by adding 4 to it, the sum may be a cube. 
The condition is answered when x‘ = 121; but we wish to 
know if there arc other similar cases. 

As 4 is a square, we shall first seek the cases in which 
x'* + becomes a culie. Now, we have found cMie case, 
namely, if x = p’ — and y = : therefore, 

since y^ — 4, we have y = + 2, and, consequently, either 
3p*o — g’ + 2, or 3p‘y — g’ = — 2. In the first case, 
we have y(3p‘ — yO = 2, so that y is a divisor of 2. 

This being laid down, let us first suppose ^ = 1, and we 
shall have — 1 = 2; therefore p = 1; whence x = 2, 
and X* = 4. 

If, in the second place, we suppose q zz2, we have 
6p* — 8 = i 2; admitting the sign +» we find 6p* = 10, 
and p® = ^ ; whence we should g^t an irrational vmue of p, 
whicii could not apply here; but if we consider the sIot —, 
we have 6p® = 6, and p = 1; therefore x =r 11: ana these 
are the only posable cases; so that 4, and 121, are the only 
two squares, which, added to 4, give cubes. 

193 . Question 2. Required, in integer numbers, oth«r 
squares, be«de 25, which, added to 2, give cubes. 

Since x*-J“2 must berame a cube, and since 2 is the 
double of a square, let us first determine the cases in which 
becomes a cube; for which purpose we have, by 
Article 188, in which a = 1, and c = 2, x = p* — 6 p 9 ®, 
and y = Qp^q — Sq ^; therefore, since p = ± 1 » we must 
have 3 p«^ — q\ or gr(3p® — 2q*) = ± 1 ; and, consequently, 
q must be a divisor of 1 . 

Therefore let 7 =* 1, and we shall have 3p* — 2 =s + 1. 

D D 
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If we take the i]|i|Mr agn, we find zs d. and p = 1; 
whence x = 5: ane I if we adopt the other ugOf we get a 
value of pt which being irratioiialy is of no use; it (bllows, 
tlierefore, that there is no i^uare, except 25, whi^ has ,the 
property required. 

194. Question 3. Required squares, which, multiplied 
by 5, and added to 7, may produce cubes; or it is required 
that 6x* 7 diould be a cube. 

Let us first seek tlie cases in which 5x« 4 7^* becomes a 
cube. By Article 188, a being equal to 5, and c equal 7, 
we shall find that we must have x = 5/»’ — and 

y =: I5p*q — 7^'; so that in our example y Iwirig r= 4 I, 
we have — '7q* = y(15/»» — 7y*) = 4 1; uicrcfore q 

must be a divisor of 1; that is to say, y == 4 1 ; conse¬ 
quently, we shall have I5p^ —.7 = 41 ; fn>m which, in 
both cases, we get irrational values for p: hut from which 
we must not, however, conclude that tlie (].ucstioii is ini> 
posnhlc, since p and q miglit Ik? such fractions, that ?/ =? 1, 
and that x would l>cconie an integer; and this is what 
really happens; for if p zz and q =r -j, we find y = 1, 
and x = 2; but there are no other fractions which render 
the solution possible. 

19.5. Question 4. Required squares in integer numbers, 
the double of which, diminished by 5, may l>e a cube; or 
it is rcKpjircd that 2Lr* — 5 may be a culie. 

If we begin by seeking the satisfactory cases for the 
formula 2x* — 5y*, we have, in the 188th Article, n — 2, 
and c = — 5; whence x = 2/>^ -4 and j/^Gp'^q 4 ' 

so tliat, in this case, we must have y — 4 1; confsequcntiy, 
6 p®igr 4- 5y’ = 4 5y*) = 4 1; 

and as this cannot either in integer runnlxrs, or even in 
fractions, the cose becomes very remarkable, because there 
is,. notwithstanding, a satisfactory value of x; namely, 
X = 4; which gives 2x‘ — 5 zz k7, or equal to tlie cube 
of 3. it will be of importance to investigate the cause of 
this peculiarity. 

1^. It is not only possible, as we see, for the formula 
2x^ — to be a cube; but, what is more, the root of this 
cube has the form as we may perceive by making 

x = 4,y = l,p = 2, and y = 1; so that we know a case 
in whii^ 2** — 5y*- — 5y’)*, although the two factors 

of 2x* — 5y% namely, xv'2 4'y\''5, and xv^2 —y\/5, 
which, acemrding to our method, ought to be the cubes of 
p 4- q^5, and of pv'2 — q ,/5, are not cubes; for, in 
our case, x y/k 4 y v/S = 4 ^2 + ; whereas 
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ip v'S + (2 4 . - 46 v'* + «9 v'S, 

which is by no means the same as 4 v'S -f- V5. 

But it must be remarked, that the formula r* — 10a* may 
become 1, or — 1, in an infinite number of cases; for ex¬ 
ample, if r = S, and a s 1, or if r = 19> and a = 6: and 
this formula, multiplied by 2p*— 5y% reproduces a number 
of this last form. 

Therefore, lety** — I0g*= 1; and, instead of supposing', 
as we have hitherto done, 2jr» - 6y* = (8p* - we 

may suppose, in a more general manner, 

2x* -%•=(/• - 10^) X (2p* - 5y*)>; 
so that, taking the factors, we shall have 

^ v/2 ± = (y ± g ^10) X (p ^2 ± 

Now, (py2±f ^/5)’=(2os + v^2±((jjp*gr +5 ^^)^5 ; 

and if, in order to abnage, we write a v'2 b v'S instead 
of this quantity, and multiply by y + g \/10, we shall 
have 4- b/\/5 + 2Kg y^5 + 5b^^2 to make equal 

to X ^/2 + y Vo; whence results x =s a/* 4- 5sg, and 

= ?/* + 2^. Now, since we must havey s= ±: 1, it is 
not absolutely necessary that 6»*y 4 - 5q^ — 1 ; on the con¬ 
trary, it is sufficient that the ibrmula b /"that is to 
say, thaty(6p*y-f-5y’) 4- l^omes = + 1; 

so thaty and g may have several values. For example, let 
y=3, andgssl, the formula 18p*y + ISy’ 4 - 4p^-^ QOpq* 
must become + 1 ; that is, 

4p* 4- 18p*y + SOpy* 4 - 15y»«± 1. 

197 . The difficulty, however, of determining all the pos¬ 
sible cases of this kind, exists-only in the formula ax* 4-cy’, 
when the number c is negative; and the reason is, that Uiis 
formula, namely, x* —acy*, which depends on it, may then 
become 1; which never happens when c is a pomdve num¬ 
ber, because, x* 4 - cy*, or x* 4 - ocy*, always g^ves greater 
numbers, the greater the values we assign to x andy. For 
which reason, the method we have expuined cannot be suc¬ 
cessfully employed, except in those cases in wldch the two 
numbers a and c have positive values. 

198. Let us now proceed to the fourth degree. Here 
we shall begin by obsemng^ that if the formula ax* 4- qy* is 
to be changed into a Uquadrate, we must have a ^ 1; for 
it would not be possible even to transform the formula into 
a squ^ (Art 181); and, if this were possible, we might 
also give it the form t* 4 - acu* ; for which reason we 
extend the question only to this last formula, which may be 
reduced to the former, x* -f cy®, by supposing a aa 1. This 

p n 2 
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bang laid down, we hare to consider what mint be the 
nature of the values of x and v, in order that the formula 
may become a biquadrate. Now, it is composed 
of the two factors (— c) x (ar — y v' — c); ana each 
of these factors must also be a liiquadrate of the same kind; 
therefore we must make x + ^ v^ — c = (p -t- q c)\ and 
X—yv'—c=(;> — c)% whence it follows, that the 

formula propened becomes equal to the biquadrate 
With rc^^ard to the values of x and they are easily dc* 
termined by the following analyMs: 

x+y v' c=j^ + 4fp*q y/— + c*^—— c, 

x—y —c—p^ — 4ip^q —r— Cep'^q* +c*q* + ‘h'pq'* \^ — Vy 
whence, xs=p*--6cj}*q* + c^q*\ and y^^iqj^q—icftq'. 

199- So that when x* + is a biquadrato, because 
c = 1 , we have 

X :rzp^ — Gp^q* -f- 9 *; and y — — 4rfjq ^; 

so that X* "^y* = {p* 4 " ^*)*« 

Suppose, for example, p = 2 , and y =: 1; wc shall then 
find X = 7 , and y = 24; whence x* -j- y^ 625 “ 5\' 

Ifp = 3, and gr 5 = 2, we obtain x — 119, and y = 120, 
which ^ves x* -\-y^ = 13**. 

200. Whatever be tlie even power into which it is re¬ 
quired to transform the formula ax* -f- it is abst>lutcly 
necessary that this formula be always reducible to a scpiare; 
and for this purpose, it is sufficient that wc already know 
cme case in which it happens; for we may then transform 
the formula, as has been seen, into a quantity the form 
i* 4- acu*, in which the first term /* is multiplicxl only by 
1; so that we may consider it as containetf in tl}c expnn>$ion 
X* 4" cy* ; and in a similar manner, we may always give to 
this last expression the form of a »xtli |x>wcr, or of any 
higher even power. 

5201. This condition is not requisite for the odd powers; 
and whatever numbers a and c be, we may always transform 
the formula ax* 4 ey* into any odd power. I^ct the 6flh, 
for instance, be demtuided; wc have only to make 
X -%/a + y Vu + q ‘Z— cy\ and 

xv'a —jw-%/— c = (jp^/a — q v^— c)*, 
and we shall evidently obtain ax* + ty* = {ap* + cq^Y. 
Farther, as the fifth power of p v"a4" 9 ^ ^ “ ^a*p* v'a-h 

5a*p*y\/—c — 10tf<^jr*v^a — 10a^*9*\/— c-f-6c*p^* 
V'a4-cV'v/ c, we shall, with the same facility, find 
X =s a*fp —. lOacpr^q* 4 5e*pq*f and 
, ^ y ^ 5a*p*q — 4 c*^. 

If it is raquired, therefore, that the sum of two squares, 
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such as JT^ + y't ^ A poweTf we shall have 
fl = 1, and c = 1 ; therefore* a? =s p* — 4“ 

and y = 5/»*<jr — lOp^q^ -f- ; and, farther, mal^g p =? 2, 

and ^ = 1, we shall hnd w = 38, and $'=41; consequently, 

X* y* "St 31&5 SB 5*. 


CHAP. XIII. 

Of some Expressions of the Form ojc* 4- ftjf*, which are fuA 

reducible to Squares. 

202. Much labor lias been formerly employed by some 
matiieniaticians to find two biquadrates, whose sum or dif- 
fc*rciicq,might be a square, but in vain ; and at length it has 
been demonstrated, tiiat neither the formula -f nor 
the fbrnuila x* — y*^ can become a square, except in these 
evid(‘nt cases; first, when a* = 0, or ^ = 0, and, secondly, 
w'hen y = X, This circumstance is tlie more remarkable, 
because it h:is 1 xx.mi seen, tliat we can find an Indnite 
number of answci*s, when the question involves only simple 
squares. 

203. We shall give the demonstration to which we have 
just alludeil; and, in order to proceed regularly, w^ shdd 
previously observe, that the two numbers x anci y may be 
cousidered as prime to each other: for, if these numbers'had 
a common divisor, so that we could make x = dp, and 
y = </y, our {‘ormulm w'ould become d^p* -f d*y% am} 
d'p* - d*y*: which formula;, if they were squares, would 
remain sejuares after being divided by d*; therefore, the 
formuke q\ and — y*, also< in which p and q have 
no longer any common divisor, would be squares; con¬ 
sequently, it wdll be sufficient to prove, that our formula 
cannot become squares in tlie case of x and y being prime 
to each other, and our demonstrauon will, consequently, 
extend to all tlic cases, in which x and y have common 
divisors. 

204. We shall begin, therefore, with the sum of 
biquadrates; that is, with the formula x* -J-.y*, oon^d^ng 
X and y as numbers that hre prime to each other: and we 
have to prove, that this formula becomes a square only in 
the cases dlxivc-meiitioned; in older to i^hicb, w^ shaU ^qter 
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Upon Uie aiMily^ and deductkiiM whidi this demonstratiop 
tcouires. 

If any one demed the proposition, it would he nuuntain- 
ing that there may be such values of at and w, as will make 
«* + y* square, in mat numbers, notwithstanding there 
are none in small nutnuers. 

But it will be seen, that if x andy had satisfactoiy values, 
we should be able, however great those values might be, to 
deduce from them less values equally satisfactory, and from 
these, others less, and so on. Since, therefore, we are 
acquainted with no value in small numbed except the two 
cases already mentkmed, which do not carry us any farther, 
we may conclude, with certainty, from the following de> 
monstraticm, that there are no suw values of x and y as we 
require, not even among the greatest numbers. The pro¬ 
portion shaU afterwards be demonstrated, with respect to 
the difference of two biquadrates, a* — y*, on the same 
principle. 

S05. The following consideration, however, musir be at¬ 
tended to at presant, in order to be convinced that x* -|- y* 
can only bec^e a square in the self evident cases which have 
been mentioned. 

1. Since we suppose x and y prime to each other, that is, 
having no common divisor, they must either both be odd, 
or one must be even, and the other odd. 

S. But they cannot both be odd, because the sum of two 
odd squares can never be a square; for an odd square is 
always oemtained in the formula 4n 1 ; and, conseouently, 
the sum of two odd squares will have the form 4n - 1 - 2 , 
which being divisible by 2, but not by 4, cannot be a square. 
Now, this must be understood also of two odd biquadrate 
numbers. 

S. If, therefore, x* + ^ must be a square, one of the 
terms must be even and die other odd ; and we have already 
seen, that, in order to have the sum of two squares a square, 
the root of one must be expressible by p* — and tliat of 
the other by 2 yw; therefore, x* = — y*, and y* =: 2 py; 

and we shcaild navex* -|-y* =: (p* -f- S'*)*. 

4. Consequently, y would be even, and x odd; but since 

X* = 9 *t numbersp and must also be the one even, 

and the other odd. Now, the first, p, cannot be even; for 
if it were, p* — would be a number of the form 4« — 1, 
or 4 n 4 * 89 and could not become a squaro: thereftire p 
must be odd, and q even, in whidi case it is evidoat, that 
these numbers will be prime to each othor- 

5 . In order that p* » 9 * may become a square, or 
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p* — q* zz je*, we must bave^ a* we have already aeen, 
/> = >•• -f- ij®, and q = ; for then a?* =: (r* — a®)*, and 

w — r* — A*. 

G. Now, must likewise be a square; and sinoe we had 

ss %pq, we shall now liave y*" = 4r#(r* + A*) ; so that this 
formula must be a sc{uare; therefore rs(r® + tf®) must also 
be a square: and let it be observed, that r and a are num¬ 
bers prime to each other; so that the three &ctors of this 
formula, namely* r, a, and have no common divisor. 

7* Again, when a product of several factors^ that have no 
cxjinnion divisor, must be a square, each factor must itself be 
a scpiare; so that making r zz t, and a = u% we must have 
/* + w* = □. 

If, therefore, x* + were a □, our formula t*-j-u\ 
which is, ill like manner, the sum of two biquadrates, would 
also be a G. And it is proper to observe here, that since 
ar^ = t* — u% and i/'* — 4/ « 4- «*) the numbers t and « 

w’ill evidently be much smaller than x and y, since x and y 
arc even determined by the fourth powers of t and m, and 
must theix*forc become much greater than these numbers. 

8 . It follows, therefore, that if wc could assign, in num- 
lH*rs however great, two biqiiadrates, such as and y*, 
wliosc sum might be a square, avc could deduce from it a 
numlier, formed by the sum of two much less biquadrates, 
which would also be a sijuarc; and this new sum would en¬ 
able us to find another ot‘ the same nature, still less, and so 
on, till we arrived at very small numbers. Now, such a sum 
nut being |x)ssible in very small nunilicrs, it evidently fol¬ 
lows, that there is not one which we can express by very 
great numbers. 

9. It might indee<l be objccteil, that such a sum does 
exist in very small numliers; namely, in the case which we 
have mentioned, when one of the two biquadrates becomes 
nothing: but we answer, that w'e shall never arrive at this 
case, by coming back from very great numbers to the least, 
accordine to tlie method which has been explained; for if in 
the snioil sum, or the reduced sum, i* — u*, we had ^ = 0, 
or u = 0^ we should necessarily have v® = 0 in the great 
sum ; but this is a case which does not here enter into con¬ 
sideration. 

206. Let us mxx:eed to the sea>nd proposition, and prove 
also that the difference of two biquadrates, or a?" — y% c***' 
never become a square, except in the cases of y = 0, and 
y zz x» 

1. We may cemsider the numbers a? and y as pirime to 
each other, and consequently, as being either both odd, or 
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eveo and the other odd: andat in both caMS thedi^ 
ference of two squarea may become a aquare, we must con« 
aider these two cases aeparatdiy. 

SL Let us, tboreibre, first begin by supposing both the 
numbers x and^y odd, and thatx r= p + and y = p — 
thra one of the two numbers p and q must necessarily be 
. even, and the other odd. We have also x'" — v** = Aqtq^ and 
«- +j/* — Up* + 2g®; therefore our formula x* —= 
; and as tliis must be a siiuare, its fourth 
part, />y(2p* + = ^pfAp* 4- must also be a square. 

Also, uiu:e the factors of this formula have no common di¬ 
visor (because if p is even, q must he uild), each of these fac¬ 
tors, 5Jp, q, and p'‘»-|- y*, must be n square. In order, there¬ 
fore, that the fimt two may become squares, let us suppose 
=: 4r% or p r: 2r*, and y = s*; in which a must be odd, 
and the third factor, 4r* + a*, must likewise be a st^uarc. 

J3, Now, since s* -{- 4r* is the sum of two squares, the 
first of which, s*, is odd, and the other, 4r*, is even, let us 
make the root of the first s- = jf* — «*, in which let / be odd, 
and « cveu ; and the root of the second, = £/u, or 
r*' = tit, where i and u are prime to each other. 

4. cilice tu = r* must be a square, both t and « must be 
squares also. If, therefore, we suppose i =■ rn^, and u = n% 
(representing an odd number by m, and an even numlicr by 
**). we shall nave a* = m* — n*; so that here, also, it is re¬ 
quired to make the difierence of tw'o biquadrates, namely, 
m* — »*, a square. Now, it is obvious, that these numbers 
would be much less than x and p, since they are less than 
r and a, which are themselves evidently l^s tlian x and y. 
If a solution, therefore, were possible in great numbers, and 
X* — y* were a square, there must also be one possible for 
numbers much less; and tliis last would lead us to anotlier 
solution for numbers still less, and so on. 

5. Now, the least numbers for which such a square can be 
found, are in the case where one of the Inquadrates is 0, or 
where it is equal to the oth^ biquadrate. In the first case, 
we must have n = 0; therefore u s 0, and also r = 0, 
p = 0 , and, lastly, x* — y* «= 0 , or = y*; which is a case 
that does not belong to the present question; if ft = ei, we 
shall find f ss tt, then a = 0, y = 0, and, lastly, also x = y, 
which does not here enter into consideration. 

SOT. It might be olijected, that since m is odd, and n 
even, the butt difierence is no longer similar to the first; and 
that, therefore, we can form no analogous ccmclusions from 
it with respect to smaller numbers, lout it is suffident that 
the first diffiszence has led us to tlie second; and we shall 
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shew, thftt X* ^ can no longer bectmie a nqtiaie, when one 
of tlie biquadrates is even, and the other odd. 

1. We may observe, if die first term, jr*, were e^en, and 

y* odd, the impossibility of the thing would l)e self-evident, 
since we should have a number of me form 4n + 3; which 
cannot be a square: therefore, let x be odd, and y even; 
then JT* = + y*, andj/ = ; whence x* — ^ = p* — 

ap^q^ 4- 9^* == ip' — where one of the two numbers p 
and q must be even, and the other odd. 

2. Now, as JO* 4- = a:* roust be a square, we hav3' 
JO = r® — j?®, and q = Qrs ; whence a? = r* 4- a*: but from 
that results^* = 2(r- — x 2r«, or y* = 4irs x (r* — a*), 
and as this must be a square, its fourth pait, rs{r^ — a*), 
whose factors arc piime to each otlicr, must likewise be a 
square. 

3. Let us, therefore, make r = P, and s = and we 

shall have the third factor r* — s* = which must 

also be a square. Now, os this factor is equal to the dif¬ 
ference of two biquodrates, which are much less than the 
first, the preceding demonstration is fully confirmed; and it 
is evulfiit, that, if the difference of two biquailratcs could 
become equal to the square of a numl>er (however great we 
may supjKisi* it^, w’e could, by means of this known case, 
arrive at differences less and less, which would also be re¬ 
ducible to squares, w'ithout our being led back to the two 
evident cases mentioned at first. It is impossible, therefore, 
for the thing to take place even wuth respect to the greatest 
numbers. 

208. The first part of the preceding demonstration, 
namely, where x and y arc supjxised odd, may be abridged 
as follows: if vr‘ — // were a square, we must have x® = 
p' 4- q\ and y- = p- — yrepr«‘senting by p and q numbers, 
the one of which is even and the other ixld; and by these 
means we should obtain x y" = p* — q*\ and, consequently, 
p* — q* must be a sejuare. Now, this is a difference of two 
biquadrates, the one of which is even and the other odd; and 
it has been proved, in the second part of the demonstration, 
that such a aifference cannot become a M^uare. 

299. We have therefore proved these two principal pro¬ 
positions; that neither the sum, nor the difference, of two 
Diquadrat€», can become a square number, except in a very 
few self-evident eases. 

Whatever formulfie, therefore, we wish to transform into 
squares, if those formula require us to reduce the sum, or the 
difference of two biquadrates to a square, it may pro* 
nounced that the given formulae are likewise impossible; 
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vlndi iiRppeiM with regard to thoee that we shall now fjoiot 
oyL 

1. It is not possible fcH? the formula -i* 4y^ to become 
a square; for siiice tins formula is the sum of two squares, 
we must have — q\ and 2^ = or = pq ; 

now p and a being numbers prime to each other, each of 
them must he a □. If we therefore make p zr r\ and 
^ = s\ we shall have = r* —• a‘; tliat is to say, the dif¬ 
ference of two biquadralcs must be a square, which is im- 
posmble. 

SL Nor is it posnble for the formula x* — 4^ to l)ccomc 
a square; for in this caw we must make 4. y', and 

5^ = 2py, that we may have x* — 4y* = (p* — y*-)'; hut, 
in order that y* = py, both p and y must Ih* 8c|uareR; aiul 
if we therefore make p = fS and y = a*, we have A** = r*+d*; 
that is to say, the sum of two biquadiates must be reducible 
to a square, which is impossible. 

3. It is impossible also for the fomiiila 4x* •— y* to Ix*- 
come a square, because in this case y must necessnniy Ik* nii 
even numlwr. Now, if we make y — uc conclude that 
44 ** — 16«*, and consequently, also, its fourth jwrl, a* ~ I ,**, 
must be reducible to a square; which we have just seen is 
impossible. 

4. The formula + 2y* cannot be transformed into u 

square; for «ncc that square would n(K*essariiy lie even, and 
consequently, —4<c®, we should have j**4-y*^ 2:-, 

or fts* + == SkeV -f p* = □ ; or, in like man¬ 

ner, 22® — SLr-y® =r — ^'y- 4- y* = D. So that, as 
IxYth 2s* 4- and 2;* — i2*r’y-, would become squares, 

thmr product, 4s*“-4r<y*, as well as the fourth of that pro¬ 
duct, or z* — must be a square. But this last is the 
difference of two biquadratics; and is therefore impossible. 

5. Lastly, I say also that the formula 2x* — 2y* cannot 
be a square; for the two numbers x and y cannot both be 
even, rince, if they were, they would have a cominon di¬ 
visor ; nor can they be die one even and the other odd, be¬ 
cause then one part of the formula would be divisible by 4, 
and the other only by 2; and thus the whole formula would 
only be divisible by 2; therefore these numbers x and y must 
bSn be odd. Now, if we make x=p-f-y, and — y, one 
of the numbers p and y will be even and the other will be 
odd; and, rince 2x* — 2y‘ = 2(x* + y*> x (x* — y*), and 

4 y« = %!• -h 2y’ = 2(p» -f ^), and x* — p* = 4py, our 
formula will be expressed by lqpy(p* 4 y^)» the sixteenth 
part of which, or pqij^ 4 y®), must likewise be a square. 

lit these factors are jwime to each other, so that each of 
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them mufft be a square. Let us, therefore, make the first 
two p = r*, and = s®, and the third will bec»me r* + j*, 
which cannot be a square, therefore the given formula can* 
not become a square. 

SIO. We may likewise demonstrate, that die formula 
x' + Sty* can never become a square: the raiionale of this 
demonstration being as follows: 

1 . The number x cannot be even, because in that case^ 
must be odd; and tlie formula would only be divisible by 
S, and not by 4; so that x must be odd. 

2 . If, therefore, we suppose the square root of our formula 

to be •>{—in order that it may become odd, we shall 

have + 2y* = jc* + in which the terms 

9 9 

a^are destroyed ; so that if we divide the other terms byy*,. 
and mulUply by q% we find 4fpqx* + 4py = 2gr*y*, or 

4pqx^ = 2g^y® — , whence we obtiun = ; 

that is, jc® = ^ — 2p*, and = ^g*, which are the same 
formula; that have been already given. 

3. So that g' — 2p* must be a square, which caiinot hap¬ 

pen, unless we make g z= r* + 2 j‘, and p = 2ra, in order to 
nave x*zz{r^ — 2s*Y i now, this will give us ; 

and its foiurth part, r«(r' + 2a~) must also be a square ; con- 
sequently r and a must respectively be each a square. If, 
therefore, we suppose r = and s =: «*, we shall find the 
third factor r® + 2a* = + 2u^, which ought to be a 


square. 

4. Consequently, if a* + 2y were a square, ^ + 2a* 
must also be a square; and as the numbers / and u would 
be much less than x and y, we should always come, in the 
some manner, to numbers successively less: but as it is easy 
from trials to be convinced, that the given formula is not a 
square in any small numlwr; it cannot therefore be the 
square of a very great number. 

211. On the contrary, with regard to the formula x*—2y*, 
it is impossible to prove that it cannot become a ^uare; 
and, by a process or reasoning similar to the foregoing, we 
even find tnat Uiere are an infinite number of cases in which 
this formula really becomes a square. 

In fimt, if — 2y* must bmme a square, we shall see 


* Because x and y are prime to each other. 
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that, by making =a p* + 5ey*, and y* = we find 
•X* — =c (p' — 2^*)*. Now, p‘ + must in that case 
evidently lieoumc a square; and this happens when 
p = r* — 25*, and g ^ iir*; since we have, in Uiis case, 
ar* — (r* + Ss*)*; and farther, it is to be observed, that, 
for the same purpose, we may take p=2a* —r*, and q=i9.rs. 
We shall tlierdbre consider each case separately. 

,1. First, let p = r* — £s*, and q = 2rs; we shall then 
have X = ^ + 2#*; and, since y* = 2p<ir, we sliall tliushave 
y* = 4r5(r* — Ss*); so that r and s must be squares: 
making, Uierefore, r =: /*, and s = we shall fina y* = 
4<*w*(P—2i/^), So thaty:=2#t5— Sm*), and; 
therefore, when — 2i«^ is a square, we sliall also find 
X* — = □ ; but although t and u arc numliers less than 

X and y, we cannot conclude that it is impossible for a*—2y^ 
to become a square, from our arriving at a similar funnula 
in smaller numbers; ^nce sr* — 2y' may become a st^uarc, 
witlwut our being brought to the formula t* — Hi/*, as, will 
be seen by considering the second case. 

2. For this jiurpose, let p = 25* — r', and q = 2rs. Here, 

indeed, as before, we shall have x = r* 4- 2?*; but then we 
shall find «” = 2pq = 4r5(2jr* — r*): and if we suppose 
r = t*, and s — we obtain = 4^ m’(2m* — t*) ; con¬ 
sequently, y = 2/« —/*), and jt = 2u^, by which 

means it is evident tliat our formula jc^ -> 2t/* may ms<j be¬ 
come a square, when the formula 2a* — f* Ixcomes a square. 
Now, this is evidently the case, when < = 1, and u = 1 ; 
and we from that obtiuu j: = 3, y = 2, and, lastly, 

or* - 2y* = 81 — (2 X 16) = 49. 

3 . IVe have al.so seen. Art. 1*10, that 2 m'* — t* becomes a 
s<]uare, hen i/ = 18, and / -1; since then v '(2 m* — /*) ^ 219. 
If we substitute these values instead of / and m, we find a 
new case for our formula; namely, a:~ 1 +2 X 13*=57123, 
and y = 2 X 13 x 239 = 6214. 

4. Farther, since we have found values of x and y, wc 
may substitute them for t and « in the foregoing fonnulm, 
and shall obtain by these means new values of x and y. 

Now, we have just found x = 3, and y = 2; let us, 
therefore, in the formulae, (No. 1.) make il = 3, and m = 2; 
so tba» y/{t* 2m*) = 7, and we sliall have the foUowing 

new valuer; a? = 81 -4- (2 x 16) = 113, andy = 2 x 3 x 
2x7 = 84; so that ar* = 127.69, and ar* = 163047361. 
Fo^er, y* = 7056, and y* = 49787136; therefore 

— 2y* = 66473089: the square root of which number is 
7967, Mid it agrees perfectly with the fonnula which was 
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adopted at first, fm — ; ibr sinice t ^ Sf and us we 

have r = 9y and s =s 4; whereforep = 81 — 32 = 49, and 
9 3 s 72; whence = 2401 — 10368 = — 7967. 


CHAP. XIV. 


Solution of some Questions tTuxt belong to this part 

Algebra. 


212. Wc have hitherto explained such artifices as occur 
in this part of Algebra, and such as are necessary for re¬ 
solving any question belonging to it: it remains to make 
them still more clear, by adding here some of those questions 
with their solutions. 

213. Question 1. To find such a number, that if we add 
unity to it, or subtract unity from it, we may obtain in both 
cases a square numl)cr. 

lajt the numl>er sought be x ; then Ixjth a: 4 - 1 , and a* — 1 
must be sciuares. Let us sup|)use for the first case a* +1 = jf-y 
w’e shall nave .r = p* — 1 , and x — 1 ~ — % which 

must likewise be a square. Let its rt>ot, therefore, be re¬ 
presented by p — q\ and we shall have //* — 2 — p- — 


i 


consequently, p — 


7 - +2 
2q * 


Hence we obtain 


7* 4 4.. 

^ zz which we may give q any value whatever, 

47 * 

even a fractional one. 


7" 7*^ I 

If we therefore make q = —, so that x=i —. - . , , we shall 

^ 8 4r‘jf* 


have the following values for some small numbers: 


Ifr = 1 , 

2 , 

1 , 

3, 

4, 

and a = 1 , 

1 , 

2 , 

1 , 

L 

we have x = 

s 

6 $ 
T'«'» 

B S 

TS> 

6 5 


214. Question 2. To find such a number x, that if we 
add to it any two numbers, for example, 4 and 7, we obtain 
in both cases a square. 

According to this enunciation, tlie two formulae, x 4 4 
and X 4 7 , must become squares. Let us therefore suppose 
the first X 4 4 = p% which ^ves us x = p* 4, and the 
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aeeond trill beoome or T» 4 * 8 ; and, at tlna kst 
foroiula must also be a square, let its root be r ep r esen ted hy 
/> + y, and we shall have j?® -f" S = />* +. 2 jpy 4 - g*; whence 

we obtain p = oonscquentlj, x = ^. ; 

and if we also take a fraction — for q. we find 

a * 

9s*-22rV-|-r* 


X = 


« “> which we. may substitute for r and 

a any integer numbc»s whatever. 

If we make r = 1 , and a = 1 , we find x = - 3; there¬ 
fore X 4 - 4 = 1, and x + 7 = 4. 

If X were required to be a poritive number, we might 
make a = S, and r = 1 ; we should then have x = ’ ^ 


whence x 4- 4 = 


^ vw Diiwuaaa uavaa CMawv ^ 

*-,V» «*>d X 4- 7 = ^V• 

If we make a = 3, and r = 1, we have x ; whence 
X 4 4 = *1^% and X 4 7 = 

In order that the last term of the formula, which ex¬ 
presses X, may exceed the middle term, let us make r = 5, 
and a= 1, and we shall have x= ; consequently, x-f 4=s , 
and X -f- 7 — W* 

21.5. Qfieftion 3. Required such a fractional value of x, 
that if added to 1, or subtracted from 1, it may give in both 
cases a square. 

Since the two formula? 1 4- a**d 1 — x, must become 
s(|uarcs, let us suppose the first 1 4* nnd we shall 

have X = p* 1; mso, the second formula will then be 
1 — X = 2 — p®. As this last formula must liecome a 
square, and neither the first nor the last term is a square, 
we must endeavour to find a case, in which the formula does 
become a □, and we soon perceive one, namely, when p =1. 
If we therefore make p = 1 — so that x ^ — kq, we 

have 2 — p* = l 42^ — 9*; a^ supposing its root to be 
1 — qr, we shall have l*4-2y — ^’asl — 2qr + q*r* ; to 


that 2 


2r 42 

g - _ «r 4 qr \and g ; 


whence resulta 


4r—4r* 


X = 


; and rince r u a fraction, if we make r = —, 

u 


we 


(r®4iy' 

. 4fM*—4/^tt 4ftu(u' — t ) , 

*aU have X = =-( ^. wherert. 


IS evi¬ 


dent that u must be greater than i* 

Let therefore u =s 2, and t and we shall find x ss * 4 . 



riiAP* XIV. 


OF ALGEBEA. 


415 


Letti = Sf.andi = S; we sball then have ss and 
the formulae 1 -|- ^ = and 1 — jt = will both be 
aquarea. 

216. Question 4. Tohnd such numbers x, that whether 
they be added to 10 , or subtracted from 10 , the sum and 
the difference may be 8 <]^uares. 

It is required therefore, to transform into squares the 
formulae 10 + Jr, and 10 — ar, which mi^ht be done by the 
method that has just been employed; but let us explain 
another mode of proceeding. It will be immediately per¬ 
ceived, that the pr^uct of these two formulae, or 100 — x% 
must likewise become a square. Now, its first term b^ng 
already a square, we maj’ suppose its root to be 10 — px, 
by which means we shall have 100 —.r* = 100 — 2 C^x-|-p*x^; 

therefore p’x -f- x = 20 p, and x = ; now, from this it 

is only the prfxluct of the two formulae which becomes a 
Mpiare, and not each of them separately. But provided one 
becomes a Mjuare, the other will necessarily be also a square. 


Now 10 + r 


_ lOp’ -f- gOp -f 10 10(pg -f 2p + 1) 


i 1 


p«4-l 


and 


since p* -f- * 4 “ ^ ** already a square, the whole is reduced 

10 


to making the fraction . j, or 


10 p‘ - 4 - 10 

(yZ-p ja > ^ square also. 

For this purjiose vve have only to make lOp- 10 a square, 
and here it is necessiiry<.to find a case in which that takes 

f ilacc. It will lie iwrceived that p z= 3 is such a case; 
or which reason we shall make p =. S and shall have 
100 CiOy + 10^^ Let the nxit of this be 10 -J- qt, and 
we shall have the final equation, 

100 + 60y 4- lOr/ = 100-1- QOqt -j- q^P^ 
which gives q = by which means we shall deter- 

_ - 20p 

mine p =: 3 + and x = 

Let ^ = 3, we shall then find 7 = 0, andp = 3; there¬ 
fore X = 6 , and our formulae 10 -f- x = 16, and 10— x =4. 

But if / = 1 , we have 7 rr — andp = — y, so that 
X = — V now it is of no consequence if w’c uso make 
X =-1- Vr”; therefore 10 -f- x =: and 10 — x = -fl* 

which quantities are both squares. 

217. Remark. If we wished to generalise this question. 
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dcBMinding sadi iminbeni, x, for may number, diat 
Mth a -f X, and a —* x may be squares, the solution would 
frequently become imposnlile; namely, in all cases in which 
a was not the sum of two squares. !Now, we have already 
seen, that, between 1 and 50, there are mily the following 
numbers that arc the sums of two squares, or tliat are con* 
Coined in the foimula or* -f- «/*: 

1, », 4, 5, 8, 9, 10, 13, 16, 17, 18, 20, 25, 26, 29, 82, 
84, 36, 37, 40, 41, 45, 49, 50. 

So that the other numbers, comprised between 1 and 50, 
which are, 

3, 6, 7, 11, 12, 14, 15, 19, 21, 22, 23, 24, 27, 28, 30, 
31, 33, 35, 38, 39, 42, 43, 44, 46, 47, 48, cannot he re¬ 
solved into two squares; conscc|uently, whenever a is one of 
these last numbers, the question will lie impossible; which 
may be thus demonstrated : i.et o -f- a* = and a — .r =r- y', 
then the addition of the two ft>rnndn* will give 2o = p* 4 y*; 
therefore iia must lie the sum of two stjiiares. Now, li' ilti 
be such a sum, a will be so likewise • ; consenuently, when 
a is not the sum of two s(|uares, it will always W iin]K>*tAibie 
for o H- X, and a — x, to l>c each stpiares at the san»e time. 

218. As 3 is not the sum of two stjJi.vres, it follows, 
from what has lx?cn said, that, if a ^ 3, the (piestion is iin- 
posuble. It might, however, be objected, that there an', 
perhaps, two fractional stpiares wlmsc sum is 3; but we 

«■* r* 

answer that this also is imp>ssible: for if^^- -f- = 3, and 

we were to multiply by y'jr*, we should have 
So*#* 4" 7*^* ^ the sec«wd side of this equation, 

which is the sum of two squares, would Ik; divisible by 3 ; 
but we have already seen (Art. 170) that the sum t)f tw'o 
squares, that are pnme to each other, can have no divisors, 
except numbers, which are themselves sums of two squares. 

Tne numbers 9 and 45, it is true, are divisible by 3, but 
they are also divisible by 9, and even each of the two 
squares that compose both the one and the other, is divisible 
by 9, smee 9 ” 3* +0*, and 45 = 6* -j- 3* ; wliich is 
therefore a different case, and docs not enter into con> 
sideratkm here. We .may rest assumi, therefore, of this 
coocluioon; tliot if a number, ar, be not the sum of tw'o 
squares in integer numbers, it will not bo so in fractions. 

* For, let JE* + y* SS5 2fl j and put x = r + d, and y — «—; 
then *^*=2**+2d*: that is, 

or#*4*d*sia. B. 
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On the contrary, when the number a is the sum o£ two 
squares in finctional numbers, it is also the sum of two 
squares in intec^ numbers an infinite number of ways: 
and this we dbali illustrate. 

S19* OueHion 5, To resolve, in as many ways as we 
please, a number, which is the sum of two squares, into 
another, that shall also be the sura of two squares. 

Let ^ be the given numbor, and let two otheF 
squares, ** and y*, be required, whose sum t“®y he 

equal to the number^* -f- Here it is evident, that if a? 
is either greater or less than ^ y, on the other hand, inu^ 
be either less or greater than ff: if, therefore, we make 
^ =y* + pZf and f/ = qz, vre shall have 

=/« + g* 

where the two terras y* and g* tare destroyed; afler which 
there remain only terms divisible by z. So that we shall 
have 2/p + p*z — 2ffq + q^z = 0, or p*z + q'Z = 2ffq — ; 


therefore z — 


^-^fP 


whence we get the following values 


for X and y, namely, x = 


_ ^fpq-^ffip"- q') 


; in which we may sul^titute all pos- 


^ pH?’ 

sible numbers for p and q. 

If 2, for example, I)e the numl>er proposed, so that 
y' = 1, and g- = 1, we shall have x^ =^2\ and because 

2/7y + o*-p^ 2pq-^p*—^ T c o 

.r = —, and ?y =: if we make® = 2, 

p* f y P + ? 


and y = 1, we shall find a: = 4» ®nd y zz 

220. Quextum C. If a be the sum of two squares, to 
find such a number, a:, that a + x, and o —• x, may become 


squares. 

Let o = 13 r= 9 + 4, and let us make 13 + x = p®, 
and 13 — X =: q\ Then we shall first have, by addition, 
26 n p* + y®; and, Iw subtraction, 2x = p® — ; con- 

* sequently, the values ofp and q must be such, that p® -f- ^ 
may become equal to the number 26, which is also die sum 
of two squares, namely, of 26 + 1. Now, nnce die ques¬ 
tion in reality is to resolve 26 into two squares, the greater 
of which may be expressed by y*, and the less by y*, we 
shall immediately have p = 5, and y = 1; so that x == 12. 
But w'c may resolve the number 26 into two squares in an 
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infinite number of other ways: fur, since sc 5, and <7 = 1 « 
if we write t and n, instead of p and 9 , and p and instead 
of X and formula? ol* the foregtnng example, 

we shall dud 



-jqis;-« and , = 


lO/tZ-ff*—M* 


Here wc may now substitute any numbers for t anil m, and 
by tiiose means determine p and and, eonseipicnlly, also 

the value of ar = 75 —. 


For example, let if = 2, and n = 1 ; we shall then have 
p = y, and q = ; wherefore p' — q'‘ = ‘•^7, atul 

_ » o ♦ 

** — i T • . 

Si21, But, in order to resolve this question generally, let 
o =r + if®, and put z for the imknown quantity ; that is 
to say, the formula;, a +s, and « -z, must lu'ccme squares. 

lA;t us therefore make o -f c = a'-, and a — z ^ //-. and 
we shall thus have first 2a = 2(c- ■+ if-) = .r- then 

2r = j*”* — fp. Therefore the st|uares .r- and r/- must he 
such, that .r* + y*’ = 2(c' -f i/-); where 2{f*' -4- d ) is really 
the sum of twostjuares, namely, (r d)- (r — i/)’; aiul, 
in order to abbreviate, let us stipfx)se c ^ d = atul 
e —1/=^; then we must have x- -f y* =/’*4- ; ami this 

will hap{)en, according to what has lieeii already said, « hen 


p'^, ?• ’ /'H r 

from which we obtain a very easy solution, by making 

Ofr 

p IT 1, and ^ ~ 1 ; for wc find x zz 7 / = -tr zz r — d, and 


^ zz fzz e 4- d; consequently, r: =: 2ed; and it is evident 
that a -4- r =: c* 4- 2et/ -f- r:: (r 4- d)-, and 


a — z zz c' — 2r<7 -f d- = (r — d) '. 

Let us attempt another solution, by making p — 2, and 

c-ld . 7r 4 if 

5 ’ t 


= 1 ; we shall then have r =: —■=—, and ^ = 


where c and d, as w'ell as x and y, may he taken vdnuft^ 
because wc have only to consider their squares. Now, since 
- a* must be greater than //, let us make if negative, and we 


shall have x 


r -4- 7d 


f: 


, and y 


7c ^d 


hence 
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X = 


24J'4-14crf--24c« 
25 


and this value being added td 


^ . j* c^+14crf+49d® , • I 

o = c* + <r, gives--, the square root of which 


IS 


c + 7d 


5 


If we then subtract z from «x, there remmns 


40 c'—^ 7 c - d , , 

-27^-, which IS the square of —=— ; the former 

of these two square roots being and the latter y. 

222 . Question 7 . Require such a number, a-, that 
whether we add unity to itself, or to its square, the result 
may be a square. 

It is here required to transform the two formulae ar + 1 , 
and x* -f 1 , into squares. Let us therefore suppose the 
first j: + 1 = /^'; and, because x = •— 1 , the second, 

.r* + 1 = p* — 2p^ -r 2, must be a square : which last 
formula is of sucli a nature as nut to admit of a solution, 
unless wc already know a satisfactory case; but such a case 
readily ot!curs, namely, that of prrl: therefore let jo = l-|-9, 
and wc shall have = 1 Aq- + 4 ^-’ + q*, which may 

become a square in several ways. 

1 . If wc supjKise its root to lie 1 -f" <7*5 "'c shall have 

1 f 4 y’ 4(7^ = 1 p 2^-+ q*; so that 4 q + 4 fq'‘ = ^, 

or 4 + 49 = 2 , and 9 = — ^ ; therefore p = ^5 and 
.r = — 3 . 

2 . Let the ro<u be 1 — 9'. and >ve shall find 
1 4- 49- 4- 9' -p 9* = 1 —29- { 9*; consequently 9 = — 4, 
ami /' = — which gives x = — 1, before. 

.‘I. If we represent the root by 1 -f- 29 + 9*, in order to 
destroy the first, and the last two terms, we have 

1 -f- 49- * 4 - 49^ 4- 9* = 1 4- 49 4- 69® 4- 49' 4. 9*, 
whence wc get 9 = — 2, and p = — 1 ; and therefore 
.1 = 0. 

■ 1 . We may also adopt 1 — 2 q — 9" for the root, and 
in this case shall have 

p 14- 4 q' 4- 49'* 4 9‘ =s 1 — 49 + 29® + 49^ + y*; 

but we find, os before, 9 == — 2. 

5. We may, if we choose, destroy the first two terms, 
by making the root equal to 1 4- 29*; for we shall then 
have 1 + 49* 4- 49 * + 9^ = 1 4- 49- 4- 49*; also, 9 = 
and » = ^; consequently, j = V ? lastly, a:+l =(f)% 
and o"- 4 1 = = (V)‘* 
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A greater number of values will be found for qf bv 
maJdng use of those which we have already detemiinecl. 
Thus, having found ^ : let now ^ ^ + r, and 

we shall have z= {. 4 . r; also, = 4 + r + r*, and 
p* = -j'y -r \r H- Jr® + + r *; whence the expression 

p* — + 2 = - (r — 4r® H- 2r* + r*, 

to which our formula, ar® + l,"is rcthiced, must Ik* a sciuare, 
and it must also be so when multiplied by 1 b; in M’hich case*, 
we have 2S — 24r — 8r® -|- -f" 1w* to be a square. 

For whicli reason, let us now represent 
1 . The itKrt by 5 4-J^ dt 4rr*; so that 

25 — 24r - 8 r» -f 82r* -J- 16r* = 

25 4- IQ^r ± 40r* -fyv® ± ^ 4 - Ibr*. 

The first and the last terms destroy each other; and we may 
destroy the second also, if we make = — 24, and, c*)n- 
sccjuently, y = — V * dividing tlie remaining terms 

by r®, we have — 8 4 * 32;* = Jt *h) -f-y* i: and, od- 


48 4-/’* . 

mitting the upper sign, wc find r = Now, lx*- 

causey=s— 'j, we have r J* ; therefore p = [*, and 
r = ; so that a* d- 1 =(; !;)% and .t’* 4- 1 = . 

2 . If we adopt the lower sign, we ha\e 

- 8 + 32r = - K) d-y- - lyr, 
y» - 32 , . ^ 

whence r = 53——^ ; and since / = — mv have 

d* 

r — — i therefore p = J', which lends to the precetling 
equation. 

3 . Let 4 r® d“ 4 r + 5 be the rcxrt; so that 

I6r* + - 8r® - 24r d* 25 = 

16r* 4" 32^* + dOr* d- IGr' + 40r 4* 25: 
and as on both sides the first two terms and the lust destroy 
each other, we shall have 


— 8r — 24 = ± 40r 4 - I6r ± 40, or 

- 24 r — 24 = ± 40 r ± 40 . 

Here, if wc admit the upper sign, we shall have 

— 24 r — 24 40 r 4 * 40 , or 0 = C 4 r 4 - 64 , or 

0 = r d- 1, that is r = — 1, and p = — {; but this is a 
case already known to us, and we snonld not have found a 
different one by making use of the other sign. 

4 . Let now the root be 5 -j^yr and let us deter¬ 

mine y and ff so, that the first three terms may vanish; 
then, since 
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25 - 24r - 8?^ + -{r 18r* = 

25 + + IQ^V + lOffr* + 

wc shall first liavc ICfzz: —24, so that y*=— *i?; then 


lOg* = - 8, or^r = 


-8 -172 

10 ■” 250” 125* 


When, therefore, we have substituted and divided the re- 
moining terms by r-^, wc shall have 

2^ — 82 

32 + 16r = 24 .and r = . 

Now, the numerator 2/^ ~ 82 becomes here 
+ 24 X 172-32x025_ -32 x 496_ -16x32x31 

^Xl25 “ 625 ” 625 ’ 

the denominator 


16=(4--g) X (4 + g) = 4 M 


8 X 32 X 41 X 21 
25 x 625 


so that r = — V^i''; and hence wc conclude that/J= — 

!>y means of which we obtain a new value of x = p* — 1 . 

223. Qju'Ation 8 . To find a numlxir, j:, which, added to 
each of tlie given numlx;rs, a, 5, c, produces a s<]uare. 

Since liere the three formulae j* + n, x 4- 5, and .r 4- r, 
must Ik? squares, let us make the first x a = z^, and we 
shall have x =z — «, and the two other formula* will be 
change*! into \- h — */, and -f- c — a. 

It is now rc<]uired f4)r each of these to be a square; but 
this does not admit of a general solution: the problem i^ 
frequently impossible, and its possibility entirely depends on 
the nature of the numlx'rs b — a, and c — a. For example, 
if — a = 1, and c — *1 = — 1, that is to say, if 5 = a 4 - 1 , 
and c =: a — 1, it would be required to make z' -f-1, and 
_ I sfjuares, and, consci|Ucnily, that z should be a frac- 


P 

tion; so that wc should make s = and it would be ne¬ 
cessary that the two formulae p* 4- and p'* — should 
l)c squares, and, consequently, that their product also, 
p* — should be a square. Now, we have mready shewn 
(Art. 202) that this is impossible. 

Were we to make 6 — « = 2, and c — a = —2, that is, 


5 = a 4* 2, and c =* a — 2; and also, if z 


—, we should 
9 


have the two formulae, p*4-2^, and p* — 2^, to transform 
into squares; consequently, it would also he necessary for 
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their pnxluct, p* — 4^*, to become a square; but this wc 
have likewise slicwn to be impossible. (Art. ^)9.) 


In general, let b — a ^ w, c a = «, and a =:-^ ; then 

the formula; p- -f* and p* + nq*^ must become squares ; 
but we have seen that this is impos»ble, both when m= -r-l, 
and n = — 1 , and when m = + 2 , and « = — 2 . 

It is also impossible, when m and « = \ for, 

in that case, we should have two formula;, who.>e pixxluct 
would l)e = p*—that is to say, the difference of two 
biquadrates; and we know that such a difference 'ran never 
berome a square. 

Likewise, when m = 2/"*, and n zz — ^f\ "e have the 
two formula* p* + and p’' — which cannot 

both become squares, Ixxrause their prmluct p* — \f*9* must 
become a square. jS'ow, if we inake/^ = r, this product is 
changed into p* — 4r‘, a fonnula, the im|M)ssibility of which 
has IxM^n ahvady demunatrated. 

If wc sup|}ose m = 1, and 7 i = 2, so that it is rec|ulred it) 
reduce to squares the formula* p' 4 - y', and p’ -f" ^ 7 % 
shall make 9‘ — ami p' -r 2 ^* == a' ; the first 

equation will give p" ~ r" 9\ ‘nid the second will give, 
r* 4 q‘ = a*; and therefore both #• ' — q\ and i ' 4 </', 
must be sejuares: but the iinpossibility of this is proved, 
since the product of these Ibrinulae, or r* — cannot be¬ 
come a square. 

These examples are sufficient to shew, that it is not ea^y 
to choose such luinibcrs for m and n as will render the solu¬ 
tion possible. The only means of finding such \ulucs of m 
and n, is to imagine them, or to detemiinc them the fol¬ 
lowing methckl. 

Let us make J ’ 4- zz h \ and J'' -4 7;g‘ = A. " ; then 


h" — f‘ 

w'e have, by the former equation, w =-\—, and, by tlie 


k*—f' 

latter, n =-; this being done, wc have only to take 

fbr^ hf and k, any numbers at pleasure, and we shall 
have values of m and n that will render the solution possible. 

For example, let /* = 3, A: = 5,^*= 1, and g =: 2, we 
shall have in = 2, and n = 6i and we now be certain 
that it is possible to reduce the fonnule p'* + and 
p»-f.6y» to squares, since it takes place when p = 1, 
and q But tlie former formula generally beeves a 

square, ifp = r- — and q = 2ra; for then p* + = 
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(r* + The latter formula also becomes p* 4- (yq- = 

r* + 20 /* + 4#*; and we know a case in which it becomes 

a s(]iiare, namely, when == 1, and q =’2, which gives 
r z= 1 , and a = 1; or, generally, r z= g* ao that the formula 
is 25y. Knowing this case, therefore, let us make r=s-i-t; 
and we shall then have r* = s* + + <’, or r'*' = a* -|- 

-f* -+■ so that our formula will become 

25.»* + ■ and, supposing its hx>t 

to Ijc 4* '*'6 shall make it equal to Inc s(]uarc 

255* -f -f + 2^^ 4 /*, by which 

means the first and last terms will be destroyed. I^ct us 
likewise make ^'= 4, or /* = 2, in order to remove the last 
terms but one, and we shall obtain the equation 
445 4 2Gf ^* IQ/5 + lOf 4 J‘H = 205 + 14f, or 2«= - t, 

and r = — 1; tliercfore 5 = — 1, and f = 2, or f rr — 25; 

V 

and, consc<]iicntly, r = — Sj also r* = 5®, which is nothing 
more than the case already known. 

Ix.'t Us ratI)tT, lliorefore, determine/* in such a manner, 
that the secemd terms may vaiiisli. We must make 10/':= l-i, 
or /= ; and l!)en dividing the other terms by 5/-, wo 

shall have 2654/ = 10s 4-y*'*5 4 2/1, that is, ■— ?^5 = ^ 

T 

which gives /=—./ 5 , and r=54#= or—=-/,;sothat 

s 

r — 3, aiul s = 10; by which means we find p=2s^ — r*= 191, 
anil q — 2/*5 = 60, and our formulm will be 

4 . ilq- - 43681 == (209)^ and 
f 6 y" == 58081 = (241)*. 

224. Ri tnark. In the same manner, other numlx^rs may 
Ik* found for vi and tliat will make our formuhv stpiares ; 
and it is pra|K:r to observe, that the ratio of m to n is 
arbitrary. 

1 A't this ratio lx* as </ to b, and let m = a=, and /t = hz ; 
it will Ik* required to know how z is to l>e determined, in 
order that the two I'ormulm ;/* 4 azq\ and p* 4 b:zq-, may 
he transformed into sciuarcs : the method of doing which we 
shall explain in the solution of* the following pnjbicm. 

225. Question 9. Two numl/crs, a and 5, l>eing given, to 
find the number z such, tliat the tw'o formulae, 4 n*?*, 
and p* 4 - bzq*^ may become squares; and, at the same time, 
to determine the least possible values of p and y. 

Here, if we make p® 4“ = r*, and p® bz^ = 5*, 

and multiply the first equation by a, and the .second by 5, 
llic difference of the two proilucts will furnish the c<)uation 
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(4—i>)p*=6r* and, coosequandy, ■ ; which 

formula must be a square: now, this happens when r =: a. 
l 4 tt us, therefore, in order to remove the fractions, suppose 
r = r + (4 — a)if and we shall have 

4r*—or* 4#*4*lf4(4—4(4— 


(4—o)#'4-24( 4—o)#<+4(4—o)*^® 


h — n 

s' + 24^/ 4- 4(4 — a)f^, 

us now make p ^ s + — /, and we shall have 

V 

p* = a* + —at + ^ t® =z a* 4- 24at + 4(4 — a)t®, 

<y 

in which the terms a® destroy each other; so tliat the other 
terms be'mg divided by t, and multiplied by ?/, fttve 
4- <jr* = 26ay® 4- 4(4 — a)ty*; whence 

— — 2a4^® . t 9jry — 2by^ 

^ “ 4(4 — a)i/* —X*’ a 4(4 — a)y' — x*’ 

So ihatt = 2jy — 2%*, and s =z b{lt — a)y' — x’; farther, 
r = 2(4 — a)xy — 4(4 — o)y* — x®; and, consecpientiy. 


p =s a 4- —t =s 4(4 —o)^* 4- J?* — 24ay = (x — l^Y^~-aby', 


Having therefore found p, r, and a, it remains to determine 
z\ and, lor this purpose, let us subtract the first equation, 
p® 4- azq^ = r*, from tlie second, p® 4" = ■s* J the re¬ 
mainder will be z^{b — fl) = a® — r* = (a 4“ '■)• 


Now, a 4- r = 2(4 — o)3y — 2x®, and 

s — r =■ Stb{b — a)y* — 2(4 — o^xy^ or 
a 4- r = 2x((4 —a)[y — x), and 
s — r = 2(4 — a) X {by — x)y ; so that 
(6 — a)ztf = 2x( (4 — — x) X ^4 — a) x (4y — x]^, or 

= 2x( (4 — a)y — x) x {by — x)2v, or 
4ay( (4 — - x) X (^ — x) ; 


consequently, a 


4ay( (4 — o)y - x) X (4y - x) 


We must therefore take the gveatest square for q*, that 
win divide the numerator; but let us observe, that we have 
already found p=4(^—o)^+x®—24xy=:(x—aiy*; 
and therefore we may simpufy, by making x v 4- or 
X ~~ by zz V i for tlien p = u* —* end 
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^ __ xr^/X _4ig<:i>4-fly) x (w+^) 

z ~ , • or z __ i . “““ 

By these means we may take any nuiilbers for v and y, and 
assuming for o* the greatest square contuned in the nu¬ 
merator, we snail easily determine the value of z; after 
which, we may return to the equations m = az, n s=: bz, 
and p = V* — and shall obtain the formulae required* 
1. p* 4- = (v* — aby^)^ + 4ar^(n -f ey) x (r + b^)t 

which is a square, whose root is r = — v’ — 2ar^ — aby^. 

2. The second formula becomes 


p* + bzq‘ = (n* — ahy^y + 4tbvy{v + ay) X (v + kid* 
w'hich is also a square, whose root is 8= — v' — fibvy — aby"*^ 
and the values both of r and a may be taken positive. 

It may be proper to analyse these results in some ex¬ 
amples. 

x26. Example 1. Let a = — 1 , and ^ = -|- 1 , and let us 
endeavour to seek such a number for 2 , that the two formulae 
p* — and p* 4 2 y*, may become squares; namely, the 
first r*, aud the second s*. 

We have therefore p = n® 4* ; and, in order to find 

wc have only to consider the formula 

4pi/(p —v) X + j , . • 1 

z = — - ---^; and, by giving diifercnt values to 

V and p, wc shall sec those that result for z. 



1 

2 

3 

4 

5 

6 1 


2 

3 

4 

5 

16 

8 

y 

1 

2 

1 

4 

9 

) 

-y 

1 

1 

3 

1 

7 

7 

4y 

3 

5 

5 

9 

25 

9 : 

29» 

4 x6 

4X30 

16x15 

9x16x5 

36 x 25x16 x7 

16 x9 X 14 

4 

y 

4 

4 

16 

9x16 

36x25x16 

16x91 

z 

6 

30 

15 

5 

7 

I4j 

P 

5 

13 

17 

41 

337 

651 


And by means of these values, we may resolve the following 
formulae, and make squares of them: 

1. We may transformdnto squares the formulae — 
and P*4- hq *; which is done by suppoangpnfi, and 9 = 2 ; 
for tne first becomes 25 — 24 =: 1, and the second 

25 4 . 24 = 49. 

2. Likewise, the two formula: p*—fiOy*, and p® 4 ^ 09 '; 
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namdy, by making /i = 13, and ^ = 2; for the first be. 
comes 160 — liiO = 49, and the setxrnd 169 + liM) = 280. 

3. Likevriae the two formulwp'' — IS^^and p* 4 - 15o* ; 
few if wc make p s= 17, and 9 ■= 4, we have, for the first, 
289 — ~40 = 40, and Ibr the second 289 -|- 240 = 529- 

4. The two forinulaD p'" — and p* 4- 5?% become 

likewise scares: namely, when }> ~ 41, and o r: 12; for 
then/;’ - = 1681 - 720 = 961 = 31*, and 

p' 4 - &q' = 1681 4 - 720 = 2401 = 49‘. 

5. The two formula:' p*- — T^r*, and /?* .f- 77 *, art' stiunres. 
if p = 337, and q = 120; for the first is then 

113569 - 100800 = 12769 = 113% and the setund U 
113569 4*100800 = 214369 = 463\ 

6. The formula; —14^% and p^ 4" I 47 -, Ijccome sc|uare.s 
in die case of /> = (>5, and 7 = 12; ibr then 

— lly* = 42i»5 _ 2018 2209 = 47-, and 

/>’ + 117 * = 4225 + 2016 = 6241 = 79*. 

227. Ejcample 2 . When the two numbers wi ami n are 
in the ratio of 1 to 2 ; that is to say, when <t -- 1 , and 
5 = 2, and therefore m — s, and n = 2j, ti» liiul such 
values for r, that the formula' p- 4- «7 and p- -f '.Izq'- may he 
transformed into scjuarcs. 

Here it would Ik* superfluous to make use of the j^'ueral 
formula: already given, since this example may lie im¬ 
mediately reduced to the preectling. In fact, ifp 4 zq' —- ; 
and p* 4 - 2 s 7 ‘ = we have, from the first ctjuathni, 
p* = r- — Z 7 - ; w hich lieing substituted in the second, gi\es 
r- 4 ^ zq" = /f*; so that the question only requires, that the 
two formuls, — ro®, and r* 4 - * 7 ^, may Ix'Cfime sejuares; 
and diis is evidently tnc ease of the preceding cNumple. We 
shall consequently have for 2 the following values: 6 , 30, 
15, 5 , 7, 14, &c. 

Wc may also make a similar transfonnaUon in a general 
manner. For, supposing that the two formula; /k + mq'j 
and p* + may oecome squares, let us make 4 -wi 7 - — r*, 
and p* 4 - nq^ = »•; the first equation gives p- ;= — 7nq ^; 

the second will become 

a* = r* — mq' + fi 7 ’, or r’ + (?»— m) 7 * = 1 ’: if, therefore, 
the first formula: are possible, these last r* — wi 7 *» 
r* 4 - (n — »n) 7 *, will be so likewise; and as m and n may be 
substituted for each other, the formulae r’ — ^ 7 % and 
r® 4 (m — «) 7 ®, wrill also be possible: on the contrary, if 
the first are impossible, the others will be so likewise. 

228. Kxample 3, Let m be to n as 1 to 3, or let « = 1, 
and 5 = 3, so that m = Zy and n = 3z, and let it be re¬ 
quired to transform into squares the formula* p® 4” * 7 % 

p‘ 4 - 327 *. 
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Since a =s and 6 = 3, the question will be possible in 
all the cases in which 2 y* = 4r^(t; + y) x (w + St/), and 
p SS. — Sy\ Let us therefore adopt the following values 
fur V and y : 


V 

y 

t’+y 

1 

1 

V 

4 

16 X 2 

3 

it 

h 

•J 

4 X f) X 20 

4 
1 

5 

4 X 4 X 3h 

1 

8 

9 

25 

4 X n X 2.4 X 4 X 2 

16 

9 

25 

4S 

4 X 9 X 16 X 25 X 43 

9* 

mmm 

4x0 

4x4 

4 X 4 X 9 X 25 

4 X 9 X 16 X 25 



30 

3.'. 

y 

4.1 


3 

13 

191 

IS 


Now, we have here iw'o cases for z := 2, which enables 
us to transform, in two ways, the formulae p* -}- 2 ^-, and 

-4- 

The first is, to make p =z 2, and g =: 4, and consequently 
also ^ = 1 , and ^ = 2 ; for we have then from the last 
p^ 2 ^’ = 9 » and p* 4 - = iio. 

The second is, to 8 upp>se /> = 191, and q — 60, hy wliich 
means we shall liave yi--|-2^’=:(205))-, and (^I'l)’* 

It is diflicult to determine whether w'e cannot also make 
•r = 1 ; whiclj would he the case, if ;ry' were a square : but, 
in ortler to determine the question, whether the two fbrmulie 
7'^+ 7'^ and p* -h 3q^, can l>ecome squares, the following 
prtxress is necessary. 

229. It is re<|uired to investigate, whethei we can trans¬ 
form into squares the formulae p* + q', and p"* -j- Sg'*, with 
the same values of p and q. Let us here suppt^p* +g®=:r% 
and p* -r 3g* = s', which leads to the investigation of the 
following circumstances. 

1. The numbers p and q may be considered as prime to 
each other; for if they had a common divisor, the two 
formulae would still continue squares, after dividing p and 
q l^ that divisor. 

2 . It is impossible for p to be on even number; for in 
that case q would be odd; and, consequently, the second 
formula would be a number of the class 4n -f- 3, which can¬ 
not become a square; wherefore p is necessarily odd, and p' 
is a number of the class 8 n + !• 

3. Since p therefore is odd, q must in the first formula 

not only be even, but divisible by 4, in order Uiat g* may 
become a number of the class 16ft, and that p* g* may l>e 
of the class 8 n -f“ L * . 

4. Farther, p cannot be divisible by 3; for in that case, 
p“ would be divisible by 9, and g' not; so that 3g“ would 
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only be divisible by 3, and not by 9 ; consequently, also, 
p* + ' could only be ditdsiblc by 3, and not by 9, and 

therefore could not be a square; so that p cannot di> 
viable by 8 , imd />• will be a number of the class ^ -f- 1 . 

5. Since p is not diviable by 8 , q roust lie so; for other¬ 
wise q' would be a number of the class 3 » 1 , and con-, 

sequently 4- y* a number of the class 3n 4 - 8 , which can¬ 
not be a square: therefore q must be diviable by 3 . 

6. Nckt is p diviable by 5 ; for if that were the case, q 
would not be so, and y* would l>e a number of the class 
5n -1“ 1, or 5n + 4; consequently, 3y* would lie of the class 
5n + 3, or 5n + 8 ; and as p’* 4 - 3y* would belong to the 
same classes, this formula therefore could not in that case 
beccane a square; consequently p must not be divisible by 
5, and p* must be a number of the class 5a 4 - 1 , or of the 
class 5n 4- 4. 

7 . But since p is not divisible by 5, let us sec whetlicr q is 
divisible by 5, or not; since if q were not divisible by 5, y* 
must be of the class 5w -f- or 5n -J- 3, as we have alrt'afly 
seen; and since ^ is of the class 5/i 4 - 1, or on 4 - 4, 
p* 4 * must be tne same; namely, 5» 4" l» or 5« -|- 4; and 
therefore, of one of the forms 5/i 4 - 3, or 5/i 4 - 2 . Let us 
consider these coses separately. 

If we suppose p* (f)5/i 4- 1 *, then we must have y‘ (f) 
5/» 4- 4, because otherwise p* 4- q'" could not lie a square*; 
but we should then have 4- 2 and p- 4* 3y"(F) 

5n 4- 8, which c^not be a scpuuo. 

In the second place, let p^ (p) 5n 4- 4; in this case wc 
must have y* (p) 5n 4- 1, in onler that p^ 4 - y^ may lie a 
square, and 8y^ (f) 5n 4- 3; therefore p- 4- 3y ‘ (f) 5/» 4 - 8, 
vrnich c:annot be a sejuare. It follows, therefore, that y- 
must be divisible by 5. 

8 . Now, q being divisible first by 4, then by 3, and 
in the thircT place by 5, it must be sucli a number as 
4 X 3 X 5fR, or y = GOm ; so that our formula! would bc- 
cxmie p* 4- 3600w»* = r% and p’ -f-1080(>«»* = s *: this be¬ 
ing established, the first, subtracted from the second, will 
give 7800s#* = .»* •— r® = (# 4- r) x (# — r); so Uiat # 4- r 
and s r must be factors of 7800m*, and at the same time 

* In the fonner editions of this work, the sign =s is used to 
express the words, ** of the Jbrtn** This was adopted in order 
to save the repetition of these words j but as it may occasionally 
produce ambiguiu^ or confusion, it was thougKt proper to sub¬ 
stitute (p) instcadof as, which is to be read tlius: p* (r) 5« 4* L 
of the form 5a + 1. 
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it should be observed, that s and r must be odd numbers, 
and also prime to each other*. 

0. Farther, let 7200®^ = ^ fectors be i^and 

supposing « 4 - r = ^ and # — r = SJgv wc shall have 
« =y*-f- and r =y— J’ and gy also, must be prime 
to each other, and the one must lie odd and the other even. 
Now, v&fg s= ISOOtw®, we may resolve 180()m* into two fac¬ 
tors, the one being even and the other odd, and having at 
the some time no common divisor. 

10 . It is to be farther remarked, that since 

and since r is a divisor of p* + r zzj' — g'must likewise 
be the sum of two squares (Art. 170); and as this number 
is odd, it must be contained in the formula 4i} + 1 . 

11. If we now begin witli supposing ® = 1, we shall have 
fg = 1800 — 8 X 9 X 25, anu hence the following results: 
>■= 18(X), and ^ = 1, or f= 200, and g =9, or f= 72, 

and g = 25, orj'sz 225, and g ^ 8. 



r=f^g= 1799(F)4n +3; 
r g = 191(F)4it 4- 3; 

r =J'— g = 47(F)4n + 3; 

r — g — 217(f)4» + 1 ; 


So that the first three must he excluded, and there remains 
only the fourth : from which w’c nm}' conclude generally, 
that the greater factor must be odd, and the less even; but 
even the value, r = 217, cannot be admitted here, because 
that number is divisible by 7, which is not the sum of two 
stjuares'f'. 

12. If m = 2, wc shall have=: 7200 = 32 x 225; for 
which reason wc shall make f ~ 225, and g rz 32, so that 
I* — g = 193 ; and this number being the sum of two 
stjuares, it will be worth while to try it. Now, as q = 120 , 
and r =: 193, and p® = r* — = (r + 9 ) X (r — wc 

shall have r 4 ^ = 313, and r — y = 73; but since the.se 
factors arc not squares, it is evident that p* does not become 
a square. In the same manner, it would be in vain to sub¬ 
stitute any other numliers for m, as wc shall now shew. 

230. Theorem. It is impossible for the two formulm 
p'-* + 9 ®, and p‘ + to be both squares at the same time; 
80 that in the cases where one of them is a square, it is cer¬ 
tain that the other is not. 


* Because p is odd and q is even; therefore p* + y* = r®, and 
p® 4 - 39 ® = must be both odd. B. 

“f Because the sum of tw'o squares, prime to each other, can 
only be divided by numbers of thq,saine filfrni. B. 
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Dcmontiration, \Vc have leen that p is odd, and g 
even, because + q- cannot be a square^ except when 
q as 2rjr, and/> s= r* - ; aadp^ Sq^ cannot be a square, 

except when q =. ^Uu, and p ^ f — d«<% at p ss Qu*- — t\ 
Now, as in both cases g must be a double pitiduct, let us 
suppose for both, q =■ Sabed; and, for the first formula, let 
us make r = ofi, mid s sa ed; for the second, let t = nc, 
and II = bd. We shall have fiar the former p:=:a~b‘ 
and for the latter p = a*c* — Sifid*", or /? = 
and these two values must be equal; so that we have eitlier 
—c*d* =o*e* —3b‘d*y or ssSb^d- —a*c* ; 

and it will be.perceived that the numbers o, 6^, f, and d, are 
each less tlian p and q. We must however con-sider each 
case separately : the first gives. a*A* + 3A*dP = c-d* + o-e*, 

1 f 2 j 

or b*(a^ 4- 3d*) = c®(i»* 4 d*), whence ^ = -rToTi ^ 

r- a^-hod 

fraction that must be a square. 

Now, the numerator and denominator can here have no 
other common divisor than 2, because their difiertMicc is 
2d\ If, therefore, 2 were a common divisor, lioth 

a-4d- O'43d* i i t 

—5—, and —25—» nf'ust be a square; but the numlH'rs u 


and d are in this case both odd, so that their .s(|iKires hn\e 
tlie form 8 w 4 1 , and the fonnuln ^ — 5 -^ is contained in 


the expression 4fi -f- 2, and cannot Ik' a square; wherclort' 
2 cannot be a common divisor ; the numerator 0*4 d*, aiul 
the denominator o* Sd* arc therefore prime to each other, 
and each of them must of itself be a square. 

But these formula; are similar to the former, ami if the 
last were squares, similar formula', thougli coln|>«>^ed of the 
smallest numbers, would have also been sc}uarcs; so that we 
conclude, rccipro^ly, from our not having found squares in 
small numbers, that there are none in great. 

This conclusion however is not admissible, unless the 

second case, o®A* — r'd® = 36'<F — oV, furnishes a similar 

one. Now, this equation gives a''b^ 4 — 3A*d^ 4 c*d'^, 

or a*( 6 * 4 c®) = d^(Sbr -p c 2 ); and, consequently, 

a- c*+b' , , • r ' u,. I 

zr -: =- s 77 ; so that as this fraction ought to be a 

d= 3b*c* + 3b* . . 

squai*e, the foregoing conclusion is fully confirmed; for, if in 

great numbers tiiere were cases in which and 

were squares, sucl^cases must have also existed with regard 

to smaller numbers; but this is not the fact. 
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231. Question ID. To cletermiDe three numbers, x, jy, 
and Zf such, that multiplying them togetlier two and two, 
and adding 1 to the product, we may obtain a square each 
time; that is, to transform into squares the tliree following 
tbrmulm: 

ay + 1, XT + 1, andya + 1. 

I^et us suppose one of the last two, as a-.*: + 1 , = />-, 
and the other y~ + 1 »nd we shall have 

r = K. -^ and y = - —r- . The first formula is now trans- 


formed to 


(p»-l)x(g»-l) 


+ 1 ; which must consequently 


be a square, and will be no less so, if multiplied by r®; so 
that (/>- — 1 ) X {q’ — 1 ) + -N niust be a square, which it 
i -4 easy to form. For, let its root be •-f-r, and wc shall have 
(/»- — 1) X (y- — 1) = 2rz + and 
(p‘^—1) X (g’—D-r- . 

~ = - — -, in which any luimlwrs may be 

Mihslituted for y, and 7*. 

For example, if r = {pq F 1), we shall have 



-f 2pq O' 

PY' -r -9P + 1 , and s = ^ ,, ; wherefore 


(/»•—1) X (2;Y/-f 2) __ 2(;)y+l) x (p®- 1) 


P^-T^^pg-r<j 

{p^qY 


{p+qY 


, and 


But if wliole numbers be required, we must make the 
first formula xy 4 - 1 = and supj^iose 2 = 
then the second formula becomes 


a** 4“ "I" "f* 1 = 4“ P'y and the third will lie 

xy -f" 4“ q.V~\~ ^ = .y" + “T Now, these evidently 

become squares, if we make q i 2 /?; since in that case 
the second is :r’ + 2 y;,r -F p*, the root of which is x ± 77 , 
and the third is ly* ± Hpy + y?*, the root of which is y p. 
Wc have consequently this very elegant solution; ay +1 =p*, 
or xy = p* — 1 , which applies easily to any value of p \ 
and from this the third number also is found, in two ways, 
since wc have cither c = o' -F y -f- or s = x + ^ 

Let us illustrate these results bv some examples. 

1. Let p — 3, and w’c shall have j)' — 1 = 8 ; if we 
make x = 2, and y = 4, we shall have either 2 : = 12, or 
2 = 0; so that the three numbers .sought are 2, 4, and 12.. 
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% If jp s= 4, we diall have p^— 1 =15. Now, if x = 6 , 
and a= 3, we find s =s 16, or z = 0; whoefcwe die three 
numbers sought are 3, 5, and 16. 

3. If /> = 6 , we shall have — 1 = ji4; and if we 
farther make x =* 3, and^ = 8 , we find z = 21, or z = 1 ; 
whence the following numbers result; 1, 3, and 8 ; or 3, 8, 
and 21 . 

232. QursHon 11. Required three whole numbers x, 
and z, such, that if we acid a given number, n, to each pro* 
duct of these numliers, multiplied two and two, wc may 
oIhbu] a square eacih time. 

Here we must make squares of tlie three following fomiulm, 
zy 4 - o, X 5 + < 7 , and yz -f- a. 

Let us therefore suppose tlie first xy + a = p*, and make 
s=:x 4 -^*l* 9 ; then we sliall have, for the second formula, 
X* 4 - ay -h xg + o = x^ + -f />*; and, for the third, 
xy 4- y* -r yjf + « = - 4 - ; and tliese both lic- 

cxjine squares by making o = ± 2 />: so that z = .r-j-y ±: 2 p ; 
that is to say, we may find two different values for z. 

233. Question 12. RcxiuiFed four whole numbers, x, y, 
s, and r, such, that if we aad a given number, //, to the pro¬ 
ducts of these numbers, multiphcd two by two, each of tlie 
sums may be a square. 

Here, the six following formulae must become sejuares; 

1. ay -I- a, 2. ox -f- /?, 3- yz -f- 
4. XV -i* o, 5. yv -j- a, 6. zv -f- «• 


If we liegin by supposing tlie first xy -f-« = y', and 
take z = X y 4 - 2 p, the second and tliird formula? will 
become squares. If we farther suppose v — x -V y — 2 /;, 
the fourth and fifth formula; will likewise become sejuares; 
there remains therefore only the sixth formula, which will 
be x^ *}- 2 ay + y* — and which must also become 

a square. Now, as y* = ay -f- ci* this last formula becomes 
X — 2 jy + y* — 3 a; and, consequently, it is required to 
transform into squares the two following formulse: 

ay -|- a = p% and (x — yY — 3a. 

If the root of the last be (jc — y) — we shall have 

(x — y)® — 8a = (xy)* — 2q{jX — y ) + ^; so Uiat 


— 3a = - 2y(x — y) -|- and x - y = or 

a®-i-3a , „ . , • 

X = y 4. ; consequently, y®=y‘-|- ^^y + a. 

If y = y 4* r, we shall have 
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. 3fy + r* = 2-^^ + a, or 

4qfy + 9qr* = (y* + Sa)^ -f 2ag, or 
9qi* — 9.aq = (^r* + 3o§f — and 


___ ^qr'—%aq 
^ ~~ 4^r’ 


where q and r may have any values, provided r and y be¬ 
come whole numuers; for since p = y r, the numbers, 
z and V, will likewise be integers* The whole depends 
therefore chiefly on the nature of the number a, and it is 
true that the condition which requires integer numbers 
niiglit cause some diflicuhics; but it must be remarked, 
that the sohiUon is already much restricted on the other 
side, Ijccause we have given the letters, z and n, the values 
^ + jy i; 2/J, notwithstanding they might evidently have a 
great number of otlier values, 'liie foUow'ing observations, 
however, on liiis question, may be useful also in other 


eases. 


1. When xy ^ a must be a square, or xq = — j, the 

mimljcrs .r and y must always have the form r* — as' 
(Art. 176); if, therefore, we suppose 

X =1 b' — ac\ and y = d' — or*, 

wo find xy ~ {bd — ace)' — «( 6 r — cd)'. 

If he — cd = ±: 1, we shall have xy — {ltd — acc)' — or, 
and, consequently, xy 4- a = {Jtd — uce)'. 

2. If we farther suppose z = f' — and give such 
value* to 7 and g, that bg—cf-==. ±J., and also dg —+ 1 , 
the formulae xz -f- a, and yz -{• a, w'ill likewise become 
squares. So that the whole consists in giving such values 
to by c, d, and c, and also to^and gy that the property which 
we have supposed may take place. 

3. Let us represent these three couples of letters by the 

b d f 

fractiens —, and now, they ought to lie such, that 

the difference of any two of them may be expressed by a 
fraction, whose numerator is 1. For since 

b d be—dc ,. i u 

. ^ —-- this numerator, as has been seen, must 

c c ce 

be equal to + 1. Besides, one of these fractions is ar¬ 
bitrary; and it is easy to find another, in order that the 
given condition may take place. For example, let the first 
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b d 

sss I, the seccmd must be nesrly equal to it,j if, there- 

fore, we make ~ ve shall have the difference z = 

We may also determine this second fraction by means of the 

first, generally; for unoe * — ~ = we must have 

e 9Cr 

— 2 df = 1 , and, consequently, 2 d = 3e — 1 , and 
e~l r —1 

d ss e -f- —— So that making = m, or r = 2m -f- 1, 

we shall have d r= Sm + If and our second fraction will be 

d Smq -1 w , , - « 

— = same manner, we may determine the 

second fraction for any first whatever, as in tlic following 
Table of examples: 


5m + 1 7ro 8wi -f1 1 m + .S 1 -f-5 1 7w -f •*> 


3m+1 jSm-l-1 |.*5f«+2! 4»rf+l| Sfn+3| 7ni + ‘2 


4. When we have determined, in the manner required, 

Ad,. 

the two fractions, —, and —, it will be csasy to find a third 

C € 

idso analogous to these. Wc have only to suppose^*— A + d, 

> I a 

frywi ^ s. c -f- e, so that — = — \ for the two first pving 

f b \ 1 . 

— cd = + 1, we have ~ — — = - 7 =— ; and subtract- 
— ' ff c c* f ce 

ing likewise the second from the third, we shall have 

y* d be—cd ±:i 

g ^ ””c*+c«r cr+c*' 

5. After having determined in this manner the three 

b d f 

hwsAtSDBf —, and it will be easy to resolve our ques¬ 
tion for three numbers, ar, and a, by making the three 
Ihnnulo Ary 4 - 0 , aa + 0 , and yx + o, become squares:; 
lanoe we have only to make ar « A* — oc*, y == d® — o^, 
and a s=y^ ^ ag*. Foe. exam|di^ in the far^^otng Tables 
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let us take ~ and — = we shall then have 
f 

— = y ; whence a: = 25 — 9 g, ^ = 4^ — and 
S 

z =. 144 -> 49a; by which means we have 

1. 03 / + « = 1225 — 840a + 144a* = (85 - 12a)*; 

2. o-z + a = 3600 2520a + 441a‘ = (60 - 21a)*; 

3. 3/5 + o = 7056 - 4704a + 784a* = (84 - 28a)*. 

234. In order now to determine, according to our ques¬ 
tion, four letters, o:, z, and v, we must add a fourth 
fraction to the three preceding: therefore let the first three 

he ~ = 1®^ suppose the fourth frac¬ 


tion -r- = 


h 

k 


2d-hb 


so that it may have the given 


e -f ^ ~ 2 e + c* 
relation with the third and second; if after this we make 
O' = 5’ — ac*, ^ = d* — ae~y z — a^*» and v = h~ —aAr*, 

we sliall have already fulfilled the following conditions: 

-f- a = Lj , xz a zz Oy 7/z a zz D, 
yv -j-azrO, *j/- 4 -a=:D. 

It therefore only remains to make any + a become a square, 
which does not result from the preceding conditions, Ix^use 
the first fraction has not the necessary relation with the 
fourth. This obliges us to preserve the indeterminate 
number m in the three first fractions; by means of which, 
and by determining m, we shall liable also to transform 
the formula xv + a into a square. ^ 

6 . If we therefore take the first case from our small 

Table, and make ^ = 1 , and ~ ; we sliall have 

c e 2 m +1 


_/* _ 3m4-4 j ^ _ 6»»-|-5 

V “ 2»7rr3’ ~k ~ WH-’ 


whence a: = 9 *- 4a, and 


V — {6m + 5)' — a(4m + 4)*; 
so that XV +a = i 

^ I —9a(4m -f 4)* + 4a*(4m + 4)* 

or am + a - j _a(288m* + 528m + 244), 

which we can eonljr transform into a square, nnce m* will 
be found to be multiplied by a squmne; but on this we shidl 
not dwell. 

7. The fractions, which have been found to be neces- 

F F 2 
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iMury, may also be represented in a more general manner; 

we shall have 


far if — = A 

c 1 ’ e n 


— = «.d-^= ; .f ,n thu> laat fr«>. 

tion we suppose 2 « -f- ^ — w», it will become — ; con- 


m 


sequentlj, the first gives or = /9* — a, and the last furnishes 
V = {$in — ^)* — am^. The only question therefore is, 
to make am -f- ^ a square. Now, because 

V = (fl® — a)TO* — 4j3f» -f 4, we have 

XV ^ a 'zz (0* — — 4(fi‘ — a'^m + 4^* — 3a; and 

since thb must be a square, let us suppose its r(M>t to be 
(/S* — a)m — p; the square of which quantity l>ciiig 
(/3® — — 20* — a)mp f we shall have 

— 4{0r — a)0m + 40* — 3a — — 2(iS® — a)mp ; wherefore 

- If /< == as + 9 , wc slwll find 

{0*—a)x{2p — 40) * 

4flo+7* + 3a . ,. , , • 

“ ^ which wc may substitute any miin- 

bers w'hatever for 0 and q. 

For example, if a = 1, let us make ^ = 2: we shall then 
have ai z= — and making 7 = 1 , wc shall find 


fii = 


m 


m 4 ^; farther, m — 1 ; but without dwelling any 

longer on this que^tion^et us proceed to another. 

235. Question 12. Required three such numbers, x, 
and 2 , that the sums and differences of these numbers, taken 
two by two, may be ^uores. 

The question requiring us to transform the six following 
fiwmulae into squares, viz. 


x -f p, a- + 2 , y-4r -» 

X - p, X - z, y - z, 

let us b^ui with the last three, and suppose x » y = 

X ^ z = q\ and y 2 = r®; the last two will fumi^ 
x= 7 * 4 -z, andy=:r*+s; so tliat we shall have 7 ®=p*'Hhr*, 
because x — y -- q' — = p‘; hence, p‘ -f- r®, or tne sum 

of two squares, roust lie equal to a square q ‘; now, this hap¬ 
pens, wlien p = 2a5, and r — a* — a-, snee then 7 = 0 * + A*. 

>ut let us sull preserve the letters p, 7 , and r, and consider 
also die first three forroulw. We shall have. 
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X + y =z + r* 

2 . Ar + z = ^ + 22 ;; 

3. 4 . z = r* + 2z. 

Let the first 5 '’-f-r®+ 2 z, = <*, by which means 5 ^—r’; 

we must also have /* — r* = □, and <* — y* = a ; that is 
to say, — (a* — &*)• = □, and /• — (n* + 6 *)« = □ ; we 
shall have to consider the two formulas 
and /* — «♦ — &♦ — 2a*6®. Now, as both c® + d* + 2cd, 
and -b d^ — 2 ed, are squares, it is evident that we shall 
obtain what we want by comparing — n* — A*, with 
r‘ + d®, and 2a*^* with 2cd. With this view, let us suppose 
cd — tf =.J'*g^h*k'y and take c =/**^*,and d = A'A:*; 
rt"* and or o =y*A, and 6 s= the 

first cfj[uation V — a* — b* -=. + a\ will assume the form 

t’ — /Vt^ — zr 'f h*k*i whence 
f -f^g^ j- /i»A'*,or r=(y^+A*)x(^+A*); 

cons(*queiitly, this product must be a square; but as the re¬ 
solution of it would be difficult, let us consider the subject 
under a difierent point of view. 

If from the first three equations x — y ~ p‘, x — z =s y', 
y z ~ r''y wo determine the letters^ and we shall find 
j/ = X — and z = x — q ’ whence it follows that 
q’ —yj-'-f-r"'. Our first forniula:; now Ixicomc a’-f y “2ar— 

.r z =: fjo: — q', and y + z — Qx — Let us 

inake this last So* — so that — { < 7 % and 

there will only remain the formulae + y’» and to 

transform into squares. But since w'e must have q^ +r% 
let y = a* 4 - and p zx a‘ — h*; and we shall then 
have r = SuA, and, consequently,aDur formulae will be: 

1. f + (rt* + h^Y = /• + a* + A* + 2a'*bi = C ; 

2 . t* + — b")* = f® + a* + A* — 2 a®A* = □. 

I n order to accomplish our purpose, we have only to com¬ 
pare again + a* + A* with c* 4 - d% and 2 o*A‘, with 
2cd. Therefore, os before, letc — d — «=^A, 

and b ~ gk; we shall then have cd zz (i‘b\ and we must 
again have 

t* - 1 - f'^h* 4 - zz. c*" dr zz /**g* 4 - h'k *; whence 

t' =./V + h^k*--g^k* = (/4At*) X - AO- 

So that the whole is reduced to finding the differences of 
two pair of biquadrates, naraely,y^ — it*, and^*— A*, which, 
multiplied together, may procluce a square. 

For this purpose, let us consider the formula m* — n'; 
let us see what numbers it furnishes, if we substitute given 
numbers for m and n, and attend to the squares that will be 





PART 11. 


found among those namben; thejbroper ty of 

= (m* + n®) x (m*-— h^, 'Rrifl enable us to con¬ 
struct for our purpose the following Table: 


A Table of Numbers contained in the Formula m* — n*. 


«• 

n* 

SI*—n* 


»!* — »• 

4 

1 

3 

5 

3x5 

9 

1 

a 

10 

16x5 

9 

4 

5 

13 

5x13 

16 

1 

15 

17 

3x5x17 

16 

9 

7 

25 

2.5x7 

25 

1 

24 

26 

16x3x13 

25 

9 

16 

34 

16x2x17 

49 

1 

48 

50 

25x16x2x3 

49 

16 

33 

65 

3x5x11x13 

64 

1 

63 

65 

9x5x7x13 

81 

49 

32 

130 

64x5x13 

121 

4 

117 

125 

25x9x5x13 

121 

9 

112 

130 

16x2x5x7x13 

121 

49 

72 

170 

144x5 X 17 

144 

25 

119 

169 

169x7x17 

169 

1 

168 

170 

16x3x5x7 Xl7 

169 

81 

88 

250 

25x16x5x11 

225 

64 

161 

289 

289x7x23 


We may already deduce some answers from this. For, 
jfJ^ = 9, and 1^ ^ 4, We shall havey*— k* = 13 x 5; 
further, let s* = 81, and = 49, we shall then have 
g4 —= CS X 5 X 13; therefore ^ = 64 x 25 X 169, 
and t = 520. Now, since = 270400, y = 3, ^ = 9, 
k ss % h = 7, we shall have a = 21, and 5 == 18; so that 
« = 117, 9 = 765, and r = 756; from which results 
2x = <* + p*+o* = 869314; consequently, x = 434657; 
theny = X —;p*=r420968, and lastly, — 9 *=-.— 150568. 

This last number may also be taken positively; the dif¬ 
ference then becomes the sum, and, reciprocally, the sum 
becomes the difference. Since therefore the three numbers 
•ought are: 
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dr« 464657 
5^s490968 
150566 


we have x + y = 8556S5 = (926)* 
ar + « = 585226 * (765>* 
and y + a = 671686 = (766)* 

also, X - j/ = 13689 = (117)* 

X - 2 = 284089 = (633)* 
and y - z = 270400 = (520)«. 

The Table which has been given, would enable us to And 
oUier numbers also, by supposing J'* r: 9y aad Ar’ = 4, 
= 121, and A’ =* 4; for then = 13 x 5 x 6 x 13 x 
9 x 26 = 9 x 25 x 2dx 169, and 

t = 3 X 5 X 5 X 13 =z 976. 

Now, asf=3t g = 11, k = 2f and A = 2, we have 
a = J7i = 6, and h = gk = 22; consequently, 
p = a* — A* = — 448, 5 ^ = a* + A'= 520, and r=2aA=264; 
whenpc 2x = ^ = 950625 -f 200704 -f 270400 = 

1421729, and x= wherefore y = z — 

', and z = j 

Now, it is to be observed, that if these numbers have the 
property required, they will preserve it by whatever square 
the}' arc multiplied. If, tlierefore, we take them four times 
greater, the following numbers must be equally saUsfactory ; 
O' = 2843458, y = 2040642, and z = 1761858; and as 
these numbers are greater tlian tlie former, we may con¬ 
sider the former as the least which the question admits of. 

236. Question 14. Required three such si^uares, that the 
difference of every two of them may be a square* 

The preceding soluUon will serve to resolve the present 
quesUon. In fact, if x, j/, and z, ore such numbers that the 
following formulas, namely, 

x-Py=a, X—y=D, x+z=a, 

X - XsaaD, y -h Z = O, ^ —Z=iD, 

may become squares; it is evident, likewise, that the pro¬ 
duct X* — y* or tlie first and second, the product x* — z* of 
the third and fourth, and the product — z* of the fifth 
and Mxth, will be squares and, consequently, x*,jf^,and z*, 
will be three such squares as are sought. But these num¬ 
bers would be very great, and there are, doubtleas, less 
numbers that will satisfy the quesuon; since, in order that 
X* — y* may become a square, it is not necessary ^at x + y, 
and X'-y, shouldsquares: for example, 25-^9 is a square 
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idtiboligh ndither 5 + 3* nor 5 3* are squares. Let us* 

tlicBefoie, resolve the questioii independently dT this ccm- 
aderation, and remark, in the 6 rst place, that we may take 
1 for .one of the squares sought; the reason for which is, that 
if the formulee x’ — z\ and y* — «*, are squares, 

they will continue so, though divided ny x*; consequently, 
we may suppose that the question is to transform 

*“ -squares, and it 

Jt V 

then refers only to the two fractions —, and 

»!• ^ , y + 1 , , 

If we now suppose ———T* ®®d -~= - 5 —r, the last 

Sf p I. 3! 

two conditions will be satished; for we shall then have 

*• fp* 1 .y* -i , 

z" ^ ~ (p* — 1 )*’**”” s* ^ — (y*— 1 )** o“ly re¬ 
mains, therefore, to consider the first formula 


_ (?" + 1 )^ __ 

+1 ?* + /p* + 1 

v'-i/ 


Now, the first factor here is —— —/ 7 - - ; the second 

is ;—=r—~and the product of these two factors is 

l)x (y'—p) T . .. Ill 

=r -r — ^ —TTT • It IS evident that the denominator 

(p‘—l)x(v*-l)‘ 

of this product is already a square, and that the numerator 
contains the square 4; therefore it is only required to trans¬ 
form into a square the formula — 1) x (y’ — J?®), or 

(p*9* — 1) ^ ('^ ■” 1) J nt*d this is done by making 

+j?® q A® + Jfc® 

00 , and ~ = - 7 -; —, because then each factor 

2 /^ p xitk 

separately becomes a square. We may also be convinced of 

... , 9 « 4* + At* 

this, by remarking that py x — = ^ ; 

and, consequendy, the product of these two fractions must 
be a square; as it must also be when multiplied by 
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X bj which means it becomes equal to 
* X + Jfc®). Lastly,' this formula becomes 

precisely Bie same as that before found, if we makers o 4* 
g‘=za’^b, hssc + d, and k cz c — d; since we havethen 

6 *) X 2(c* - d‘) = 4 X {a* - b*) x (c* - <*•), 
which takes place, as we have seen, when a” =9, b’* zz 4, 
c* = 81 ; and d* = 49, or o = 3, 6 = 2, c = 9, and d = 7. 
Thu8,y'= 5, g- = 1, A = 16, and k = 2, whence pq = y. 


and — = yy = -? I; the product of these two equations 

g*ve 8 q = ; wherefore q = y^ ‘t fol¬ 

lows that p = by which means we have 
X p* + l ^ 9= + l 


p -1 


— — tr 


7—1 


= 44 fi therefore. 


41 r 185s 

since j: =-^ , and y = .rjr, in order to obtain whole 

y 1 


numbers, let us make z = 153, and we .shall have x = — 697, 
and ^ = 185- 

Consequently, the three square numbers sought are, 

X* = 485809 ) f x‘‘ -y- = 451584 = (672)2 

y = 34225 }- and Jy ~ = 10816 = (104)* 

2 * = 23409 ) ix- 462400 = (680)*. 

It is farther evident, that these squares are much less than 

those which wc should have found, by squaring the three 
numbers x, p, and z of the preceding solution. 

237- Without doubt it will here be objected, that this 
solution has been found merely by trial, since we have made 
use of the Table in Article 235. But in reality we have 
only made use of this, to get the least possible numbers; for 
if we were indifferent witli regard to brevity in the calcula¬ 
tion, it would Ik; easy, by means of the rules above given, to 
find an infinite number of soluUons; because, having found 

X ,V 7'4-1 , , j, 

— = '-r—=•, and — = -r —we have reduced the question 
z p'^—1 z 1 

7* 

to that of transforming the product — 1 ) x (—, — 1 ) 


into a square. If we therefore make ~ s= m, or qss mp^ 

our formula will beceme- (m*p* —• 1 ) x (m* — 1 ), which is 
evidently a square, when p = 1 ; but we shall farther see. 
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Aut this vslae iriU lettd iii to we wntej^ «b 1 -f j>; 

itt isaoieqaenoe of irluoli siippoakiotoy wo bovo to Inttufiirai 
Ukte fbtmiila 

(m* — 1) X (m* — 1 + 4«^* -f- 6m’s’ + + ntV) 

into a square; it will be tio less a square, if we tfiride it by 
(m* — 1)^} this diTisum gives us 

4f»*s 6m*s* fmV 


and if to abridge we make —^ = a, wc shall have to re¬ 
duce the formula 1 + <4- -f- as* to a square. 

Let its root be 1 + + gr*, the square of which is 

1 -f ^s -f 2gs* +jf*s* 4- -h and let us deter¬ 
mine jTand g in such a manner, that the first three terms 
may vanish; namely, by making ^ sa 4a, or 2a, and 

6 a 5= Siff -f*y**, or g =-= 8a — 2a*, the last two 

terms will furnish the equation 4a -f" «« = 

, 4a — 2/5r 4o —12a -fS//-’ 

whence s = —-z —= riz —iTr's'TTw— = 
g*--a 4a^—12r4*4-9«® — a 

4—12a + 8a' v • i- i ^ 4(2a —1) 

a-viAng by a - 1,, = ——,. 


This value is already sufficient to give us an infinite number 
of answers, because the number at, in the value of a, 

fuC 

—2 > niay be taken at pleasure. It will be proper to 

illustrate this by some examples. 

1. Let r= 2, we shall liave a z= ■}; so that 
s 

a = 4 X -rri = — x r ; whence/I = - and 2 = — ; 

'^v 


•^y. 4= fit* “^4 


600 « 
TTT^T* 


2. If m = we shall have a ss and 
a = 4 X -rrn = “ Vt ; consequently, p = — Vi*> and 

VT 

y by which means we may determine the fractions 


* A V 
—, and . 
z z 


There ie hers a particular case that deserves to be at- 
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compare it with the square of 1 + + bt\ that is to say^ 

with 1 + -f -f 46*** ■+• 46*s* 4- 6^^; and mc- 

S un^ng on both sides the first two terms and the last, and 
tvi^<r the rest bv we shall have 66* + 46*a = 26 + 


dividing the rest by we shall have 66* + 46*a = 26 + 

+ whence, = but 

w-wnence a— 4^-46* 26*—26 ’ ™ 

tliis fraction being still divisible by 6 — 1, we shall, at last, 

1-26-26* j 1—26* 

have , =- ^ -.and p = 

We might also have taken 1 4* S6a + 6a* for the root of 
our formma ; the square of this trinomial being 
1 4 46a 4 26a* 4 46*a* 4 46*a* 4 6*a*, we should have de¬ 
stroyed the first, and the last two terms; and dividing the 
rest by a, we should iiuve been brought to the equation 
46” 4 66*a = 46 4 26a 4 46*s. But as 6* = and 6= 
this equation would have given us a = — 2, and p — — 1; 
consequently, ^* — 1=0, from which we could not have 
drawn any conclusion, since we should have bad z s= 0. 

To return then to the former solution, which gave 

1 — 26* . ... . . . 


gave 


P = 


6 = i, it shews us that if m = i, we have 


p = and y = zwp = 44; consequently, — = t44» 

IS 


V 

_ 4 3 1 


•• 

238. Question 15. Required three square numbers such, 
that the sum of every two of them may be a square. 

Since it is required to transform the three formulae 
x* V*, x* 4- s*, and 4" sc^uares, let us divide 

them by z*, in order to have the three iollowing, 

X* w* JP* V* 

□.4+1 = 0, 4+1 = □• 

X »* —1 - 

The last two are answered, by making — = ■ 

JL—which also changes the first formula into tins, 
z xq 

which ought also to continue a square 
4/>« 4g* ’ ® 
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after > bdog: multiplied by ; that ia, we muet have 
S^(f! 1)* + p\q* — 1)* = o. Now, tim can acai^y bt 

obt^ned, unless we previously know a case in which this 
formula becomes a square: and as it is also difficult to find 
sucli a case, we must have recourse to other artifices, some 
of which we shall now explain. 

1. As the formula in question may be expressed thus, 
g*{p + 1)« X (p - 1)* + p\q + 1)‘ X (y — 1)* = O, let 
us make it divisible by the square (p + 1)*; wliich inay be 
done by making y — 1 = p -4- 1, ©r y = p -J- 2; for tlicn 
9 + 1 = p + S, and the formula liecouies 


(p 4 .«)‘ x(p+ l)'^x{p-iy -fp*(/» -l" 3 )‘x(p I !)•= c i 
so that dividing by (p 4 - 1 )\ ve have (p + 2 )‘ X (p — 1 )* 4 - 
p*( p + 3 )*, which must be a square, and to which we may 
give the form 2 p* 8 p’ + 6 p‘ — 4 p + 4 . Now, the last 

term here l>eing a square, let us suppose the root of tlic 
formula to be S +Jp + ^p\ or gp' -rfp + 2 , the square 
of wliich is f 2 /^j’ 4 - l^p‘ 'i- \fp 4 - 4 , and 

we shall destroy the last three terms, by making 4 /= — 4 , 
or^'~ — 1 , and \g + 1 = 6 , or g = ; also the first terms 

being dmded by p% will give 2 p + 3 =g‘p + 2 ^ = 4 ^p — ’ ; 


or p = — 24 , and y = — 
or x=:*— Vr ^ ~ 


22 ; whence —= 


_ $ 75 . 


2 ^ 




vv» o^’.y = 


— ♦ * ’ 

ii, 


z. 


I^'t us now make z = 16 x 3 x 11 ; we shall then have 
.r 575 X 11, and y = 483 x 12; and, consequently, the 
roots of the three «}uares sought will be : 

T = 6325 = 11 x 2.3 X 25; 

y ^ 5796 12 x 21 X 2.3; 

and z .= 528 3 x 11 x 16; 

for from these result, 

-j-y- = 23»(275* -f. 252‘) = 23‘ x 373’. 

+ z« = 11«(575‘ + 48*) = 11* X 577*. 

and p® + 2 * = 12 (483* + 44®) = 12* x 485®. 

2. We may also make our formula divisible by a square, 
in an infinite number of ways; for example, if we suppose 
(j + 1)* = 4(p -f 1)\ or p + 1 = 2(p + 1), that is to say, 
^ = 2 p 4 1 , and 9 — 1 = 2 p» the formula will become 
(2p4-l)® X (p-l-l '>* X 0^-1)* -fp* X 4(p -f 1)® X = □ ; 
which may m divided % (p 4 «)% by which means we have 
(jto + 1)* X (p — 1)* + 1^* or 
2<^ — 4p* — 3p® + 2p 4 - 1 = D ; but from this we de¬ 
rive nothing. 
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3. Let U8 then rather make {q — 1)* fe= 4(p -i-1)% or 
y — 1 = 5i(p 4- 1); we shall then have ^ ^ -j- 8, and 

S + 1 S5S Sjp + 4, or y + 1 = 2(p -f 2), and after having 
ivided our formula by 4* we shall obtain the foE 
lowing; (2/j -f- 3)* x (p — 1)* + 16p*(p+ 2)*, or 
9 — op 4“ 53^* 4- 68p* + 20p\ Let its root be 3—p+gp®, 
the square of which is 9 — 6p + ^p’ + p’ — 2gp* -f ; 
the first two terms vanish, and %ve may destroy me third by 
making 6g -f 1 = 53, or g = ; so that the other terms 

arc divisible by p, and give 20p 68 = g*p — 2^, or 

•*|.«p r= ; therefore p — 4^|, and q = by which 
means wc obtain a new solution. 

4. If we make ^ — 1 rip — 1), we have q =r tp — .J., 
and ^-fl.::=+p4-*=4 (2p + 1), and tlie formula, after 
being divided by (p — 1)S becomes 

+ 1)®; multiplying by 81, 

we have 9(4p — 1)* x (p + 1)® + 64p*(2p -f 1)® = 

400p* 4 472p’ -h 7Sp* — 54o + 9, 
in which the first and last terms are lioth squares. If, 
therefore, we sup.pose the root to Ik? SO/j® — 9p + 3, the 
s(]uarc of which i.s 400p* — 3C0p* -f" ^^P* + 81p* — 54p + 9, 
we shall have 472p 4- 73 — — 36(^ f 201; wherefore 

V — -1*1'* ®od q = T ~ “ fV* 

Wc might likewise have taken for the root 20p*+9p—3, 
the .s<|uare of w'hich is 400p* 4 360/;»^— 1 l^Op" + 81 p= — 54p+9; 
but comparing this square with our formula, we should have 
found 472p -i- 73 = 300p — 39, and consequently p = — 1, 
a value which can be of no use to us. 

5. We may also make our formula divisible by the two 
squares, (p + 1)*, and (p — 1)'^ at the same time. For 


this purpose, let us make q = 
9 + 1 =- 


p/-|-l 


so tlmt 


P + t 

pf- fp-i-H-l _ f p 1) X ( /-f-1) 

p-it ~ p-rt 


, and 


1 — ELzEul'tl _( P~-^) . 

^ ^ PTf ” P+^ 

this formula will be divisible by (p -+■ 1)" (P "* l)*j and 


will be reduced to 


(P^4:l)= , (<+irx (<-!)* 


(P4<) 


r-h 


ip+ty 


X p*. If we 


multiplv by (p + t)\ the formula, as before, must be trans- 
formwle into a square, and we shall have 

(p^ + 1)« X (p 4 0" + pH* 4 1)" X (/ - l)%or 



£i.ieMExrrt 


FAST II. 




)Y»‘+)>»+2^(r» 4.1 )/i+<• 
IB wludi the 6rst and the last terms m squares, l^et us 
theielbre take fix* die root -h 4 ^ square of 

iHikdi is 

#»/>♦ 4 «(<• 4 Up* - ai*p* 4 (I* 4 - «<(<*4 l)p4l** 

and we shall have, comparing, 

+ (<• + 1)*P 4- 2^(<* + 1) -f (<* - 1)> = 

— 2^*p 4 (/* “i" ^)®P “ 4 l)j or, by subtraction, 

4/*p 4 4/(/® 41)4 (^* — 1)’P = 0, or 

(r4l)V-i-4^0‘ + l) = 0* , 

_^ ‘ — 4/ 

diat is to say, 4 1 ~-i whence p = . ; conse- 

P “ 4 ■ 

—-3l*4l P St 

quendy, p/ + 1 = -~- 3 _, and p + ^ = jr TT i lasdy, 

~S/®41 

q = 


/*4l’-■ '”1*4 1 

where the value of the letter t is arlntrary. 


For example, let t — 9.\ we shall then have p = 
41 


-8 


and q = 

y y'- 


X p® — 1 

“‘^‘T=^ = + 


' ® And 

TG» 


VV j or X = 


.0x1.$ , 9x10 

and y z= r. 


-4x4x5' 

Farther, if x = 0 x 11 x 13, we have 
^ = 4x 5x9x13, and 
z=34x 4x5x 11, 
and the roots of the three squares sought are 
X ==: 3 X 11 X 13 = 429, 
y = 4x 5x9x13 = 2340, and 
z = 4x 4x5x 11 = 880.> 
where it is evident that these are still less than those found 
above, from which we derive 

X* 4y« = 8® X 1S»(121 4 3600) = 3« x 13* x 61*, 

X* 4 r* = 11* X (1521 4 6400) = 11* x 89‘, 
y 4 z* = 20* X (13689 4 1986) = 20* x 125*. 

0. The last remark we shall make on this quesUon is, that 
each answer easily furnishes a new one; for when we have 

• Thus, (<*—1)* —2/* 4 1, which multiplied hyp be¬ 
comes 2p#* 4 V* 

Then adding 4p/* 


We have p#* 4 4 p 41 )*Pt (M above. 
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found three values, x ^ a, y ss b, and a sc e, *so that 
• fl? + 6 *=s and + <^ = D,» the three 

following values will likewise be satisfactory, munely, s = ah, 
y =: 6 c, and z = cc. Then we must have 

-f-y* = 0 * 6 * 4 * b^c*" = 6 *(a* + c*) « □, 

a* z* = -f- a*c* = a*( 6 * - 4 - 0 ’)= O, 

y* -f- 2 * = o«c* 4 * 6 *c* = c^^o* + 6 *) = □. 

Now, as we have just found 

x = a=!Sx 11 X 13, 

^s=6=:4x 5x 9x13, and 
zs=c = 4x 4x 5x 11, 
we have, therefore, according to the new solution, 
j: = /i6 = 3x4x5x9x11x 13 x 13, 

^=s: 6 c = 4x4x4x5x 5 x 9xlix 18, 

2 = cc = 3x4x4x5x11x11 x 13. 


And all tliesc three values being divisible by 
3x4x5xllx 13, 
arc reducible to the following, 

a:* = 9 X 13, y = 3x4x4x5, and r = 4 x 11; or 
X ^ 117, .y = 240, and z = 44, 
which are still less than those which the preceding solution 
gave, and from tliem we deduce 

+ / = 71289 = 267% 

X* 4-’z* = 15625 = 125% 
j/* + s' = 59536 = 244*. 

239 . Qurstioth 16. Required two such numbers, x and 
y, that each being added to the square of the other, may 
make a square; that is, that x' + y = □, and -f x = □. 

If we begin wyth supposing x* -f* y = and from that 
deduce y = jp« — x*, we shall have for the other formula 
p* — -f X* 4" •** = O > which it would be difficult to 

resolve. 

Let us, therefore, suppose one of the formulae 
x*4“J^ — ip — =r/»* — 2px 4 X*; auad, at the same 

time, the other + x = (y — yY = q' — ^qy + y, and 

we dudl thus obtain the two following equaUons, 

y 4- 9px = p\ and x + 9.py = y, 
from which we easily deduce 


in which jp 
suppose, w 


X 




and^ = 


9.p^—q* 


and q are indeterminate. Let us, therefore, 
example, p andy = 3, then we shall have 
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1WO 


for the*^two numbers sought jr =s and y 3= bjr whidi 
means x* -i~ y ^ tit “t* “ t5t “ * 

y + A? = VW* 4 -r = tW = UT)^ If wemadey = 1, 
and 9 = 3 , we should have jr = — and y s 44, an 
answer which is inadmissible, since one of tlie numbers 
sought is negative. 

But Jet p = 1, and q = J, we shall then have x = 
andy = whence we derive 


y — T? Tf “h *iV — -J S 2 
y* -f X = -f A = 


(;n% and 

(Ar- 


240. Qi4r.f^ion 17. To find two numbers, whose sum 
may be a square, and whose 8C|uares added together may 
make a biquadratc. 

Let us call these numticrs x and p; and since x- -| p* 
must become a biquadnite, let us bi'gin with making it a 
square: in order to which. Jet us su|j}xifc x = p'- — and 
y = 2 p 9 , by which means, x® ~V yi' = KP' -r ^')** l^ul, in 
order that this square may Income a oiejuadrate, p* -i- y* 
must be a square; Jet us therefore make p — r' — and 
q — 2r.v, in order that p* + 9" = (''* + -v-y*’; and we 
immediately liave x' -}-p* = (r* + .v*)*, which is a biqua¬ 
drate. Now, according to tliese su|)|X>sition.s, we have 
X = — Cr*A'* -t- 5% and y ~ — 4rjr*; it therefore 

remains to transform into a square the formula 


X y ~ r* ~r 4r‘s — 6r*j?* — 4rr® 1 8*. 


Supposing its root to be 4 2rjr -f or the formula 
equal to the square of this, r* 4- 4'r''8 f Cr‘** 4rjr' -j- s\ 
we may expunge frt>m both the first two terms and also s*, 
and divide the rest by rs*, so that we shall have 

6r + =f — 6r — 4#, or 3 2r 4- ~ 0; so that 


g — -- , »r. We might also suppose the root to be 

cl 

r* — 2r« 4~ make the formula equal to its square 

r* — 4r®a - 4 - 6r*3* — 4r#* 4" ^ 3rst and the last two 
terms being thus destroyed on both sides, we should have, 
by dividing the other terras by r*s, 4r — 6# = — ^4-6jr, 
or 8r == 125; consequently, r = l8; so that by this second 
supposition, ^f r = 3, ana a = 2, we shall fina xs=—119, 
or a negative value. 

But let us make r = !« + and we diall have for our 
formula 

r* =|5»-f 3##4-f*; V**-f 
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Therefore + y^H + + €si> + t* 

+ 4^s = ys* + 27aV 4-18^<* + 

— 6r««« = -. V** - 6#*^* 

— 4rA* = — Gs* — 4s^t 

+ A* = 4- SI*; and, consequently, the formula wiD 

, 1 37 51 

be 4- 4- 

This formula ought also to be a square, if multiplied by 
16, by wiiich means it becomes 

,«♦ 4- 296^V 4- 408#®^ 4- \mst^ 4-16^*. 

Let us make this equal to the square of a* 4“ 148is/ — 4<®, 
that is, to 4- 296jr / 4- 2189(w'‘7« - 1184^^ 4- 16/+ ; the 
first two terms, and the last, are destroyed on both sides, 
and wc thus obtain the equation 

21896^ — 1184^ = 4085 4- 160/, which gives 
s 

_ _I14« — 116 — 84- 

^ — -S i JTS fi — XT? I — XIXT- 

Therefore, since s = 84, and / = 1343, we shall have 
r — * jr 4“ / = 1469, and, consequently, 

u' = r* — 0r-.5* 4 ■** = 4565486027761, and 
j/ = 4rV - 4rs^ = 1061652293520. 


CHAP. XV. 

SoluUons a/'some Questions, in which Cubes are required, 

241. In the preceding chapter, we have considered some 
(juestions, in which it was required to transform certain 
foriiuilaf into sijuares, and they aiforded an opportuniw of 
explaining several artifices requisite in the application of the 
rules which have been given. It now remains, to consider 
questions, w’hich relate to the transformation of certain 
fonnulie into cubes; and the following solutions will throw 
some light on the rules, which have been already explained 
ftir transformations of this kind. 

242. QjtcsHon 1. It is required to find two cubes, a?’, 
and whose sum may be a cube. 

Since a?* 4 y* must be a cube, if we divide this formula 
by y*, the quotient ought likewise to be a cube, or 

4- 1 = c. If, therefore, — = r — 1, we shall have 

// * ^ ,y 
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R* — 3«* -f" = c. If wc should here, according to 

the rules alreadv given, suppose the cube root to be a—u, and, 
by comparing the formula with the cube a*— 
determine u so, that the second term mav also vanish, we 
should have a = 1; and the other terras forming the equa. 
tion 3s = 3tt*z — a* = 3z — 1, we should find z — oc, 
from which we can draw no conclunon. Let us tliercforc 
rather leave u undetermined, and deduce z from the qua¬ 
dratic equation — Sz* 3z = — 3ws* -j- 3m*z — or 
iiuz' —3s*=3if^—3s —or 3(tt—l)z*=3(f4*—l)z—jf*, or 


= {u -h l)s - 


tr 


3{u-l) 


; from this wc shall find 




or z =r 


tt+1 m' + 2w-4-1 

2 4 3(tt-l) 

w + 1 _ ^—3 m —3 


) 


2 


r - lg(|f ^ ^ ^ ques¬ 


tion is reduced to transforming ilie fraction under tht radical 
sign into a square. For this purjxisc, let us first iimlti])]>' 
the two terms by 3(ii — 1), in order that the tlenoininator 
Ijecoming a square, namely, 3f)(« — 1)-, we may only have 
to consider the numerator — Su* -f- 12 m* — 18m’‘ -}- 1); and, 
as the lost term is a srpiare, we shall suppose the formula, 
according to the rule, e(}ual to the sipiare of fjtr -f J'ti 
that is, to ^u* -f- (^»'m* -f- (>/'m 9. IV e 

may make the last three terms disapijcar, hy putting (}/'- 0, 
or y—Oy and ^ jif = “ “**d the 

remaining equation, namely, 

— 3u -f 12 = 2 /m =: 9m, 

will give w = 1. But from this value we learn nothing; so 
that we sliaU proceed by writing w = 1 -f f. Now, as our 
formula becomes in this case — I2f — 3/% which cannot be 
a square, unless t be negative, let us at once make t — — * \ 
by these means we have the formula 12s — 3 j*, which In¬ 
comes a square in the case of « = 1. Hut here wc arc 
stopped again; for when ;? = 1, wc have ^ — 1, and 

u = 0, from which we can draw no conclusion, except that 
in whatever manner we set alx>ut it, we shall never find 
a value that will bring us to the end proposed; and hence 
we may already infer, with some d^pxHi of ccrtiunty, that 
it is impossible to find two ciil)es whose sum is a ciilie. 
But we shall be fully convinced of this from the following 
demonstration. 

243. Theorem, It is impossible to find any two cubes, 
whose sum, or difference, is a cube. 
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We shall bepn by observing,^ that if this impossibility 
applies to the sum, it applies aim to the difference, of two 
cubes. In fact, if it be impossible for or* + s= z\ it is 
also imposnble for a* —^ = ar®. Now, 2 * — y* is the dif^ 
ference of two cubes; therefore, if the one be possible, the 
other is so likewise. This being laid down, it will be suf^ 
heient, if we demonstrate the impossibility either in the case 
of the sum, or difference; which demonstration requires the 
following chain of reasoning. 

1. AVc may consider the numbers x and y as prime to 

each other; for if they had a common divisor, tnc cubes 
would also Ik? divisible by the cul»e of that divisor. For 
examj)le, let .r =: vioy and y r: mhy we shall then have 
.r* + ; now if this formula be a cube, 

A* is a culx? also. 

2. Since, therefore, x and y have no common factor, these 
two numliers are either both odd, or the one is even and the 
other odd. In the first case, 2 would be even, and in the 
other that niimhcr w'ould be odd. Consequently, of these 
three numbers a*, and there is always one which is 
even, and tw'o that arc mid; and it will therefore be suf¬ 
ficient for our demonstration to consider the case in which x 
and y arc l>oth odd : because we may prove the impossibility 
in (juestion eitiicr for the sum, or for the difference; and 
the sum only happens to become the difference, when one of 
the roots is nejrativc. 

3. If therefore x and y are odd, it is evident tliat Iwth 
their sum and their difference will l>e an even number. 


Therefore let = p, and — 


q, and wc shall have 


X — p -\- y, and y zz p — q ; whence it follows, that one of 
the two numbers, p and q, must l>e even, and the other odd. 
Now, w'e have, by adding (p -}- q)^ = x^, to (p — qy = y\ 

-h y* = -j- 6pq*=i!/^p^ 4- 3q*) ; so that it is required 

to prove that this product 2p{p^ + Sq‘') cannot become a 
cube; and if tlie demonstration w’ere applied to the dif¬ 
ference, we should have x^ —y* = 6p*q -f~ — Sq{q* + Sp"), 
a formula precisely the same as the former, if we substitute 
p and q for each other. Consequently, it is sufficient for 
our purpose to demonstrate the impossibility of the formula 
^P{p^ + since it will necessarily follow, that neither 

the sum nor the difference of two cubes can become a 
cube. 

4. If therefore 2p(p* 4- 3q*) were a cube, that cube 
would lx* even, and, consequently, divisible by 8: con- 
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sequently, the eighth part of our formula, or ipip*" 4* Sc'), 
would necessaiily be a whole number, and also a cube. 
Now, we know that one of the numbm p and q is evoi, 
and the other odd; so that p* -(- 3^ must be an odd 
number, which not being divisible by 4, p must be 80| or 

^ must be a whole number. 

5. But in OTder that the product ip{j^ + 3$'*) may be a 
cube, eadi of these factors, unless they have a common 
divisor, must separately be a cube; fur if a product of two 
fturtors, that are piimc to each other, be a cul>e, each of itself 
must necessarily be a culie; and if these factors have a 
common divisor, the case is different, and requires a par- 
ticuliu* consideration. So that the question here is, to know 
if the factors p, and p® Hh 3y% might not have a common 
divisor. To determine this, it must be considered, that if 
these factors have a common divisor, the numbers p*, and 
p« q. will have the same divisor; that the dinerence 
also of these numbers, w'hieh is 87% will have the same com¬ 
mon divisor with ; and that, since p and a arc prime to 
each other, these numbers p*, and can have no other 
common divisor than 3, which is the case when p is divisible 
by 3. 

6. We have consequently two cases to examine: the one is, 
that in which the factors p, and 4- 3//’, have no common 
divisor, which happens always, when p is not divisible by 3 ; 
the other case is, when these factors have a common divisor, 
and that is when p may be divided by 3; becanst* then the 
two numbers are dirisible by 3. We must carefully distin¬ 
guish these two cases from each other, because each re<{uirc.s 
a particular demonstration. 

7. Case 1. Sup[X)se that p is not divisible by 3, and, 

consequently, that our two factors and p* + 3^*, are 

prime to each other; so that each must separately be a cube. 
Now, in order that p* + 3^* may liecome a culie, w-e have 
only, as we have seen before, to suppose 
p+^ v'—M3)®, and p —v^— 3 =(<—w3)^ 
which gives p* 4- 85^ = (1® 4- 3ii*)’, which b a cube, and 
gives us p = — 9/tt' = /(f* — Ow**), also 

q = 3<*ii — Sm* = 8u(t* — «®). Since therefore q is an odd 
number, u must also be odd; and, consequently, t must be 
even, because otherwise P — u* would be even, 

8. Having transformc^d p^ 4* 3^' into a cube, and having 
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found p s= — 9u*) os t{t + 3u) x (/ — 2u), it is also 

required that and consequently %p, be a cube; or, 

which comes to the same, that the formula 
2/(/ + 3a) X 3«) be a cube. But here it must be ob¬ 
served that ^ is an even number, and not divisible by 3; 
since otherwise p would be divisible by 3, which we have 
expressly supposed not to be the case: so that the three 
factors, 2^, t + 3a, and / — 3a, are prime to each other; 
and each of them must separately be a cube. If, therefore, 
we make / + 3a —and ^ — 3a = ^, we shall have 
2/ s=s 4- So that, if J2/ is a cube, we shall have two 
cubes,/^, and w’liosc sum would be a cube, and which 
would evidently lx* much less than the cubes or’ and as- 
sun1c^d at first; for as we first made xosp-^q^ andy=p—y, 
and have now determinedand q by the letters t and a, the 
numbers x and y must necessarily be much greater than 
t and n. 

9. If, therefore, there could be found in CTeat numbers 
two such cubes as we require, we should also be able to 
assign in less numbers two cubes whose sum would make a 
cube, and in the same manner we should be led to cubes 
always less. Now, as it is very certain that there are no 
such cubes among small numbers, it follows that there are 
not any among the greater numbers. This conclusion is 
confirmed by that which the second case furnishes, and w'hich 
will be seen to be die same. 

10. Cum Si. Let us now suppose, that p is divisible by 
3, and that q is not so, and let us make p ssi^r\ our formula 

3r 

will then become -r x (9r* + 3o«), or ^r(3r* + ?*); and 

these two factors are prime to each other, since 3r* -|- q* is 
neither divisible by 2 nor by 3, and r must be even as well 
as p ; therefore each of these two factors must separately be 
a cube. 

11. Now, by transforming the second factor 3r® + or 
q^ -f- 3r‘, we find, in the same manner m before, 

q = i{t^ — Om'*), and r = 3u{t*‘ — h*) ; and it must be ob¬ 
served, that since q was odd, t must be here likewise an odd 
number, and u must be even. 

9r 

12. But -7- must also be a cube; or multiplying by the 

2r 

cube we must have "^* <**■ 
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— ti O = + *0 X tt) a cube; and as these 

three factors arc prime to each other, each must of itself be 
ucube. Suppose thercfcare < 4 - u y>, and f — « = 

■we shall have 3u = ; that is to say, if 2u were a 

cubc,y^ — would lie a cube. We should con8ec]uent1y 
have two cubes, y** and g^, much smaller than the 6 ret, 
whe^ difference would be a cube, and that would enable us 
also to find two cubes whose sum would lie a cube; since, 
wc should only have to make= h\ in order to have 
r. — or a cube equal to the sum of two cubes. 

Thus, the fore^iing conclusion is fully confirmed ; for as we 
cannot xissign, in great numbers, two culies whose sum or 
difference is a culx?, it follow's from what has lieen Ixfforc 
obser^-ed, tliat no such cubes are to be found among small 
numliers. 

344. Since it is impossible, therefore, to find two cubes, 
whose sum or difference is a culie, our first question falls to 
the ground: and, indeed, it is more usual to enter on this 
subject w'ith the tjucstion of determining three culies, whose 
sum may make a cube; sujqxising, however, two of those 
cubes to lie arbitrary, so that it is only recpiircd to find 
the third. We shall therefore proceed immediately to this 
cjuestion. 

245. Questiott 2. Two culies o’, and />*, being given, re- 
tjuired a third cube, such, that the three cubes added to¬ 
gether may make a cube. 

It is here ret|uirc<l to transform into a cube the formula 

+ 5' 4 j"’; which cannot lie done unless we already 
know a satisfactory case; but such a case occurs iinnie- 
diatcly; namely, that of x = — a. If therefore we make 
•X — y — a, we shall have x’ = -j- — o’ ; 

and, eon.sev{uently, it is the fonnuia v’ — 4 + 5’ 

that must become a culie. Now, the first and the last term 
here being cubes, wc immediately find two solutions. 

1. The first requires us to represent the root of the 
formula by y-\-hy tne cube of which is + ; 

and we thus obtain —-f- 3a* = 35^ + 35*; and, con¬ 


sequently, y — 


a-f5 "** * 


— 5; but X = — by so tliat this 


solution is of no use. 

2. But we may also represent the root hyjy + 5, the 
cube of which is-f* 3^*^? H- + 5*, and then de¬ 

termine in such a manner, that the third terms may be 


a* 


tlcstroycd, namely, by making 3a* =• 352/i or./ = ; for 
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we thus arrive at the equation 

y — 3fl ^ whicJi multiplied by 

becomes This gives 

Zalfi , • , 

•V = —'' = g33j3ia«a»con«qwen%» 

2aA’4-fl* 25'+a® „ , 

a* = 1/ — « = —n-T" = « X -r^-r. So that the two 

*' o* — a^ 

culies and 5* being given, we know also ih^ root of the 
third cube sought; and if we would have that root positive, 
we have only to supix)se 5’ to be greater than as. Let us 
apply this to some examples. 

1. Let 1 and 8 Im: the two given cubes, so that a = I, 

and 5 = 2; the formula 9 + will become a cube, if 
x — y ; for we shall have 9 + = (V^)^- 

2. Let the given cul>es be 8 and 27, so that a = 2, 
ami 6 = 3; the formula 35 -{- will be a cube, when 

"** = ' V' 

3. If 27 and (14 be the given culies, that is, if o = 3, 
and 6=4, the formula 91 + ar-’ will become a cube, if 


.r = 


4 ft s 

{7 • 


AnJ, genercallv, in «>rder to determine third cubes for 
any two given cubes, we must proceed by substituting 

^ -!- z instead of x, in the formula «’ + 5* + ; 

//— a ' 

for by these means we shall arrive at a formula like the pre- 
cetliiig, which would then furnish new values of z ; but 
it is evident that this would lead to very prolix cal¬ 
culations. 

24G. In this question, there likewise occurs a remarkable 
case; namely, tliat in which the two given cubes are equal, 

3a* 

or a = 6; for then we have x =■ ^ have 


no solution ; and this is the reason why we are not able to 
resolve the problem of transforming into a cube the formula 
2a' + x^. P’or example, let a = 1, or let this formula be 
2 + 0^, we shall find that whatever forms we ^ve it, it will 
always be to no purpose, and we shall seek in vain for a 
satisfactory value of x. Hence, we may conclude with 
sufficient certainty, that it is impossible to find a cube e^ual 
to the sum of a cube, and of a double cube; or that the 
equation 2a* + t* impossible. As this equation 
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5^^ — x^y it is likewise impossible to find two 

oiibes having tlicir difference ecjual to tne double of another 
cube; and the same impos»biiitv extends to the sum of 
two cubes, as is evident from the following demonstration. 

247. Theorem^. Neither the sum nor the difference of 
two cubes can become equal to the double of another cube; 
or, in other words, the formula 3^ ± y* zz 2s^ is always 
impo^ble, except in the evident case of y = x. 

We inajr here also consider x and y as prime to each 
other; for if these numbers had a common divisor, it w'ould 
be necessary for x to have the same divisor; and, con- 
sequentlv, for the whole equation to be divisible by the cube 
of that divisor. This being laid down, as x* + ^ must be 
an even number, the numbers x and y must both be odd, in 
consequence of which both their sum and their difference 

^ fs ^ fs 

must be even. Making, therefore, =p, and —7,“ = y, 

we shall have x = p q and y zz p q\ and of the two 
numbers/} and the one must be even and the other odd. 
Now, from this, we obtain 

X* -f y = 2;)3 4. C/>9' = e/}( /}* 4 fiy-), 
and X' —= ^j^q -|- ?')» 

which are two formulie perfectly similar. It will ilierefore 
be sufficient to prove that the ioruiula + 3^*) cannot 

become the double of a cube, or tlmt /xp* 4- 3^’) cannot 
become a cube: which may be demonsli-ated in the follow¬ 
ing manner. 

1. Two different cases again pres»cnt them.«clves to our 
consideration: the one, in whicli tlic two factors /;, and 
p* 4 3y^, have no cuininon divisor, and iiiu.st sepiu'utely be 
a cube; the other in which Uicse factors have a common 
divisor, which divisor, however, as we have seen (Art. 
243), can be no otlier than 3. 

2. Case 1. Sup)x>sing, therefore, that p is not divisible by 
3, and that thus the two factors are prime to each other, we 
shall first reduce p* to a cube by making p z 

and q zz 3u(C* — 9u*); by which means it will only be lar- 
ther necessary for p to become a cube. Now, t nut being 
divimble by 3, since otherwise p would also be divisible by 3, 
the two factors i, and are prime to one another, 

and, consequently, rach must separately be a cube. 

3. But me last factor has also two factors, namely 1 4- 3m, 
and i — 3a, which ore prime to each other, first because t is 
not divisible by 3, and, in the second place, Ix^causc one of 
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the numbers ^ or u is even, and the other odd; for if these 
numbers were both odd, not only but also q, must be odd, 
which cannot be: therefore, each of these two factors, ^ 
and t — Suf must separately be a cube. 

4. Therefore let t + and t — Su = and we 

shall then have = /’* + Now, t must be a cube, 

which we shall denote by h\ by which means we must have 

-f" = 24* i consequently, we should have two cubes 

much smaller, namely,^* and whose sum would be the 
double of a cuIk?. 

5. Case 2. Let us now suppose p divisible by 3, and, 
consec|Uently, that q is not so. 

If we make p = 3r, our formula becomes 
SrOr® + 3^) = 9r(3r* + y*), and these factors being now 
numbers prime to one another, each must separately be a 
cube. 

6 . In order therefore to transform the second + Sr®, 

into a cube, we shall make — and r=3M(/^—u-) ; 

and again one of the numbers / and u must be odd, and the 
other even, since otherwise llie two numbers q and r would 
be even. Now, frtnn this we obtain the first factor 

9 /* = — «®); and as it must be a cube, let us divide 

it by S7, and the formula tt(/® — orw(< + w) x (( — u), 
must be a culie. 

7. Hut these three factors being prime to each other, they 

must all be cubes of themselves. Let us therefore suppose 
for the K'lst two ^ -} w =./**, and t — u = we shall then 
have 2 h = y** — ; but as u must be a cube, we should in 

this way have two cubes, in much smaller numbers, whose 
diflerence would he equal to the double of another cube. 

8 . Since thercft>rc we cannot assign, in small numbers, any 
cubes, whose sum or difference is the double of a cube, it 
is evident that there are no such cubes, even among the 
greatest numbers. 

9 . It will |)erhnps be objected, that our conclusion might 

lend to error; because there does exist a sadsfactory case 
among these small numbers ; namely, that of f = ^. But 
it must be considered that wheny*= we have, in the first 
case, < -f- 3w = / — Sw, and therefore m = 0 ; consequently, 
also ^ = 0; and, as we have supposed .r = p and 

w = p — y, the first two cubes, x* andp*, must have already 
been equal to one another, which case was expressly ex¬ 
cepted. Likewise, in the second case, ify'=:^, we must 
have < M sa i and also u = 0: therefore r = 0, and 
p = 0; so that the first two cubes, or’ and would again 
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become equal, which does not enter into the subject of the 
problon. 

248. Question 8. Hequir^ in general three cubes, a*, y*, 
and z\ whose sum may be equal to a cube. 

We have seen tliat two of these cubes may be supfkiscd to 
be known, and that from them we may determine the third, 

f )rovided the two are not c(|ual; but the preceding method 
iimidies in each cose only one value for the third cube, and 
it would be difficult to drauce from it any new ones. 

We shall now, therefore, consider the three cul)cs as un¬ 
known ; and, in order to give a genera) solution, let us make 
ar* -4-y* + z* = x'*. Here, by transposing one of the terms, 
we have -I- y* = n’ — the conditions of whicli equa¬ 
tion we may satisfy in the following manner. 

1, Let X p + q, and y = p — <7, and we shall have, as 
licforc, 0^ 3^*). Also, let i = r -4-Jt, and 

z = r — Sf which gives ^ zz -f* 3r‘); therefore 
we must have 2!p(p* -1- 3^®) =: 2s(s'* -f or 
p(p* -!- dq-) =z s(s* + 3/^). 

2. We have already seen (Art. 176), that a number, such 
as p^ -f- 3^*, can have no divisors except numbers of the 
same fotrn. Since, therefore, these two tormula', p* 
an<l s* + 3r% must necessarily have a conimon divisor, let 


con- 


tliat divisor lie + 3a®. 

3. And let us, thcrcfVirc, make 

p* ss (y® + 3^) X 4- 3i/*), and 

s^ -I- = (A» + 3)?®) X (/• + 3f/®), 

and we shall have p —fi -I- and q z=l ; 

scqucntly, />® = + ^}fgin + and 

(j^ = — dfs^u + ; whence, 

j,* + .V = (7* + 3g®)/® + (y® 4 ; or 

yx + 3,/ = (y® -r 3 a'®) X + 3«®). 

4. In the same manner, wc may deduce from the other 
formula, s = ht -{- 3A«, and r z=kt hu \ whence results 
the equation, 

{Jl + 3gu) X (y® + 3^0 X 4 8 m®) = 

{fit 4 3 A^i) X (/x® 4 X (f® 4 3 «®), 
which being divided by t* 4 3u®, and reduced, gives 

4 %^) + 3/r«(y* 4 S^) = 

4 3A:*) 4 3A:tt(/*® 4 3^), or 




* 4 
4 


®) - ht{h^ 4 SA®) = 

*) - 3^(/* + %"), 
3*:(A® 4 


by which means t = 


IX. 
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5. Let us now remove the fractions, by ma^g 

u J‘{ /■* -f* %?®) — h{7i* + 3Ar®); men 
t - + 3i*«) - + 3g«), 

where we may give any values whatever to the letters^ g, 
h, and k. 

(). When therefore we have determined, from these four 
nutilizers, the values of t and u, we shall have 

=y? + q = 

r = kt — hUf s = ?ii -j- Oku ; 

whence we shall at last arrive at the .solution of the question, 
a- ~ p qt y — P ^ q^ z = r — and » = r -f- ^; and 
this solution is general, so far as to comprehend all the 
]K>.s.sihle cases, kiiicc in the whole calculation we have ad¬ 
mitted no arbitrary litnitntion. The ^hole artifice con- 
sisletl in rendering oiir ecpiation divisible by 3 m® ; for 
we have thus been able to determine the letters t and u by 
an expiation of the first degree : and innumerable applica- 
tion.s may be made of these formula;, some of which we shall 
give for the sake of example. 

1. Let k = 0, and /t = 1, w'c shall have 

t — — 4- 3"®), and u =,/XJ^ + — 1 ; so that 

P=- n- -rimj ^-h or; 

^ _ (./ ^ -I- -i-J'; s -- - 3gty-’ 4- Sg-); 

r - ■ — /*( /’■ -f- -p 1; consetjuently, 

*.r=-;jg-(/^ + 3g^/+y; 
y = - fig- + 

c -= (3g- -yj X (f' + 3g*®) + 1; 

lastly, -- - (3gr +y) X {_r + Sgr«) + I. 

li we also supjxjse =■ — 1, and g = + 1, we shall have 
.r = — f2t', y ~ 14, z = 17, and n =— 7; and thence re¬ 
sults the final eijuation, — 2(P -f- 14’ + 17^ = — 7^, or 
I P 4 . 171 4- 7" = 20 ’. 

2. Let jf . - 2, g- - 1, and consequently ,/’* 4- 3g* = 7; 
farther, h — 0, and A* = 1; so that 4- 3/:® = 3 ; we shall 
tlien have t = — 12, and u ~ 14 ; so tliat 

p - 2f 4 - 3m = 18, y = # — 2a =— 40, 

r — t — — 12, and = 3tt = 42. 

From this will result 


X = + <7 = — 22, y ^ p — q := 58, 

z r — s = — 64, and z;=r 4 -^ = 30; 

therefore, 30> = 22? 4 - 68 ’ — 54’, or 

58’ = 30’ 4 - 54’ 4 - 22*; 

and as all these roots are divisible by 2 , we shall also have 

20" = 15’ 4 - 27’ 4- 1 Ik 
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6. Let^= S,ff ss 1» A = 1, and Xr as 1; ao that 

= 12, A* -I- 3i** aa 4; ^80 < = — 24, and u = 32. 
Here, Uicsc two values being divisible by 8, and as we con¬ 
sider only their ratios, wc may make = — 3, and u = 4. 
Whence we obtain 

^ = 8< + 3w as + 3, 9 = / - 3w as - 15, 

r=:<—li a= — 7, and tf = / + 3tta=4- 0; 
consequently, or = — 12^ and y = 18, 
s = — 16, and i? = 2, 

whence -12* -|- 18* - 16* = 2*, or 18* = 16* + 12* + 2*, 
or, dividing by the cube of 2, 0* = 8* + 6* 4“ !*• 

4. Let us also suppose ^ = 0, and k = /t, by whicli 
means we leave f and A undetermined. Wc shall tlius have 
■ 4 * 8^ = JT't and /** + SA*'' = 4A* ; so that t r: 12A*, and 
w a= f"— 4A’; also, p — st =■ 12/A*, y = — f* 4* 
r = 12A* -- 7^* + 4/i* = 167** — A/*, and » — ; lastly, 

X = P q = 16/7i* —y*. y=p-q = H/A* 

z = s = 16/i* - 4/*/^', and i? = r -f * = 167** 4-27i/’’. 

If we now makey= A = 1, we havex = 15, y = 9, r = 12, 
and t? = 18; or, dividing all by 3, x = 5, « = 3, a = 4, 
and V = 6 ; so that 3’ 4 - 4* 4" 5* = 6 *. The progivssion 
of these three roots, 3, 4, 5, increasing by unity, is worthy 
of attention ; for which reason, vre shoTl investigate whether 
there are not others of the same kind. 

249 . Questum 4. Required three numlxTs, wliose dif¬ 
ference is 1, and forming such an arithmetical progression, 
that their cul)es added together may make a cu1k\ 

Let X be the middle number, or term, then x — 1 will Ik* 
the least, and x 4" 1 the greatest; the sum of the cul)es of 
these three numbers is 8 j^ + 6x =r 3x(x' 4" 2)» which must 
be a cube. Here, w-c must previously have a case, in wdiicli 
this property exists, and we 6nd, after some trials, that that 
case IS X = 4. 

So that, according to the rules already given, we may 
make x ss 4 -I- y; whence x* =: 16 -|- 4" y% and 

X* = 64 4" 48y 4 “ 1%^* “i" ®tid by these means our 
ibrmula becomes 216 + 150y 4 36y* 4- 3y*, in which the 
first term is a cube, but the last is not. 

Let us, therefore, suppose the root to be 6 4-or the 
formula to be 216 4" + 1§^^‘ “f ®oa destroy 

the two second terms, by writing l9§/= 150, or y= 44 J 
the other terms, divided by give 

25» 25* 

36 4- % = -f ./^y = fg + fgi.y* 
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18» X 36 + 18* X % = 18« X 25« + or 
18* X 36 — 18* X 23*=25*^— 18* x 3^; therefore 
18* X 36 - 18* X 25* 18* x (18 x 36 — 26*) , 
^ 25* — 3 X 18* 26* - 3 x 18* ’ 

—324 x 23 —7452 

18 , y rr-— r= —; and, consequently, 


As it mig^ht be difficult to pursue this reduction in cubes, 
it is proper to observe, tliat the question may always be re¬ 
duced to squares. In fact, since 3ar(x* 4 - 2) must be a 
cube, let us suppose 3j?(ir* 2 ) = jr^y*; dividing by x, we 

shall have 3x* -f- 6 = x^y*; and, consequently, 


X* = ——- 77 .. Now, the numerator of this frac- 

- 3 by* — 18 

tion being already a square, it is only necessary to transform 
the denominator, 6 y* — 18, into a square, which also re¬ 
quires that we have already found a case. For this purpose, 
let us consider that 18 is divisible by 9, but 6 only by 3, 
and that y therefore may lie divided by 3; if we make 
y = 3x:, our denominator w'ill become 162a* — 18, which 
Ixjing dividetl by 9 , and Ixxjoming 18s* — 2 , must stUl be a 
square. Now, this is evidently true of the case z = 1, So 
that we shall make z =: 1 + v, and w-e must have 
16 -f 54i» -i- 54i!* -I- 18i>* = □. Let its root be 4 4 - 
the square of which is 16 -}- 54t? must have 

54 4- ISt* = ; or 18u =— VV* or 2i;=— and, 

ctinsetjuently, r = — ; which produces z = 1 4 - t; = 

and then y = . 

Let us now resume the denominator 


6y - 18 = 162z* - 18 = 9(18z* - 2 ) ; 
and since the square root of the factor, 18z* — 2, is 
4 -j- y r = ; ® tliat of the whole denominator is 44t * 

g 

the root of Uie numerator is 6; Uierefore x = = 4 - 6-7 > * 

'nrr 

value quite different from that which wc found befew^. It 
follow's, therefore, that the roots of our three cub^ sought 
arc X — 1 = X = 44 f, X 4 - 1 = tIt : and the sum of 
the cubes of these three numbers will be a cube, wh<Ke root, 

_ 4 J « V s » — 130 s 6 - 4 o » 

— Tt7‘ ^ TT — TXTJ —, 

250. Wc shall here finish this Treatise cm the Indeter¬ 
minate Anolyus, having had sufficient occasion, in the ques- 
60 ns which wc have resolved, to explain the chief artifices 
that have hitherto been devised in this branch of Algebra. 
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QUESTIONS FOR PRACTICE. 


1 . To diride a square number (16) into two stjuares. 

A ns, Vt' 

8. To find two square numbers, whose difiercuce ((k)) is 
given. Am. 78and 1681. 

3. From a number x to take two given numl)ers 6 and 7, 
80 that both remainders may be square numbers. 

Ans. X = *-,*/*• 

4. To find two numbers in proportion as 8 is to 15, aiid 

such, that the sum of Uicir squares shall make a scjuarc 
number. Am. 576, and 1080. 

5. To find four numbers such, that if the .square number 

100 be added to the product of every two of them, the sum 
shall be all squares. Ans. 18, 62, 88, and 168. 

6. To finci two numbers, whose diflerenee shall Iw equal 

to the difference of their squares, and the sum of their stjuares 
a square number. Ans. and 

7. To find two numbers, whose product being added to 
the sum of their squares, shall make a .square iium!)er. 

Ans. 5 and 6, 8 and 7, 16 and 5, &e. 

8. To find two such numlicrs, Uiat not only each number, 
but also their sum and their difFcrcnce, being incrcjised by 
unity, shall be square numbers. Ans. 6024, and 5624. 

9. To find three square numbers such, that the sum of 
their squares shall be a square number. 

Ans. 9, 16, and 

10. To divide the cube number 8 into three other cube 


numbers. Ans. \V, and 1. 

11. Two cube numbers, 8 and 1, lading given, to find two 

other cube numbers, whose difference shall be etjual to the 
sum of the riven cubes. Ans. Wt* 

12. To find three such cube numbers, that if 1 Ik sub¬ 

tracted from every one of them, the sum of the remainders 
shall be a sauare. Ans. 

13. To mid two numbers, whose sum shall be ecjual to 

the sum of their cubes. Ans. j, aud 

14. To find three such cube numbers, that the sum of 


them may be both a square and a cube. 

Am 1 »<>«♦»»? 
./ins. 1 , t 7 “ 4 t ;± t > 


I s a s 3 9 9 2 
iy-jut i • 
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M. DE LA GRANGE. 


ADVEUTISEM ENT. 

The gcomctiiciaas of the last century paid great atten> 
tion to the Indeterminate Analysis, or what is commonly 
calle<l the Diojthantinc Algebra; but Bachet and Fermat 
alone can properly be said to have added any thing to what 
Diophantus himself has left us on that subject. 

To the former, we particularly owe a complete method 
of resolving, in integer numbers, all indeterminate problems 
of the first degree : the latter is the author of some methods 
for the resolution of indeterminate equations, which exceed 
the second degreef; of the singular method, by which we 
demonstrate that it is impossible for the sum, or the dif> 
fcrence of two biquadrates to be a square J ; of the solution of 
a great number of very difficult problems; and of several 
admirable theorems respecting integ^er numbers, which he 
left without demonstration, but of which the greater part has 
since been demonstrated by M. Fuler in the Petersburg 
Commentaries ||. 

* See Chap. 3, in these Additions. I do not here men¬ 
tion his Coninicntawy on Diophantus, because that work, pro¬ 
perly' speaking, though excellent in its way, contains no dis- 
coveiy. 

“t* These arc explained in the 8th, 9th, and 10th chapters of 
the preceding Treatise. Pc^re Billi has collected them from dif¬ 
ferent writings of M. Fermat, and has added them to the new 
edition of Diophantus, published by M. Fermat, junior. 

1 This method is explained in the 13th ch^ter of the pre- 
ccuing Treatise; the principles of it are to be found in the 
marks of M. Fermat, on the XXVlth Question of the Vlth Book 
of Diophantus. 

I) The problems and theorenis, to which wc allude, arc 



ADDITIOKS. 


In the present century, line fanndi of enelym has been 
almost entirely neglected ; and, except M. £id», 1 know no 
pencm who has applied to it: but the beautiful nu* 
ni»ou8 discoveries, which tlmt great mathematician has 
made in it, sufficiently compensate ftnr the indiffierenoe 
which mathematical authors am>ear to have hitherto enUsv 
tinned for sudi researches. Tm Ctxnmentanes of Pet«rs> 
burg are full of the labors of M. Euler on this subject, 
and the preceding Work b a new service, which he has ren> 
dered to the admirers of the Diophantinc Algebra. Before 
the publication of it, there was no work in which tliis science 
was treated methodically, and which enumerated and ex¬ 
plained the principal rules hitherto known for tlie solution 
of indeterminate problems. Ilie preceding Treatise unites 
both these advantages: but in onier to make it still more 
complete, 1 have thought it necessary to make several Ad¬ 
ditions to it, of which 1 shall now give a short account. 

The theory of Continued Fractions is one of the most 
useful in arithmetic, as it sen’es to resohe problems witli 
facilit}’, which, witliout its aid, would be almost unmanage¬ 
able; but it is of still greater utility in the bolution of inde¬ 
terminate problems, w hen integer numbers only are sought. 
This consideration has induced me to cxnlain the theory of 
them, at sufficient length to make it understood. As it is 
not to be found in the chief works on arithmetic and algebra, 
it must be little known to matliematicians; and I shall be 
happy, if I can contribute to render it more familiar to them. 
At the end of this theexy, which occupies the first Chapter, 
follow several curious and entirely new proldems, depending 
on the truth of the same theory, but which I have thought 
proper to treat in a distinct manner, in order that their 
solutirm may become more interesting. Among these will 
particularly be remarked a very umpTc and easy method of 
reducing the roots of equations of tlie second degree to Con¬ 
tinued Fractions, and a rigid demonstration, that those frac¬ 
tions must necessarily be alwa^'s periodical. 

The other Additions chiefly reWe to the resolution of in- 


scattered through the Remarks of M. Fermat on the Questions 
of Diophantus; and through his Letters printed in the Opera 
Mathematiea, Ac. and in me secKind volume of the works of 
Wallis. 

There are also to be found, in the Memoirs of the Academy 
of Berlin, for the year 1770, & seq. the dmnonstrattons of some 
of this author’s Uieorems, which had not been demonstrated 
before. 
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determiiiAtc e<]^aticms of die fitst and second cte^gree; for 
these I give new and general methods, both for the case in 
which the numbers are oidy required to be ratioaal, and for 
that in which the numbers son^t are required to be integer; 
and I consider scone other important mattera rek^ng to the 
same subject. 

The last Chapter contains researches on the functions * 
which have this property, that the product of two or more 
similar functiems is always a nmilar tunction. I give a general 
method for finding such functions, and shew thw use in the 
resolution of different indeterminate prcdilems, to wbuh the 
usual methods could not be applied. 

Such are the principal objects of these Additions, , which 
might have been made much more extensive, had it not been 
for exceeding proper bounds ; I hope, however, that the sub¬ 
jects here treated will merit the attention of mathematicians, 
and revive a tase for tliis branch of algebra, which appetus to 
me very worthy of exercising their skill. 


CHAPTER I. 


ON 


CONTINUED FRACTIONS. 


1. As the siiliject of Continued Fractions is not found in 
the common books of arithmetic and algebra, and for this 
reason is but little known to mathematicians, it will be 
jicr to bemn these Additions by a short explanation of meir 
thc?ory, wliich we shall have fiequent opportunities to apply 
in what follows. 

In general, we call exery expression of this fimn, a con- 
ti mtedyracHony 


^ + 7 + 4 +.««- 


* A term used ih algebra for any expression containing a 
certain letter, denoting an unknown quantity, however mixed 
and compounded with other known quantities or numbers. 

Thus, OA+yx; 2x —g V (°" ’ *11 

functions of r. 


H II 
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m wbidi the quantities ^ ^ 4 

inte(^ numbers poative or negative; but at present we shall 
otmader those Omtinued Fnu^kms only, whose nuaaeratora 
b^c^d, &C. are unity; that is to say, mactions of this form, 

1 , 

pL - 1 W 

A* ^9 Yt any integer numbers positive or negative ; 

for th^ar^ properly speAinfo the only numbers, whuh are 
of great utility in anaiyss, & others being scarcely any 
thing more th^ obiects of curiosity. 

% Lnrd Brouncaer, 1 believe, was the first who thought 
of Continued Frai^ions; we know that the ccmtinued frac¬ 
tion, which he devised to express the ratio of the circum- 
sor^ed square to the area of toe circle was this; 

^ +T I * 

j.» S 

^ ^ &c. 

but we are ignorant of the means which led him to it. Wc 
only find in the Ariihfneiica infinitomm some researches on 
this subject, in which Wallis denumstrates, in an indirect, 
though ingenious manner, the identity of Brouncker’s cx- 

presaon to In*, which g 4 ^ 4 ., g x6. Sic / ^ 

also gives the general method of reducing all sorts of con¬ 
tinued fractions to vulgar fractions; but it docs not appear 
that either of those great mathematicians knew the prindpal 
premerties and singular advantages of continued fractions ; 
and we shall afVerwards see, that the discovery of them ia 
chiefly due to Huygens. 

3. Continued fractions naturally present themselves, when¬ 
ever it is required to express fractional, or imaginary quan¬ 
tities in numbers. In fact, suppose we have to assign the 
value of any given quantity a, which is not expressible by 
an integer number; the simplest way is, to begin by seeking 
the integer number, which will be nearest to the value of a, 
and which will difier from it only by a fraction less than 
unity. Let this number be a, and wc shall have a — a equal 

^ • « . . . I ... .. 


to a fraction less than unity; so that 


will, on the 


contrary, be a number greater than unity: therefore let 

—^ = 6; and, os b must be a numberigreater than unity, 
n—« 
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we may also seek for the integer number,^ which shall be 
nearest the value of and this number b^g called we 
shall again have 6-/3 equal to a fraction less than unity; 

and, consequently,V"^ will be equal to a quantity greater 

o—p 

than unity, which we may represent by c; so that, to assign 
the value' of c, we have only to seek, in the same manner, 
fiir the integer number nearest to c, which being remesented 
by y, we wall have c — y equal to a quantity less than 

unity; and, consequently, equal to a quantity, 

dy greater than unity, and so on. From which it is evident, 
tliat we may graduaily exhaust the value of a, and that in 
the simplest and readiest manner; unce we only employ 
integer numbers, each of which approximates, as nearly as 
possible, to the value sought. 

1 1 

Now, since - = b. we have a — a = -j-y and 

a—a o 


1 . . 1 L t 1 

a = a 4- T-; likewise, since t— we have 0 = 54 - 

b b —p c 

and, »nce —^— = d, we have, in the same manner. 


c—y 


c = y 4- &c.; so that by successively substituting these 


i-alues, we shall have 


a 


f=.+i 

-«-i- 


and, in general. 


r + d’ 

^+7 + -i- + ,SEC. 


I ^ 


It is proper to remark here, that the numbere a, y, &c- 
which represent, as we have shewn, the approximate integer 
values ol the quantides o, b, c, &c. may be taken each in 
two#different ways; since we may with equal propriety 
take, for the approximate integer value of a mven quantity, 
either of the two integer numbers between which that quan- 

® H H 2 
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tity Eei. There ia, however, an ceaenttal differepoe between 
Uieae two methods of taking the ammxziraate values, with 
respect to the ocmtinued firactioa wfuch results liom it: for 
if we always take the approximate values leu than the true 
ones, the denoniinatom y* ^ ^ positive; 

whereas they will be all negative, if we take all the ap- 
pKOximate vmues jgretder than true ones; and they 
will be partly positive and portly negative, if the approximate 
valuea are taken sometunes too seoall, and sometimes too 

In f«:t, if a be less than a, o — a will be a positive quan- 
ti^; wherefore h will be positive, and 0 will be so likewise: 
on tlie ocmtrary. O'—-a wUl be negative, if a lie mreater than 
a ; then b will be n^ative, and fi will be so likewise. In 
the same manner, if 0 be less thw by h ^ 0 will always be 
a po^ve quanti^; therefore c will be pomtive also, and, 
consequently, also y ; but if /3 be greater than b,b — 0 wUl 
be a n^aUve quantity; so that c, and consequently also y, 
will be negative, and so on. 

Farther, when negative quantities are considered, I un¬ 
derstand by less quantities those which, taken positively, 
would he ffreeUer* VVe shall have occasion, however, some¬ 
times to compare quanlitics umply in respect of their ab¬ 
solute magnitude; but 1 shall men take care to premise, 
that we must pay no attention to the signs. 

It must be remarked, also, that if, among the Quantities 
b, c, <2, &c. one is fbund equal to an integer numoer, then 
the continued fraction will be terminated; because we shall 
be able to preserve that quantity in it: for example, if c 
be an integer number, the continued fraction, whi^ gives 
the value of a, will be 

“ = “ + i+lr- 


It is evident, indeed, that we must take y = e, which 


ipves d = 



4- = 00 ; and, consequently, d » 


so that we shall have 


oo; 


^ ^ y +ar* 

the following terms vanishing in comparison with the infinite 
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quantity oo. Now^ ^ s= 0, wherefore we diall only have 



Tills case wUl happen whenever the quanti^ a k oom- 
mensumble; that is to say, expressed by a rational fosction; 
but when a is an irrational, or transoendental quantity, then 
the continued fraction will necessarily go cn to infinity. 

4. Suppose the quantity a to be a vulgar fraction, 

A and B being given integer numbers; it is evident, 

that the integer number, «, approaching nearest to will 

be the quotient of the division of a by B; so that supposing 
the division performed in the usual manner, and calling 
« die quotient, and c the remainder, we shall have 

— — a = — ; whence b = Also, in order to have 
» ® % 

the approximate integer value $ of the fraction —, we have 

only to divide B by c, and take /3 for the quotient of this 
division; then calling the remainder d, we shall have 

DC 

h — fl = —, and c ==: —. We shall therefore continue 

^ c D 

V 

to divide c by J>, and the quotient will be the value of 
the number y, and so on; whence results the following 
very simple rule for reducing vulgar fractions to continue 
fractkms. 

Ritlk. First, divide die numeratexr of the ^ven fraction 
by ite denominate, and call the quotient a; then divide the 
denominator by the remaindo', and call the quotient /S; 
then divide the first remainder by the second remainder, 
and let the quotient be y. Continue thus, always dividing 
the last divisor Iw the last remainder, till you arrive at a 
divirion that is permrmed without uiy remainder, which must 
necessarily happen when the rranmnders are all inte^r 
numbers that continually dimmish; you will then have the 
continued fraction 
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a + 



&c. 


which will be equal to the nven fraction. 

5. Let it be proposed, for example, to reduce to a 
continued fraction. 

First, we divide llOS by 887, which gives the quotient 1, 
and the ranainder S16; 887 divided b;^ j216, gives the 

a uotient 4, and the remainder 113; S!16 divided by US, mves 
le Quotient 9, and the remainder 9; also dividing 2S by 9, 
we oDtmn the quotient 3, and the remeunder 5; then 9 by 
5, gives the quotient 1, and the rcmaindcr 4; 5 by 4, gives 
the quotient 1, and the remainder 1; lastly, dividing 4 by 1, 
we fMJtain tlie quotient 4, and no remainder; so that the 
operation is fini:^cd: and, collecting all the quotients in 
order, we have this series 1, 4, 9, 2, 1, 1, 4, whence we 
form the continued fraction 


I i o s 

rrr 


— 1 + 






+-I 




6. As, in the above division, we took for the quotient the 
int^er number which was c<|ba] to, or less than, the fraction 
proposed, it follows that we shall only obtain from that 
memod continued fractions, if which ml the denominators 
will he potitive numbers. 

But we may also assume for the quotient the integer 
number, which is immediately greater than the value of the 
fraction, when that fraction is not reducible to an integer, 
and, for this purpose, we have only to increase the value of 
the quotient found by unity in the usual manner; then the 
remainder will be negative, and the next quoticiit will ne. 
ccssorily be negative. So that we mav, at pleasure, make the 
terms of the continued fraction pomtive, or negative. 

In the preceding example, instead of taking 1 for tlic 
quotient oi 1103 divided by ^7, we may take x ; in which 
case we have the negative remainder —671, by which wc 
must now divide 887; we therefore divide 887 by —671, 
and e^tain either the quotient — 1, and the remainder 216, 
or the quotient —2, and the remainder —455. Let us take 
the greater quotient —1: then divide the remainder —671 
by 216; whence we obtain either the quotient —3, and the 
remainder -583, or the quotient —4, and the remainder 
193. Continuing die drvii^ by adopting the greater 
quotient —3, we nave to divide the remainder 216 by the 
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remainder — which gives «th^ the quotient and 
the remainder 9» or the quotient —10, and the lemainder 
—14, and so on. 

In this way, we obtiun 


1103 

887 


= 2 


+ 




f*, &c. 


in which we see that all the denominators are negative. 

7. We may also make each negative denominator po« 
sitive by changing the sign of the numerator; but we must 
then also change the sign of the succeeding numerator; for 
it is evident that 




+, &c. 


} 


Then we may also, if we choose, remove all the signs — in 
the continued fraction, and reduce it to another, in which all 
the terms shall be positive; for we have, in general. 



-f, &C. 




+,&c. 




as we may easily be convinced of by reducing those two 
quantities to vulgar fractions *. 

We may also, oy similar means, introduce negative terms 
instead of posiuve; for we have 


'‘+T+,&c. ='‘ + *-T+-;^,+,&C. 

whence we see, that, by such transformations, we may always 
simplify a conUnued fraction, and reduce it to fewer terms: 
which will take place, whenever there are denominatena equal 
to unity, positive, or ne^tive. 

In general, it is evi<mnt, that, in order to have the con- 
tinuea fraction approximaUng as nearly as posable to the 


1 * y 

* Thus, the mixed number, 1 H|- - —therefore 

V—1 r—1 

i 1 I--!!:}. 

and, consequently. 
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Viilne of the given quantity* we must always take a, fij, y, 
Buci the intern numhers winch are nearest the quantatiea 
a* 6, e, &C. i^ether they be less, or greater than those quan¬ 
tities. Now, it is easy to perocsve that if, for example, wc 
do not take for a the inte^r number whk^ is nearest to a, 
mther above or below it, the following number 8 will neces¬ 
sarily be.equal to unity; in ihct, tlie difference betwcsen a 
and a will then be greater than 4 ^, consequently, we shall 

have bss —^ less than £; therefore /3 must be equal to 

uni^. 

So that whenever we find tlie denominators in a con¬ 
tinued fraction equal to unity, this will be a proof that wc 
liave not taken the preceding denominators as m^ar as wc 
mi^t have done; and, consequently, that the firaction 
may be simplified by increating, or diniinishing those de¬ 
nominators by unity, which may be done by the preceding 
formuls, without the necessity of going Uirough the \^liulc 
calculation. 

8 . The method in Art. 4 may also serv'e for reducing 
every irrational, or transcendental quantity to a continuetl 
fraction, provided it be expressed before in decimals; but as 
tile value in decimals can only be approximate, by aug¬ 
menting the last figure by umW, we procure two limits, 
between which the true value of the given quantity must 
lie; and, in order that wc may not pass those limits, w'c 
must perform the same calculation with both the fractions 
in question, and then admit into tlw continued fraction 
those quotients only whicli shall equally result from botli 
cyerattons. 

Let it be proposed, for exarojde, to express by a con¬ 
tinued fraetkm the ratio of the circumforence of the circle to 
the diameter. 

Tlua ratio mtpressed in decimals is, by the calculation of 
Viflta, as d^l4159!S65fi5 is to 1 ; ao that wa have to reduce 

^ ^ . 3,1415926635 • 1 .1 

•*“ ''~^'Iooo6«j66oo 

method above explain^. Now, if wc take only tbc fraction 

quotients 3, 7, 15, 1, &c. and if wc 
3 14160 

take the greater fraction ' toobOO ** quotients 3, 

7 , 16, &c. so that the third quotient remains doubtful; 
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whence we 8ee> that, in order to extend the continued frac¬ 
tion onW beyond three terms, we must aik^t a v#lue of the 
circumjCerence, which has more than ^ fibres. 

If we take the value given by Ludmph to tbirty-dve 
decimal places, which is 3,14159, 26535, 89793, 23846, 
26433, 83279,50288; and if we work on with this fraetkm, 
as it is, and alw with its last figure 8 increased by unity, we 
shall find the following series of quotients, 3, 7, 15, 1, 292, 
1, 1, 1, 2, 1, 3,1, 14, 2, 1,1, 2, 2, 2, 2, 1, 84, 2,1,1,15, 
3,13, 1, 4^2, 6, 6,1; so that we shall have 
Circumference _ ^ 

Diameter ~ ^+-nr_L.* 

"Tx 1 • 


And as there are here denominators equal to unity, we may 
simplify the fraction, by introducing negative terms, ac¬ 
cording to tlic formula; of Art. 7, and shall find 


Ci reumfcrcnce 
Diameter 


— 3 + 


I 

T. 


TTB- — 


*5:5^ _ * 

T + > 


Circuv^rencc 

Diameter 







1 

—^ + , &c. 


9. We have elsewhere shewn how the theory of continued 
fractions may be applied to the numerical resolution of 
cijuations, for which other methods are imperfect and in¬ 
sufficient *. The whole difficulty consists in finding in any 
er{uation the nearest inte^r value, »ther above^ or below 
the root sought; and for this I first gave some gi^nieral rules, 
by whidi wc may not only pero«ve how many real roots, 
positive or negative, c^ual cec unequal, the proposed equatkm 
contains, but also easily find the hmits of each of those roots, 
and even the limits of the real quantifies whi<^ compose the 
imaginary roots. Supposing, tfierefere, that jt is the un¬ 
known quanfity of the equation proposed, we seek first §ok 
the integer number which is nearest to Uie root sought, and 
calling mat number a, we have only, as in Art. 3, to make 


* ScN 3 the Memoirs of the Academy of Berlin, for the years 
1767 and 1768; and Le Gendre’s Lssai sur la Thcorie des 
Nombres, page 133, first edition. 
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«aE:a + —; representiitf helre what was de- 

noted in that article by a, 6, e» &c.#nd substitutiDg this 
value instead of x, we shall have, afbar repDOving the Inic- 
dons, an equadon of the same degree in wludb must nave 
at least one posidve, or negadve root greater than unity. 
After seeking therefore fmr the ap|mximata integer value 
of the root, and calling that value'wc shall then make 

^ = /3 + which will give an equadon in s, having like- 

wise a root greater than unity, wliose approximate integer 
\'alue we must next seek, and so on. In this manner, the 
root required will be found expressed by the condnued 
fraction 

^ 9 +, &c. 

which will he terminated, if the root is commensurable; 
but will necessarily go on ad infinitum^ if it be incmii- 
mensurable. 

In the Mem<^ just referred to, there will be found all 
the principles and details necessary to render this metliod 
and Its applicadon easy, and even different means of abridg¬ 
ing many of the operations which it requires. 1 believe 
that I have scarcely left any thing farther to be said on this 
important subject. With regara to the roots of equations 
of the second degree, we shall afterwards give (Art. 33 ct 
aeq.) a pardcular and very simple method of chang^g tliem 
into condnued fracUons. 

10. After having thus explained the geneds of condnued 
fractions, we shall proceed to shew their applicadon, and 
their prindpal propddes. 

It M evktent, that the more terms we take in a condnued 
fraction, the nearer we approximate to the true value of the 

S uandty which we have expressed by that fraction ; so that 
‘ we successively stop at each term of the fraction, wc 
shall have a series of quantities conver^xig towards the given 
quandty. 

Thus, having reduced the value of a to the continued 
fraction, 

1 1 

‘■"T+i+l 

^ ^ a +, &C. 

WC shall have the qumiddes. 
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or, reduction. 


{•*T> 


«g+l «gr±5±y g,, . 

^ 0 ’ ft'+l '“®- 


which approach nearer fuid nearer to the value of a. 

In ore ler to judge better of the law, and of the con¬ 
vergence of these quantities, it must be remarked, that, by 
the formulae of Art, S, we have 

o = a + ^ , c = y H- “j, &c. 

Whence we immediately perceive, that a is the first ap¬ 
proximate value of a; that then, if we take the exact value 

a 6 + l 

of a, which is —^, and, in tliis, substitute for 5 its ap¬ 
proximate value / 3 , we shall have this more approximate 
value — 5 —; that we shall, in the same manner, have a 

p 

third more approximate value of a, by substituting for 5 its 

-— , which gives a = — 

taking for c the approximate value 7 ; by these means 
the new approximate value of a will be 

07+1 

C'ontinuing tlie same reasoning, w'e may approximate nearer, 
by substituting, in the above expresaon of a, instead of c, 

its exact value, , which will give 


exact value 


a = 


( (g/3 -bl)y•i' ^ 


(0y4- l)d4*^ 

and then taking for d its approximate value we ^all have, 
for the fourth approximation, the quantity 

( (./3 +l)y+«)> + 00+1 
(/9y+l)^ + /5 

Hence it is easy to perceive, that, if by means of the 
numbers a, /3, y, 9, &c. we form the following expressions. 


* See note, p. 471. 



CHAT* 1. 




AJVMTWW*. 


A = « 

A'al 

B = ^A + 1 

B» = 

C * yB -h A 

SBS yn' q. a' 

D = + B 

n' = 4 s' 

X s «D 4- C 

wf BX.Bl/ 4 

&C. 

Sec. 


■we shall have this series of finctioBs ooovergii^ towards the 

A B c D B r . 
qoMiUty ^ ^ -p-^ TT. &C. 

If the quandtj a be rational, and represented by any 

V 

fraction it is evident that thb fraction will alwi^s be Uie 


last in the preceding series; once then the continued frac¬ 
tion wiU be tominated, and the last fraction the above 
series must always be equal to the whole continued fraction. 

But if the quantity a ne irrational, or transcendental, then 
the continued fraction necessarily gomg on od infinitum, we 
may also continue ad infinitum the scries of converging 
fractions. 

11. Let us now examine the nature of these fractions. 
1st, It is evident that tlie numbers a, b, c, &c. must con¬ 
tinually increase, as well as the numbers a', b', c', &c. for 
1 st, if the numbers a, 0, y,pLc, are all positive, the numbers 
A, B, c, &C. a', s', d, &C. will also be positive, and we shall 
cridently hove b 7 a, c 7 b, d 7 c, &c. and s' =, or 7 a', 
c' 7 B^, 7 o', &c. 

Sdly, If die numbers ^ ^ 7» <ure all, or partly nc- 

S itive, then amongst the nunH^rs a, b, c, &c. and, a', u', d, 
ere will be some positive, and some negative; but in that 
case we must consider that we have, by the preceding 
fbrmulse. 




j> 

c 



Sec. 


whence wc immediately see, that, if the numbers a, 0, y, &c. 
are different from umty, whatever their signs be, wc shall 


necessarily have^ ncgisctii^ the mfpB, ~ 7 1; end there- 

A 


A ® 

fore — Z 1; ocmsequently, 7 1, and so on: therefore 

B B 

B 7 A, C 7 B, &C. 

There is no exoeption to this bilt #hen some of the num¬ 
bers a, /3, y, &c. arc equal to unit^. Suppose, for example, 
that the numbo' y is the first which is equal to ± 1; wc 
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that 

same 


shall then hove i 7 a, but^c d a, if it happens diat the frac¬ 
tion ~ has a different sign from y ; which is evident firon 

the ^uation — y + ~ ? because, in that case, y + — 

will be anumber less thannnii^. Now, I say, in this case, we 
must haTe d 7 b ; for since y= +1, we shall have (Art. 10), 

c = ± 1 -f' and c — i =: ± 1; but as c and d are 

ciimntities greater than unity (Art. S), it is evident, 
this equation cannot subnst, uniera c and d have the 
si^ms ; therefore, since y and ^ are the approximate integer 
v^ues of c and dy these numbers y and ^ must also have the 

C A ' 

same sign. Farther, the fraction — = y-\- — must have 
the same sign as y, because y b an integer number, and 

A C 

—- a fraction le^ than unity; therefore and will be- 
quantities of the same sign; consequently, — will be a po- 
sitive quantity. Now, we have ~ and hence, 

multiplying by we shall have — =: “ -f-1; so that 

Sc . . . . . A . D 

— being a positive quantity, it is evident that — will be 
B B 

greater than unity; and therefore d 7 b. 

Hence we see, that, if in the scries a, b, c, &c. there be 
one term less than the nrecedmg, the following will ne¬ 
cessarily be greater; so that puttmg aade those less terms,^ 
the senes win always go on increaai^ 

Besides, if we <moose, we may always avoid this inron- 
venience, either by taking the numbers a, A y, See. poative^ 
or by taking them different from unity, whi^ may always 
be done. 

The same reasonings apply to tfib series a^, wf, dy &c. in 
which we have likewise 


B - • A " % I " * 

whence we may form conchiaons dumlar to the ptoroding. 
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19. If we now multiply cross-ways the terms of the omn- 

A h c 

aeeutive fractions, in the series —j, &c. we shall 

ABC* 

find BA* — AB* =s 1 , CB* — BC* = AB* — BA*, 

I>C* — CD* = BC* — CB*, fee. 
whence we conclude, in general, that 

BA* — AB* = I 
CB* ~ BC* = — 1 
nc* — CD* = 1 
ED* — DE*= — 1, &C. 

This property is very raxiarkable, and leads to several 
important consequences. 

ABC 

First, we see that the fractions —r, -t» -t. &c. must be 

B* V c 

already in tlieir lowest terms; for if, for example, c and c* 
had any common divisor, the integer numbers cb* — bc/ 
would fuso be divisible by that same divisor, which cannot 
be, since cb* — bc* = — 1. 

Next, if we put the preceding equations into this form, 

B A 1 

B* A* ~ a'b* 

C B __ 1 

?B* 

D C 1 

D* d "”c*D* 

* D __ 1 - 


it is easy to peremve, that the difierences between the ad- 

ABC 

Jmning fractions of the series -p-, are continually 


diminislung, so that this is necessarily converging. 

Now, I say, that the difference b^wcen two consecutive 
fractions is as small as it is possible for it to be; so that 
there can be no other firactiem whatever between those two 
fractions, unless it have ^ denominator greater than the de- 
nonunators of them. 


Let us take, for examjde, the two fractions -p',and ^ the 
difference which is and let us suppose, if possible. 
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that diere 18 another fractioD,—, whose value falls between 

n 

the values of those two fractions, and whose denominator n 

iti' 

is less than o', or less than iJ. Now, ranee is between 

^,and —, the difference of •—, and whu^ is —,cnr 

-;—, must be less than -j-jt tl'® difference between 

nd diy d 

and but it is evident that the former cannot be less than 

c' 

-i-r; and therefore if n z n^, it will necessarily be greater than 
nc 


-i;. Also, as the difference between ^,and cannot be less 
CD' n D 

than— 1 , it will necessarily be greater than -^9 if n z. c', 
nD' 

whereas it must be less, 

13. Let us now see how each fraction of the series 

— —, &c. will approximate towards the value of the 

a' ’ b' 

quantity a. For this purpose, it may be observed that the 
formula* of Article 10 give 

cd-|-B 

"" dd^ 

^ ne-f-c 

"" D'e+c' 


Aft-f 1 
“ K'b 

BC -f- g 
“ b'c-|-a' 


and so on. 

c 

Hence, if we would know how nearly the fraction for 
example, approaches to the given quantity, we seek for the 
difference between ^ and o; taking for a the quantity 

we shall have 

c'd-f b'* 

c cd+B c BC^-CB^ _ 1 

" ” ^ — c'd+ b'"" p"" c'fc'd + s')““ c'(c'd + b^* 
because bc' — cb' = 1, (Art. 19). Now, as we suppose 9 the 
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approximate value ^ d, ao that^ the' difference between d 
and t is less than unity (Ait. S), it is evident that valde 
of d will lie between die two numbers i iuid 9 ± I, (the 
upper sign being for the case, in which the approximate 
value 9 is less than the true one d, and the lower sign for the 
case, in which 9 is greater than and, consequently, that 
the value of c*d + w, will also be contained between these 
two, d9 -f s') and d(9 ± 1 ) + s'* that is to say, between d 

c 

and d: c*« therefore the difference n — - j will be contained 


between these two limits 


1 

d{j>' ±.d) 


whence we may 


ju(%e of the degree of approximation of the fraction 


c 



14. In general, we diall have. 



— B 1 

^ d b'(b'c+a') 

c 1 

eVd+B') 

D 1 

O = —, — -rr—t -SO Oil. 

d' d{d€-^dy 

Now, if we suppose that the approximate values, y, 
&C. are always taken less tlum the real values, these numbers 
will all be positive, as well as the quantities 6, r, d, &c. (Art.3.) 
and, consequently, the numbers a', s', d, &c. will be likewise 
all positive; whence it follows, that the differences between 

ABC 

the quantity a, and the fractions -p-, &c. will be 

alternately positive and negative; that is to say, those frac¬ 
tions will he alternately less and greater than the quantity a. 
Farther, as 4 7 ft e 7 y, d 7 &c. by hypoihesUy we 

have b 7 b', {dc + 7 (B'y + jJ), and also 7 d*, 

(c'd d) 7 id9 -f- d)y and therefore 7 dy &c. and as 
6 Z. -4- 1), c z (y -h I), d z (» + 1), we have 6 z (s' + 1), 


* For since c 7 y* tberefbre de 7 dy; and, consequently, 
(b'c + a') 7 (bV + d) which » 7 c', because dy + a' = c', 
page 476. Aim it is exactly the same with the other quan- 
B. 
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(bV 4- a') 1. {ji{y + 1) + a') a (c' + bO, al«o 

(c'd -f ») z (c'(f -I- 1) + B^) Z (o' -h c^)# &C. t» that the 

^ 8 C * 

errors in taking the fractions -jj, Sec. finr the Talue 

1 11 

<if «, would be respectively less than ~rT» 

A o 8 0 CO 

111 . 

gi ciUcr t ha- 7 - 3 -—pr, . , —jr, ■■■ ,> ■ ■ 7 -;—^,&c. which shews 

how small those errors are, and how tiiey go on diminishing 
from one fraction to another. 

ABC 

But farther, since the fractions —r, — —r. Sac, are al- 

ternately less and greater than the ouanti^ o, it is evident^ 
tliat the value of that quantity will always be found between 
any two consecutive fractions. Now, we have already seen 
(Art. 12), that it is impossible to find, between two such 
fractions, any other fraction whatever, which has a denomi¬ 
nator less than one of the denominators of those two frac¬ 
tions ; whence we may conclude, that each of the fractions 
in question, express the quantity a more exactly than any 
other fraction can, whose cicnominator is less than that of the 

c 

slicccjcding fraction ; that is to say, the fraction —ft for ex- 

c 

ample, will express the value of a more exactly than any 

other fraction in which n would be less than D^ 
n 

• 

15. If the approximate values a, y, &c. are ail, or 

1 >artly, greater than the real values, th^ some of those num- 
>ers will necessarily be negative (Art. 8 ), which will also 
render negative some terms of the series a, b, c, &c. a', b', 

&c. <x>nsequently, tlie differences between the fractions 

A B C ^ 

—J-, -p, —, &c. and the quantity will no longer be al- 

A B C 

ternately positive and negative, as in the case of the pre¬ 
ceding articles: so that those fractions will no longer have 
the advantage of ^ying the limits in p/ua and minus of the 
quantity a; an advantage which appears to me of very great 
importance, and which must thererore in practice make us 
always prefer those continued fractions, in whidi the* de¬ 
nominators are dll positive. Hence, iii what follows, we 
shdl only attempt an investigation of fractkms of this kind. 
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16. Let U8, theroftiFe,<x>iisider tlie ierie» ^ 

4ec. in which the ffuctieos mre alternately less and greater 
than the quantity a, and which it is crident, we 'may divide 
into these two series: 




&c. 


» D 



be. 


of whidi the first will be composed of fractions all less than 
o, and which go on increasing towards the quantity a ; the 
aecoml will lie cumpowd of fractions all gn*uter than o, but 
which go on diiiiinisJiing towanls that s;iine (piaiitity* Let 
us therefore examine each of those two scries si'imrately ; in 
the first we have (Art. 10, and 12), 


ii 



E e 

V r' 

and in the scccmd wc have, 

B D ^ 

s' d' ~ b'o' 

j t # jf ClC* 

1 )' F dV 

Now, if the numljcrs y, *, &c. were all equal to unity, we 
might prove, as in Art. 12, that lietwcen any tw*o consecutive 
ffactions of either of the preceding series, there could never Ih* 
found any other fraction, whose denominator would lie less 
than the denominators of those two fractions; but it will not 
be the Mune, when the numbers y, f, c, be. are greater than 
uhity; ibr, |||^ that case, we may insert between the fractions 
in question iw many intermediate tractions as there are units 
in the numbers y — 1, i — 1, t — 1, be. and for this pur¬ 
pose we shall only have to substitute, successively, in the 
Tidues of c and c', (Art. 10), the numb^s 1,2,3,.y, in¬ 

stead of y; and, in the values ol' n and i/, tlic numbers 
1 , 2, 3,.instead of f, and so on. 

17. Suppose, for example, that y=4, we have c = 4b -f a 
ud c' = + a', and we may iusert between the firactions 

atid -p-, three intermediate fracUons, which wtU be 


c i:' 
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B+A Sb+a 3b+a 
b' + a'* 2d'+a'» 

Nuw, it is evident, that the denominators of these fractions 
form an increasing arithmetical series from a' to ; and we 
shall see tliat the fractions themselves also inorease con- 


A C! 

tinually from to ; so that it would now be impossible 
to insert in the series 


A b + a 2b+ a ds-fA 4b4-a c 

V’ bT+V* 2b'+ a'’ 3b'+ a'’ iiTfA'’ 77’ 

any fraction, whose value would fall between the values of 
two consecutive fractions, and whose denominator also would 
lx* found between the denominators of the same fractions. 
Ftir, if wc take the differences of the above fractions, since 


ab' = 1, 

we have. 


B +A 

A 

1 

b'+ a' 

a' 

a'(b' + a') 

2b -H a 

B + A 

1 

2b'+ a' 

b' + a' ~ 

(b'-Ha') X (2b'+ a') 

Ss-f A 

2b+a 

1 

3b' + a' 

2fl'-hA' “ 

(2b' + a')x(3b'+a') 

V 

.3b 4- A 

1 

c' ■ 

■" 3b'+a'“ 

(3b' f aV’ 


whence we ininiediatcly perceive, that the fractions 


A B + A 
a'’ B'+A 

arc all positive; then, as those difierences are ^ual to unity, if 
divideo by the product of the two denominators, we may 
prove, by a reasoning analogous to that which we employed 

(Art. 12), tliat it is im{x)ssiblc for any fractiofl^—,tofallbe- 


&c. continually increase, since thc^ differences 


tween two consecutive fractions of the preceding series, if 
the denominator n fall between the denominators of those 
fractions; or, in general, if it be less than the greater of the 
two denominators. 

Farther, as the fractions of which we speak are all greater 

than the real value of a, and the fraction ^ is less than it, it 

is evident that each of those fractions will approxkiiate to¬ 
wards the value of the quantity a, so that the difference 

1 1 2 
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will be less than that of the same fraction and the Iraction 


now, we find 


A 

B 1 


B» ” a'b* 

B +A 

B 1 

b' + a^ 

B^ ~ (B* + A^b' 

2b+’a 

B 1 

2b' + a' 

(2b'+a^)b' 

3b- f A 

B 1 

Bb' + a' 

b' “"(Sb'+a')!' 


B 1 


d b' c^b'* 


Therefore, since these differences are also equal to unity 
divided by the product of the denominators, we may apply 
to them the reasoning of Article 12, to prove that no iracliuii, 

can fall between any one of the fractions 
n 



b4-a 2b4'A 
b' + a" 28^ +a'* 


&c. and the fraction 


if the denoini- 

ji' 


nator n be less than that of the same fraction ; whence it 
follows, that each of those fractions approximates towards 
the quantity a nearer than any other fraction less than a, and 
having a less denominator; that is to say, expressed in 
simpler terms. 

18. In the preceding Article, we have only considered, the 


AC 

intermediate fractions between - 7 ,and—r; but the same will 

a' c' 


be found true of the intermediate fractions between —^, and 

E X G 

- 5 , between -7 and - 7 , &c. if s, n* &c. are numbers greater 
le a 

than unity. 

We may also apply what we have just said with respect to 

AC B D X 

the first series —^ p, &c. to the other scries -gj, &c. 

so that if the numbers C, are greater than unity, we may 
insert between the fiactions and and &c. dif- 

w D'' li' r*' 
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ferent intermediate fractions, all greater than a, but which 
will continually diminish, and will be such as to express the 
Quantity a more exactly than could be done by any other 
fraction greater than a, and expressed in simpler terms. 

Farther, if is also a number greater than unity, we may 


likewise place before the fractions ^ the fractions 


A-fl 2 a-H 3a+1 
1 ’ 2 ’ 3 “’ 


&c. as far as 


^ ’ 


1 . B 

that IS 

B 


and 


these fractions will have the same properties as the other in¬ 
termediate fractions. 

In this manner, we have these two complete series of 
fractions converging towards tlie quantity a. 


Fractions increasing and less t/um a. 


a 

V’ 

B -f-A 

b' + a'’ 

2 b 4 -a 3 b + a 

2 b'+ a" 3 b' + a'»- 

yB 4 -A 

yB' 4 -A'’ 

c 

D + C 

2 d 4 -c 3 d + c 

2 d' 4 -c'' 3 d' 4 - c" 

«D +C 


d' -f c' ’ 

eD' 4 -c'’ 

£ 

F -f K 

p' + e'* 

2 f + E 3 p 4 - K e 

21 ^+ e'’ 3 f'-I-e'’ 



Fractioms decreasing and greater 

than a. 

A + 1 

8 a + 1 

3 a 4-1 Q /3 a 4-1 

3 ' &c. ^ , 


1 ’ 

2 * 


B 

V’ 

C +• B 

c'+ b'* 

2 c 4 -B J, ^C 4 -B 

2 c'-H b'* ^c' 4 -b'’ 



E + D 

2 e 4 - D 3 b 4 - D p 
2 e' 4 -d" 3 b' 4 -d'* 



a! +d'’ 



If the quantity a be irrational, or transcendental, the two 
preceding series will go on to infinity, since the senes of 

fractions A, —„ &c. which in future we shall call 
b' c' 

principal fractions, to distinguish them from the intetmediate 
fractions, goes on of itself to infinity. (Art. 10.) 

But if the quantity a be rational, and equal to any fraction, 

—we have seen in that article, that tiie scries in question 

'yl ' V 

will terminate, and that the last fraction of that series will be 
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the fraction itself; thcref<Mre, this frai^mi must also ter¬ 
minate one the above two seiics, but the other series will 
go on to infinity. 

In fact, suppose that S is the last dencmiinator of the 

continued fraction ; then ~ will be the last of the principal 

fractions, and the scries of fractions greater than a will be 

terminated by this same fraction Now, tlic other scries 

of fractions less tlian a, will naturally stop at the fraction 
C . D 

-p-, which precedes ; but to continue it, we have only 

to consider Uiat the denominator f, which must follow the 
last denominator I, will be = oc (Art. 3); so that the 

£ D 

fraction —p, which would follow —, in the sc'ries of prinei[>al 


fractions, would be- : -r = —■* ; now, by the law of mi- 

3C D'-h c' d' ■' 

termediaie fractions, it is evident that, since « = x , we 

r E 

might insert between tlie fractions —j and an inlinite 

number of intermediate fractions, which would lx? 

n-fc 2i>-f-c 3D-f c ^ _ 

Siy-f r ’ 

c 

So tliat ill this Ciute, after the fraction "^tin the first st'ries of 

fracuons, we may also place the interfHcdiate firactions we 
speak of, and continue them to infinity. 

19- jProblem, A fraction express^ by a great numlier 
of figures being given, to find all the fractions, in less terms, 
whi^ wproa^ so near the truUi, that it is impossible to 
h nearer without employing greater ones. 


* Because an infinite quantity ciuinot be increased by ad¬ 
dition; and therefore cc d 4 * c = «c n, and x d' + c’s ocn'; 
consequently, 

aoD'4-c'“ li' 


1 
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This f>rpblcaa will be easily reeolred by tiie theory whidi 
we iiave exi>lained. 

VVe shall begin by redudiig the fraction proposed to a 
continued fraction after the method Art. 4, observing to 
take all the approximate values less than the real ones, ui 
order that the numbers $, y, 9, Sec. may be all poMtivc; 
then, by the assistance of the numbers found, «, 0 , 7 , Sec. 
we form, according to the formulse of Art. 10 , the fractiona 

iW B C 

, -r, —r> the last of which will necessarily be the 

same as the fraction proposed; because in that case the con¬ 
tinued fraction terminates. Those fractiona will alternately 
he less and greater than tlie given fraction, and will be suo 
ccssively expressed in greater terms; and farther, they will be 
Mich, that each of those fractions will be nearer tne given 
fraction than any other fraction can lx?, which is expressed 
in terms less simple. So that by these means we shall 
have all the fractions, that will satisfy the conditions of 
tlie [iroblem, expressed in lower terms than the fraction 
projKJM'd. 

if we wish to consider separately the fractions which arc 
less, and tliose which are greater, than the given fraction, we 
may insert lielween the alx>ve fractious as many interniedAate 
fractions as wc can, and form from them two series of con¬ 
verging fractions, the one all less, and the other all greater 
than the fraction proposed (Art. IG, 17, and 18); each of 
which scries will have separately the same projxjrtics, as the 

ADC 

series of princijxil fractions, —, Svc. for the frac- 

D C 

lions In each scries will be successively cxprcss€?d in greater 
terms, and each of them will approximate nearer to the 
value of the fraction projxjsed than could be done by any 
other fraction whether less, or greater, than the given frac¬ 
tion, but expressed in simpler terms. 

It may also happen, that one of the intermedinte fractions 
of one series docs not approximate towards the ^ven fraction 
so nearly, os one of the tractions of the other series, although 
expressed in terms less simple than the former; for this 
reason, it is not projxjr to employ intermediate fractions, ex¬ 
cept when we wish to have the fractions sought either all 
less, or all greater, than the given fraction. 

to. Example 1. According to M. de la Caille, the solar 
year is 5^ 48'. 49", and, consequent^, lonfter by S'* 
48*. 49 " than the common year of SGo'*. It this difference 
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(exactly 6 botira,'it would make one day at the end of 
fiour oommcm years: but if we wish to know, exactly, at the 
end of how many years this difference will produce a certedn 
numbm* of dayi^ we must seek the ratio between 5?4^, and 
5^. 48'. 49*9 whicdi we find to be ; so that at the end 

of 86400 csommoD years, we must intercalate 209529 days, in 
order to reduce them to tropiod years. 

Now, as the rado of 86400 to 20929 is expressed in very 
high term^ let it be required to find ratios, in lower terras, 
as near this as posdblc. 

For this purpose, we must reduce the fraction | *4? ? “ 

continued fraction, by the rule given in Art. 4, which is 
the same as that by which the greatest cronnnon divisor of 
two given numbers is found. This will give us 

20929)86400(4 = a 
8S716 

2684)20929(7 = 0 
18788 

2141)2684(1 = y 
2141 

543)2141(3 = t 
1629 

512)543(1 = * 

512 

31)512(16 = ^ 

496 

16)31(1 = r, 

16 

15)16(1 = 6 
15 

1)15(15 = I 
15 

0 . 

Now, as we know all the quotienta ^ 0 , y, &c. we easily 

-A ® 

form from th^ the series &c. in the following 
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maimer: 


At 7 f ]» $t 

4 *9 33 ISt 

T» T * T » TT > 


I, 10, 

I « I « 704 . 

Try» yrr > 


1, I, «5. 

*t 0 S ’ 5 S «9 •‘8400 

Tyy» TT 4 ~ f » T ^ VT y > 


the last fraction being the same as the one proposed* 

In order to facilitate the formadon of these fractioiiB» we 
first write, as is here done, the sexies of quotients 4, 7, &<s. 

and place under these coefficients the fractions 4> V> V* 
whicn result from them. ^ 

The first fraction will have for its numerator the number 
which is above it, and for its denominator unity. 

The second will have for its numerator the product of 
the number which is above it by the numeraUnr of the drst, 
plus unity, and for its denominator the number itself which 
IS above it. 

The third will have for its numerator the product of 
the number which is above it by the numerator of the 
second, plus that of the first; and, in the same manner, 
for its denominator, the product of tlie number which is 
above it by the denominator of the second, plus that of the 
first. 

And, in general, each fraction will have for its numerator 
the pr^uct of the number which is above it by the nu¬ 
merator of the preceding fraction, plus diat of the second 
preceding one; and for its denominator the product of the 
same number by the denominator of the preceding fraction, 
plus that of the second preceding one. 

So that 29 = 7x4 + 1, 7 = 7; 33 = 1x29 +4, 
8 = lx7 + l; 128 = 3 x 33 + 29, §1 = 3x8 +7, 
and so on; which agrees with the formulae of Art. 10. 

Now, we see from the fractions V» 

simplest intercalation is that of one day in four common 
years, which is the foundation of the J ulian Calendar; but 
that we should approximate with more exactness by inter¬ 
calating only 7 days in the space of 29 common years, or 
eight in tlie space of 33 years, and so on. 

It appears farther, that as the fractions 4» 
alternately less and greater than the fraction 4^4-4^ or 


^ 4^ 4 9 * * intercalation of one day in four years would 


be too much, that of seven days in twenty-nine years too 
little, that of eight days in thirty-three years too much, and 
so on; but each of these intercalations will be the most 
exact that it is possible to make in the same space of time. 

Now, if wc arrange in two separate series the fractions 
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that sre Icsit, and those that are greater than the given 
fraction, *we may also insert different eecxindary fractions 
to complete the series; and, for this purpose, we shall fbtbsr 
the same fwooess as be^Nv, but taking successively, instead 
of each number of the upper scries, ail the integer numbers 
less than that number, wnen there arc any. 

So that, oemsidering first die increasing fractions, 

I, 1 . I, 15 , 

* J1 ifii ,6400 

T» r> TV* TVT* 

we see that, since unity is above the second, the third, am! 
the fourth, we cannot place any intermcdiaic fraction, either 
InHween the first and the second, or between the second and 
the third, or between the third and the fourth; but as the 
last fraction stands below the number 15, wc may plaee, 
between that fraction and the precetlmg, fourteen initt- 
mrdiaU fractions, the numerators* of wliich will form the 
arithmeUcal prc^lT'ession Sif865 -f 5569, 2865 2 x 65(J9, 

2805 -K 3 X 5^9, &c. their denominators will also form 
flic arithmetical progression 694 + 164{), 694 -f- 2 x 1349, 
694 1 3 X 1349, icc. 

So that the complete series of increasing fractions will lx.* 

4 11 161 1865 ,414 ,4"01 3 I 141 

I* V* Ti> * t. sJ'JC > TJV* > ^ 7 " 4 'i » (fif-TTo > 

107«0 i61?0 4184 , 474I'' JSitJ 

f-fTvr* irvi » mr.rTfi» •lif'i'i* tu' i r*'’ 

«4tS4 69601 7516* «9,ll 86400 

i'< rrr* ■!«!:»»> ‘it-im T-g-Tir«> 

And, aa tlic last fraction is tlie same os the given fmetion, it 
i« evident that this series cannot be carricii farther, lienee, 
if we ch<K>se to ltdrait those intercalations only in which the 
error is too much, the simplest and most exact will lx* those 
of one flay in four years, or of eight days in thiriy-tlirec 
years, or of thirty-nine in a hunared and sixty-one years, 
and so on. 

Let us now consider the dccrea.*'iiig fractions, 

T. S, 10, I. 

la 16, *704 116 9 

T * -rr » tjtt » iT-fy 

And first, on account of the number 7, which is above the 
first fraction, wc may place six others before it, the nume¬ 
rators of which will form the arithmetical progression, 

44 - 1 , 2x4 + 1, 3x4+1, &C. 

and the denominators cd* which will f<wm the progreseion 

* Because ,'41 7 is the principal fraction between V* 1 * 

*«'f ??> *® found in the foregoing scries. 8 ee page 4-85. B. 


1 
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1, S, 3, &C. ^; also, on account of the number 3, we may 
place two intermediate fractions between the first and the 
second; and between the second and the third we may 
place fifteen, on account of the number 16 which is above the 
third; but between this and the last we cannot insert any, 
because the number above it is unity. 

Farther, we must remark, that, as the preceding aeries is 
not terminated by the given fraction, we may continue it as 
far as we please, as we have shewn. Art. 18. So that we 
shall have this series of decreasing fractions, 

591117 31 15 >9 61 95 rl8 

■ij 1 * r» r * tf * T> TY5 T» » 

189 +50 6ii 77* 9 31 lOsi lis/ I)i6 

5*0 » I'oVf T:iT» rrrj iTzt iTr» tct; * Trr» 

1 5 7 7 1 / 3 8 1 8 9 9 1060 aili X,8, 9,4-1 

rri » 5 "rrv 5 iy'lr» ttt* xrT» "ir*«; ♦ 

17C4 5 5 69 91969 1 7 8 1 69 * 64-7 69 3 5 ll69 

6S5 » 1 r+'/i xtifiiJ 4rxc7 » TT&'ffT » 

4 > 7 5 9 Szc 

1 6 I V 9 4 5 

which are all less than the fraction proposed, and approach 
nearer to it than any other fractions expressed in simpler 
terms. 

Hence we may conclude, that if wc only attend to the 
intercalations, in which the error is too small, the simplest 
and most exact arc those of one day in five years, or of* two 
days in nine years, or of three days in thirteen years, &c. 

In the Gregorian calendar, only ninety-seven days are in¬ 
tercalated in four hundred years; but it is evident, from 
the preceding scries, that it would be much more exact, to 
intercalate a hundred and nine days in four hundred and 
fifty years. 

hut it must be observed, that in the Gregorian reforma¬ 
tion, the determination of the year given by Copernicus was 
made use of, which is 365‘‘. 5\ 49'. 20’': and substituting 
this, instead of the fraction “^ 54^5 shall have or 

rather 14° i w hence >ve may find, Ijy the preceding method, 
the quotients 4, 8, 3, and from them the principal 

fractiotis, 

4 . s, .■), :h 

4 33 169 540 

15 Tl T V 5 TTV, 

which, except the first two, are quite different from the 
fractions found before. However, we do not perceive 
among them the fraction adopted in the Gregorian 
calendar; and this fraction cannot even be found among 
the intermediate fractions, which may be inserted in 


* Sec page 485. 
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iim two series f, and y» I 44 ; ibr it is evident, that it 
QObld faU only between those last fractions, between which; 
on account of the number 3, wbkh is above the fraction 44 .^, 
there may be inserted two intermediate fractions, which will 
be and ; whence it appears, that it would have 
been mote exact, if in the Gregorian reformation they had 
only interca l a te d ninety days in the space of three hundred 
ana aevmity-aone years. 

If we reduce the fraction ^?, so as to have for its nu- 
memtor the num^ 86400, it will become Hff?, which 
estimates the tropical year at 865**. 5^. 49*. 12". 

In this case, the Gregorian intercalation would be quite 
exact; but as observations make the y^u* to be shorter 
by more than 20’, it is evident that^ at the end of a certain 
period of time, we must introduce a new intercaTation. 

If we keep to the determination of M. de la Caille, as 
the denominator 97 of the fraction y/ lies between the de¬ 
nominators of the tiflh and sixth principal fractions already 
found, it follows, from wliat we have demonstrated (Art. 14), 
that the fraction Yr be nearer the truth than the frac¬ 
tion ; but as astronomers are still divided with regard 
to the real length of the year, we shall refrain from giving a 
derisive opinion on this subject; our only object in the 
above detail is to facilitate the means of understanding con¬ 
tinued fractions and their application: witli this view, we 
shall also add the following example. 

21. Example 2. We nave already given, in Art. 8, the 
continued fraction, which expresses the ratio of the circum¬ 
ference of the circle to Uie mameter, as it results from the 
firaction of Ludolph; so that we have only to calculate, 
according to the manner taught in the prcc^ng example, 
the series of fractions, converging towards that ratio, which 
will be 

.3, 7, 15, 1, 292, 1, I, 

1 »a 31J JJI *01993 J04J*« »0«J4i 

T» T * -rtnr* tt t* txt-st » ttitt » sbttt > 


1 , 2 , 
3ts6S9 >337*9 

rvsTv* TEBrrrrTJ 


1 * 3, I, 

ll4a40S 4»7a94l S4I9]1> 

T U ' S ' gT T » TTTnrrjo* 


14. 

>0143937 
lo i r* * 


2, I, 1, 

I6S70706S' ^45>S09l^ 4ll5$79S7 

TTTrnrrrr* mTrrry » •* TT^rc^^r9T‘ff> 


2 , 

1O69906S96 
TarsTTBsrrT» 


2 , 

*>4949 * 7 79 
f'T rf i'l S'TI' 1 


<>*<793 043 4 

Tg gT rr-rrgT> 


2 , 


*4»«S39*6>7 

4 7 Tiiarai r» 


1 , 

4 10 3 3 14 1 I 4 » 

^ W TTTTmar > 


84, 

*7B3lA64l611i 

TS’rarBT'o-tnrreT > 
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2 . 


8 9 5 8 9 3 7 7 6 8 9 3 7 

^ Tn n FTnT7 


3, 


♦88Z8» S 933^9304 ^ 


1, 

6 11 4 8 9 9 5 a 5 4l 7 0 45 
TFT 1 TFjrrinr TTTT 5 *t» 

2 , 

646X744SS9X8888B7 
t T iFTTTnnr iTmrr-tfT» 


6 , 


1646693 > 3930434 $ 

T-4l-TflrTF7 T4Trr-fTTb 7 » 


I, 


3711$ 1999734 

"r gyro - oT Tv yi Ti 


15. 

13, 

$ 70 6 674 9 390677 4» 
TlT^yglF F T Il 4-T 7T* 

4*, 

3 0»4.6X7 303 371J9*.. 
g g T ? g g r ? T TrTT T - J 8 » 

6 , 

4 3 o oI o946$9«069»43 

I. 

3 0 7 6 7040 7 1 7 3 03 7 3 5 8 8 

TTF r*TT^ TTF TTF OTTr ' 


These fractions will therefore be alternately less and 
greater than the real ratio of the circumference to the 
diameter; that is to say, the first 4 - will be less, the second 
greater, and so oh; and each of them will approach 
nearer the truth than can be done by any .other fraction ex¬ 
pressed in simpler terms ; or, in general, having a deno¬ 
minator less than that of the succeeding fracdon: so that we 
may l)e assured that the fraction approaches nearer the 
truth than aii^ other fraction whose denominator is less than 
7; also the fraction Y approaches nearer the truth than 
any other fraction whose denominator is less than 106; and 
so of others. 

With regard to the error of each fracUon, it will always 
be less than unity divided by the product of the deno¬ 
minator of that fraction, by the denominator of the following 
fraction. Thus, the error of the fraction 4 will be less than 

;, that of the fracUon will be less than =— 77 ^, and so 

on. But, at the same time, the error of each fraction will 
Ik? greater than unity divided by the product of the de¬ 
nominator of that fraction, into the sum of this denominator, 
and of the denominator of the succeeding fraction; so 
that the error of the fraction 4 will be greater than 4 , 

1 

that of the fraction y greater than >y ^ lis ’ 

(Art. 14). 

If we now wish to separate the fractions that.are less than 
the ratio of the circumference to the diameter, from those 
whioii arc greater, by inserting the proper intermediate 
fractions, we may form two series of fractions, the one in- 
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craoii^^ and t}« other decrcnnnR, towards the true ratio in 
qaestion; in this manner we abaU have 


FracHons /«»«than the ratio q/'the circwH^remx to the 

diameter. 


s 

T» 


* a 
T * 


♦ r 
■rr» 


a o I 
VT 9 
I 04 1 

TTI » 


» » 3 
TT » 


09 

■VT* 

» 4 S 

tt » 


9 I 
TT* 


I I 1 

TT * 


I 3 S 
TT ♦ 


1 I ? 

Ttt' * 


• 7 1 
TT » 


*398 
TTT > 


» 6 T » 8 9 3 • • 

T r * V 1 * VT » 
17*3 »lO» 4443 

TTr * 8:7 1 » TXT » 


3 1 3 
-i'Q Zf 

&C. 


A > ft 
'» TfC 


Fractions greater ffmn 0ie ratio of the circumference to the 

diameter. 


471013 l« 19 »» 3J* |0434» 

I* i* T* T» T * T » T» r'i "*7 TTilT* 

1140 89 l■4640& *4193*1 8**01X04 10*70700* 

T7TT1 » T*T<nj'* 7YITTTT7 fT» 


41 1 3 * 7 9 8 7 

TTTTOlTnX* 


14S0*44«»S3 

XT'i iwn 'OT » 


&c. 


£ach fraction of the first scries approaciies nearer the 
truth than any other fraction whatever, €>xpressed in sintpler 
termsy and,the error oi* w'hich consists in bisin|^ ttu) small; 
and each fraction of the second s<‘ries likew ise approacht's 
nearer the truth than any other fraction, which is expressi'd 
in simpler terms, and die error of which consists in its being 
too large. 

These series would become very lung, if we were to con¬ 
tinue them 08 far as wc have done that of the principal 
fractions before given, limits of this work do not 

wrmit US to insert them at full length; but they may l>e 
found, if wanted, in Chap. XI. of Wallis's Algebra. {Oper. 
Jdathemai.y 


St’HOI.irM. 

22. The first solution of this problem was given by Wallis 
in a small treatise, which lie added to the posthumous works 
of Horrox, and it is to be found in his Algebra as quoted 
above; but the method of tliis author is indirect, ana very 
laborious. That which wc have given belongs to Huygens, 
and is to be considered as one of the principal discoveries of 
that great madiematidan. The construetkm of his pl^ 
netary automaton appears to have led him to it: for, it is 
evident, that, in oraer to represent the motions and periods 
of the planets exactly, we stiould employ wheels, in whicli 
the teeth are precisely in the same ratios, with respect to 
mimber, as the penods in question; but as teeth cannat be 
multiplied bejroiid a certain limit, depending on the sute of 
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the wheel, and, liesides, as the poidda of the plan^ are in^ 
commensurable, or, at least, cannot be represented, with any 
exactness, but by very larjge numbers, we must ccaitent our¬ 
selves with an approximation; and the difficulty is reduced 
to finding ratios expressed in smaller numbers, which ap¬ 
proach the truth as nearly as possible, and nearer than 
any otlier ratios can, that are not exprewed in greater 
numbers. 

Huygens rc^solve8 this question by means of continued 
fractions as we have done; and explains the manner of 
forming those fractions by continual divisions, and then 
demonstrates the principal properties of the converging 
fractions, which result from them, without forgetting even 
the intermediate fractions. See, in his Opera Postliuma, the 
Treatise entitled Dcscriptio Automaii Planetarii. 

Other celebrated mathematicians have since considered 
continued fractions in a more general manner. We find 
particularly in the C«>mmcntarics of Petersburgh (Vol. IX. 
ami XI. of the old, and Vol. IX. and XI. of the new). 
Memoirs by M. Euler, full of the most profound and ingenious 
researches on this subject; but the theory of these fractions, 
considered in an arithmetical view, which is the most 
curious, has not yet, I think, been cultivated so much as it 
deserves; which was my inducement for composing this 
small Treatise, in order to render it more familiar to ranthe- 
muticions. See, also, the Memoirs of Berlin for the years 
1767, and 1768. 

I have o:dy to observe farther, that this theory has a 
most extensive application through the whole of arithmetic ; 
and tlicre arc few problems in that science, at least among 
th< >se I'or which the common rules are insufficient, which do 
not, ilircctly or indirectly, depend on it. 

John Bernoulli has made a happy and useful applicarion 
of it in a new species of calculation, which he devised foi 
facilitating die construction of Tables of proportional parts 
See Vol. 1. ol’ his Kecueil pour let Astronomet. 


CHAP. II. 

Solution ^some ctitious and new Arithmetical Problems. 

Although the problems, which we are now to exmrider, an 
immediatdy connected with the preceding, and depend on 
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same principles, it will be proper to treat of them in a 
^rect manner, without supposing any thing of what has been 
before demonstrated: by which means we shall have the 
satisfacticm o£ seeing how neocssarily these sublects lead 
to the theorv of Continued Fracdons. Besides, this theory 
will be rendered much more evident, and receive from it a 
greater degree of perfecdon. 

8S. Problem 1. A posidve quandty a, whether rational or 
not, b^g ^ven, to find two integer posidve numbers, p and 
g, fnime to eacli other; sucli, that p ag (abstracting from 
the sign), may be less than it would be, if we assigned to p 
and q any less values whatever. 

In ordi^ to resolve this problem. directly, wc shall bemn 
by supposing that we have already found values of p and y. 
Which have the requidte condidons; wherefore, assuming for 
r and s, any integer podtive numbers less than p and y, the 
value p — ag must be less than that of r — asy abstract¬ 
ing from the signs of these two quantities; that is to say, 
taking them both pc^tive; now, if the numln^rs r and .f be 
such, that pA — yr = ± 1, (the upper sign applying when 
p eg is a jxibitive number, aiitl iW under, wiien p — aq 
IS a negative number) we may concludu, in general, 
that the value of the expression y — az will always be 
greater (abstracting from the sign) than that (jf p — aq, as 
long os we give to z and y only integer values, less than 
those of p and q, we may hence draw die following con¬ 
clusion. 

First, it is evident, that we may suppose, in general, 

y z=i pt ru, and z = ru, t and u being two unknown 

quanddes. Now, by the resolution of diese e({ualions, wc 

- su^rz qu—pz , , ^ 

have t = -» w = ^——; and therefore, since 

ps—qr qr — ps 

pA — yr = + 1, < = + (Ay - rs), and « = ± (yy — ps); 
whence it is evident, that t and u will always be integer num¬ 
bers, since p, y, r, a, y, and z are supposed to be integers. 

Therefore, since i and u are integer numbers, and p, q, r, a 
integer posidve numbers, it is evident, in order that the values 
of y anu z may be less than those of p and y, that the num- 
bera t and u must necessaiily have difierent signs. 

Now, I say, that the value of r — oa will also have a dif¬ 
ferent «gn from that of p — ay; for, making p — ay = p, 

and r — oa == a, we shall have ^ = o-4--, - =a4-“; 

y 9' " " 

p r 1 

but the equation, p#— yr s= i 1, gives J = ± * 
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P K 1 

wherefore - — ^ = ± ^ * and, aince we supjxise the doubt¬ 
ful sign to be taken conformably to that of the quantity 

p —• oy, or p, the quantity —-must be positive, if p be 

2 * 

positive; and negative, if p be negative: now,as a z ^,aii4 

R P ^ ' 

a 7 P (%p.)y it is evident that (abstracting fnmi 

PH 

the sign); therefore, the quantity ^*”7 always have 


• • • s 

its sign different tirom that of — ; that is to say, from that 

9 

of a, since a is positive; and, consequently, p and a will ne¬ 
cessarily have different signs. 

This being laid down, we shall have, by substituting the 
above values of y and z, 

y az =■ {p aq)t + (r — as)u == pf + bu. 

Now t and u having different tigns, as well as p and r, it is 
evident, that vt and ku will 1^ quantities of like signs; 
therefore, sin(» t and u are integer numbers, it is clear that 
the value of y — az will always be greater than p; that is 
to say, than the value of p — ag, abstracting from the signs. 

But it remains to know whether, wh^ the numbers p and 
q are ^ven, we can always find numbers r and s less than 
those, and such that pa — = ± 1, the doubtful simsb^ng 

arbitrary; now, this follows evidently from the theory of 
continued fractions; but it may be demonstrated directly, 
and independently of that theoiy. For the difficulty is re¬ 
duced to proving, that there necessarily exists an integer and 
positive number less than p, which being assumed for r, 
will make ±: 1 divisible by p. Now, suppose we suc¬ 
cessively substitute for r the natural numbers 1, !S, 3, &c. as 
far as p, and that we divide the numbers ? + 1» ^ ± 1» 
± 1, &C. w ± 1 by p, we shall then have p remainders 
less than p, vdiidfi will necessuily be all chffisrent from one 
another ; since, for example, if mq + 1, and ±: 1 (m and 
n being distinct integer nun^rs not exceeding p), when di¬ 
vided by p, ^ve the same remainder, it is evident that their 
difference (m — n)qy must be dtvitible by p ; now, this is im¬ 
possible, beemue q is prime to p, and m ~ n is a number 
less than n. 

Theref^, unce all the remaind^inqu^oii jp:;eipte^r, 
pontive numbers less than p, and difrerent frp^ o(ner, 

K R 
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and are in number, it b evident that 0 must be among 
those remainders, and, consequently, that there is one of the 
numbers &c. pq Hh 1, which is di¬ 

visible by p. Now, It is evident that this camiot be the lost; so 
that tliere is certainly a value of r less than p, which will 
make rq ± 1 divisible by p ; and it is evident, at the same 
time, that the quotient will be less than q ; therefore there 
will always be an integer and [x>sitive value of ;* less than p, 
and anothm* similar value of and less than q, which will 


satisfy the equation a = 


+1 


y or pa — qr zz ± 1. 


24. The question is therefore now reduced to this; to find 
four positive whole nunilK>rs, p, q, r, .9, the last two of which 
may be less than the first two; that is, r z p, and a z y, and 
such, that p,? — yr = ±: 1 ; fartlicr, that the quantities p — aq^ 
and r — aa^ may have different signs, and, at the same time, 
that r—aa may be a quantity greater than p— aq^ abstract¬ 
ing from the signs. 

In order to simplify, let us denote r by //, and a bv 7 ', so 
that we have pif — gp = + 1; and as q 7 q_ let u. he 

the quotient that would be pnxluced by llie divi.sion of 7 by 


and ^ the remainder, which will he z ; in like manner, 
let pP be the quotient of the division of y'' by y'^, and y*' the 
remainder z y”, and so on, till there is no remainder; in 
this way, we shall have 

y =py' + y^ 

i = PV + 9* 

y’ =: pP y*'' 

q\ &c, 

where the numbers p, p', p", &c. will all l>c integer and 
positive, and the numbers p, y', y", y'”, &c. will also be in¬ 
teger and positive, and will form a series decreasing to 
nothing. 

In luce manner, let us suppose 

p +pP 

jP = pifP +p" 

p» s yPfP> -p p*’' 

= p"p‘''»-f' P% &C* 

And as the numbers p and p^ are considered here m given,, 
as weU as the numbers p, p', p®, 8 ec. we may determine from 
these equations the numliers pP, p®, p‘% &c, which will 
evidently be all integer. ’ 
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Now, a?! wc; must have pq' -• qp* —4 1 , wc hhall uIm* 
have, by substituting the preceding values of p and q^ and 
eflacing what is destroyed, = + 1. Again, sub¬ 

stituting in this equation tlie values of'// and there will re¬ 
sult p''q'' — = + 1 , and so on ; so that wc shall have, 

generally, 

- < 11 ^ = ± 1 

q* — ^if = If 1 

1 

+ 1 , &c. 

So that, if q'^j for example, were = 0, wc should have 
— q''lf =: + 1 ; also, r: 1 , and p''' = + 1 : but if q" were 
= 0 , we should have — 1 ; therefore — 1 , and 

/i" = i: 1 ; so that, in general, if rye = 0 , we shall have 
7 .—* = 1 ; and then ps = ± 1 , if f is even, and p? = ^ 3, 
if q is odd. 

Now, as we do not previously know wliethcr the upper, or 
the under sign is to take place, we must successively sup- 
j)ose qii — 1 , and — — 1 : but I siiy that one of these cases 
may at all times be reduced to the other; and, for this pur- 
jx)se, it is evidently sufficient to prove, that we can always 
make the ^ of the term which must be nothing, either 
even, or odd, at pleasure. 

For example, let us suppose that 5 '" = 0, wc sliall then 
have q” ■=. 1, and q' 7 1 , that is y'' = 2, or 7 2, because 
the numbers 47 ', q’\ &c. naturally form a decreasing series; 
therefore, since q' — + q''' ; we shall have q* =: /a", so 

that/ju"=r or 7 2 ; thus, if wc choose, w'e may diminish p^by 
unity,without that number being reduced to nothing, and then 
</“, wiiich was 0, will become 1 , and y' zzO ; for putting p" — 1 , 
instead of p", wc shall have y’' = (p"— 1 )^" + ; but 

if — p", <y'" 1 ; wherefore, g" = 1 ; then having 

q” ~ ^q"" -h 7 ', that is, 1 = p"' 4 - <y'', wc shall necessarily 
have p'" = 1, and q'' — t). 

Hence we may conclude, in general, that if qi — 0, we 
•shall Iiave y-—‘ = 1 , andp; = + 1 , the doubtful sign being 
arbitrary. 

Now, if ive substitute the values of^ and o, given by the 
preceding formulae, in p — aq^ those of p' and 5 ', in p' — aiy' , 
and so of others, we shall have 

p — ofl = p (p' —ai ) -f p^ — ay’' 

j]/ = p' (p" —ay" ) + p"' — 

jf — ay" = p"(p'" —ay'") + p"' — ay*'' 

pw _ ay"' = p'"(p*''—ay*') + p' — ay', &c. 

w'heiice wc find 

K K 2 
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_a^^p/‘ p -fly 

— —I-1“ + ———i 

J p'-aV 

^ fly* —ay* 

»» 

■■;j»»-ay»’^pW-fly«' 

p** —fly** p*’ — 

Now, as by hypothesis the quantities p — ay, and p'—ay'* 
are of different signs ; and fartlier, as — a^ (alistracting 
from the signs) must be greater than p — «y, it follows 

that pwill be a negative quantity, and less than unity. 

Therefore, in order that p. may be an integer, positive num> 

her, as it must, it is evident, that ^ must lx* a ix>- 

p — at/ 

sitive quantity greater than unity; and it is obvious, at the 
same time, that ft can only be die integer number, that is 

immediately less than ^^ ; that is to say, contained be¬ 


tween the limits 


V-P * ,_d "/-P* _ 1 . for rince 


—Ej—2?, 7 0, and ^ 1, we Aall have /x i ^ and 
p—aq ' ’ p—ap 

gy*-p* 

Also, ^oe we have seen, that must be a positive 

ri — oii 

quantity greater than unity, it follows that p— will be 

a negative quantity less than unity, (I say less than unity, 
-iw.*—— iLww.,.. JLm sign). Wherefore, in order that \il may 

be an integer, positive number, ^ ^ must be a positive 

quantity greater than unity, and ocmsequently the number ft 
only be the integer number, which will m immediately 


can 


below the quantity 

In the same manner, and fitnn the contuderadon, that ft* 
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murt be an integer, positive number, we may fwove, that the 

quantity ^ will necessarily be positive, and greater 

tlian unity, and that can only be the integer number im¬ 
mediately below the same quantity; and so on. 

It follows, 1 st, that the quantiues p — aq^ p — 
p — aq^y &C. will successively nave different signs; that 
alternately positive and negative, and wrili form a series con* 
tinually increasing. Sdly, that if we denote by the sign Z 
the integer number which is immediately less than the value 
of the quantity placed after that sign, we shall have, for the 
determination ot the numbers /x, p] /x", &c. 

cuf-p 




p—op’ 


^ j/'— 

Now', we have already seen, that the series g', g', g'^, &c. 
must terminate in 0 ; and that then the preceding term will 
be 1 , and the term correspjnding to 0 in the other series 
p, p\ p. Sic. will be = + 1 at pleasure. 

For example, let us suppose tliat g'* •= 0, wc shall then 
have g"' = 1 , and p*' = 1 ; therefore 

]P — arg"’ = pP' — a, and 
p"' — atp' = 1 ; 


therefore p"* — a must be a negative quantity, and less than 
1 , abstracting from the sign; Uiat is, a — pr must be 7 0 , 
and /I 1 ; so that jp must be the integer number im¬ 
mediately below a \ wc shall therefore know the values of 
these four terms, 

= 1 g*’' = 0 

P” L a = 1 

by means of which, going back through the former formulae, 
wre may find all the preceding terms. We shall first have 
the value of /x", then we shall nave p and g^, by the formulae, 

p = pp 4- 0 ''', and 
p =: 4 - g*''; 

from which we shall get #«/, and then p and g'; and so of the 
rest. 

In general, let ge — 0 , then we shall have ge“‘, and 
pe 1 ; and shall prove, as before, that p’—* can only be the 
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niitiibcr iiuniediaidy bcluw a; su that we aihdll have 
these four terms. 


= 1 

pt—^ Z. a 

\sc shall then have 


9? = 0 

9?—* = 1; 


^ ^5—■—agj—I a —pi' 

pe—2 = nr-*p\—* + jKf ® = /*f—-f/r-' -t rp 

, flfoe—' — /it—‘ 
lAt~~ Z. o •;. 

/it—* - ays— 

/if—^ = fLC—4- />f~S y«—’ .= pi-^qr-’ + yc— 
and su on. 

In this manner, therefore, \%'e may go luiek to the first 
terms, ^ and y; but it must l>c observed, that all the sue- 
ceeding terms, pi, y', //, y”, &c. jxissess the sjinie properties, 
and serve equally to resolve the problem propnseil. I’or it 
is evident, in the preceding fonnula*, that the numbers 
p, //, p'f &c. and y, y', y", Arc. are all integer and jxisitive, 
and form two scries continually de<Teasing; the first of 
which is terminatiHl by nnitv, and the second by 0. 

Farther, we have seen that these numbers are such, that 
pq — qpl = x 1 , p'f/ — y//' — + 1 , ive. and that the quan¬ 
tities p — aq, yf — ay^, p’ — ay”, &c. are alternately jmsitive 
and negative, and at the same time form a serieslontinually 
increasing. Whence it follows, that t!»e same conditions 
which exi.st among the four nuntl)ors p, y, r, a, or />, y, //, y', 
and on which, as we have seen, the soiutiun of the prohiem 
depends, equally exist among the numliers //, q\ //”, y'\ and 
among these, /X, y”, //', y”, and so on. 

Thereftire, beginning with tlie last terms p: and y., and 
going back always by the fomiula: we have just found, we 
shall successively have all the values of p and q that ran re¬ 
solve the question proposeil. 

25. As the values of the terms />*:, ps—&c. y;, y:—ivc. 
are independent of tlic cx}x>nent, we may abstract from it, 
and denote the terms of thc*sc two increa^rig stories thus, 
p\ pi, f, f, p‘% &C, r/, y', y”, y”', y% &c. 
so that wc shall have the following results. 

p® = 1 y« = 0 

ji —p = 1 


jf =. p* 4 - ] 

p/” = p'^ q- rf 

p^'‘ = 4 - qf 

ike. 


r = 


y*” = p^f/ 4 q' 
y"' = f 
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Then 


L o. 

, p®— a(f 1 

[>i L \ L - 

aq — p a—/X 




p — aq' 
p' — ap' 


,.iv / _i_L_ A-r 

Where tlic sign Z denotes the integer number imme> 
diately less than the value of tlie quantity placed after that 
sign. 

Thus, we shall successively find all the values of p and q 
that can satisfy tlie problem; these values being only the 
corres|jondent terms of tlie two series p\ p, p", &c. and 

V'’» '/» ff* y"'? 

26. CoroHary 1. If we make 

_P^ — 

' ~ H—P 

_ - p 

- p — uf 

“ op'^p'* 

^^e shall have, as it is easy to perceive, 

«—i 

1 




b—P 

1 


and ^ /_ fl, p Z. b, p Z. c, p" Z. d, &c. therefore the num¬ 
bers p, pt P, &C. will be no other than those which we have 
deiiotcKl by a, /S, y, &c. in Art. S; that is to say, these 
numbers will be the terms of the continued fraction, which 
represents the value of a; so tliat we shall have here 

p 

Consequently, the numbers p, p,p”i &c. will be the nu- 
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tt W W toi ' g , and &c. thedonominatorsof thelracdons 

oonyerging to a, iiactioni which wc have already denoted by 

B** (Art. 10}. 

So that the whole is reduced to converting the value of a 
into a continued fraction, having all its terms fx)sitive; 
which may -be done by the methods already explained, pro¬ 
vided we are always careful to take the approximated values 
too small; then we shall only have to form the series of 
principat fractions converging towards o, and the terms of 
each of these fractions will give the values of p and q, 

wluch will resolve the problem proposed; so that can 

cmly be one of these fractions. 

CorctSary 2. Hence results a new property of the 

fracticns we spedc of; calling ~ one of the principal frac¬ 
tions converging towards a, (provided they are deduced 
from a continued fraction, all the terms of which arc positive), 
the quantity p — aq will always have a less value (abstract¬ 
ing from the sign), than irwould have, w'cre we to substitute 
in the room of p and q any other smaller numbers. 

28. Problem 2, The quantity 

A/i"* + Bp*“’y 4* +, &c- + vy**, 

being proposed, in which a, b, c, &c. are given integ^s, 
positive or negative, and p and q unknown numbers, which 
must be integer and positive; it is rec{uired to determine 
what values wc must give to p and q, in order that the 
quantity proposed oiay become the least possible. 

Let a, /3, y, Ac. lie the real roots, and p- ± — 1, 

w + f v'— &C. the imaginary roots of the cejuation 

A*" 4* BJt*“* + , &c. -f- V = 0, 

then we shall have, by the theory of equations, 

Ajp"* + + epT^q^ -4, Ac. + vj" = 

X (/> - %) X <p - ygr)-x 

(p — (/*- 4“ x(p — (p — !»>/— l>^r) X 

(p - (» + f v'-l)y)x (p — - l)y)....= 

A(p — 'aq\K (p - %) X (p — yj) .... X 
((/> — X ((p — + fV) • • • • 

* Because (p— (/* -f r v'—l)y) x (p — (p — l)y) 

=r p* — 9paq 4- pV* 4 rV* (f* *" 4 >'V» ®“d the same 

with the others. B. 
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Therefore the question is redact to making tlie product 
of the quantities p aqy p — p — &c. and 

ip - (P — ^<iy “f Ne¬ 

llie least possible, when p and q are inte^r, positive numbers. 

Now, suppose we have fouim the values of p and q which 
answer to tnc minimum ; and if we substitute other smaller 
numbers for p and q, the product in question must acquire 
a greater value. It w'ill therefore be necessary for each of 
the factors to increase in value. Now, it is evident, that if 
«, for example, were negative, the factor p — aq would 
always diminish, when p and q decreased; the same thing 
W'ould happen to the factor {p — if were 

negative, and so of the others; whence it follows, that 
among the simple real factors none but those where the roots 
are p(>sitive, can increase in value; and among the double 
imaginary factors, those only, in which the rem part of the 
imaginary root is pisitive, can increase. Farther, it must 
be remarked, with regard to these last, that in order that 
(/? — pq)^ + v-q' may increase, whilst and q diminish, the 
j)art {^p — i^qY must necessarily increase, because the other 
term necessarily diminishes; so that the increase of this 
factor will dc[M;nd on the quantity p — pq\ and so of the 
others. 

Therefore, the values of p and j, which answer to the 
minimum^ must be such, that the quantity p — aq may in¬ 
crease, by giving less values to p and q, and taking for a one 
of the real jx>sitive roots of the ec{uation, 

AX~ + + Cx"'-2 +, &C. + V = 0, 

or one of the real positive parts of the imaginary roots of the 
same ef|uation, if there be any. ^ 

Let r and s be tw’o integer, positive numbers less than p 
and q ; then r — as must be 7 ip — 07 ),’abstracting from 
the sign of the two quantities. Let us therefore suppose, as 
in Art. 2S, that these numbers are such, that ps ^ = ± 1> 

the upper sign taking place, when p ~ aq is positive; and 
the under, \3ien p — aq is negative ; so that the tviro quan- 
titicfs p — aqy and r — as, faeoomtfbf different signs, and we 
shall exactly have the case to which we reduced the pre¬ 
ceding problem. Art. 24, and of which we have already 
given the solution. 

Hence, by Art. 26, the values of p and q will necessarily 
be found among the terms 6 f the principal fractions con¬ 
verging towards a ; that is, towards any one of the quantities, 
wh^ we have said may be taken for a. So that we must 
reduce all these quantities to continued fractions; which 
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mav easily be done by the methcxls elsewhere taught, and then 
dbauce the converging fractions required: after which, we must 
successively make p equal to all the numerators of the. 
fractions, and 9 et]ual to the corresponding denominators, 
and of these suppositions, that w*hich shall give the least 
value of the proposed function will necessarily answer like¬ 
wise to the minimum reqiiired. 

29 . SchoUttm 1. We have supposed that the numbers p 
iuid q must both be positive; it is evident that if we were to 
take them both negative, no change would result in the 
absolute value of the formula pro|x>sed; it would only 
change its sign in the case of the exponent m Ijcing <xld ; and 
it would remain quite the same, in the case of tlie exponent 
m being even : so that it is of no c*onsequencc what signs we 
give theTnumbers p and q, when wc supp<jsc them btjth of 
the same kind*, 

But it will not be the same, if we give tlifferent signs to p 
and (/I for then the alternate terms of the equation proj)ost*d 
will change their signs, which will also change the signs of 
the roots a, 3, y, &e. y 1, rr ^ 1, ite. so 

that those of the quantities a, 3, y, itc. r, &c. which 
were negative, and consequently useless in the first ease, will 
become positive in this, and must be employed instead of the 
other. 

Hence, I conclude, generally, that when we investigate die 
minimum of the pnifx)sed formula, without any other re¬ 
striction, than that of p and q iM^ing whole numbers, w c 
must successively take for a all the real nxits a, 3, y, &(•. 
and all the real j^arts p, r, ixc. of the imaginary rtxits ol' the 
equation ax'" •+■ bx”*"* + t +, &c. -j- v = 0; abstract¬ 
ing frcHU the signs of these quantities; but then we must 
give the same signs, or different signs, to p and airording 
as the quantity' wc have taken tor a, had originally the 
positive, or the negative sign. 

30. Scholium 2. When among the real roots a, 3, y, &c. 
there arc some commensurable, then it is evident that the 

quantity proposed will bqpime nothing, by making equal 

to one of these roots; so that in this case, properly speaking, 
there will be no minimum. In all the other cases, it w ill be 
impossible for the quantity in question to become 0, whilst 
p and q are whole numliers. Now, as the coefficients a, 
B, r, &c. are also whole numbers, hy hypothesiSf this quan¬ 
tity will always be equal to a wbe^e number; and, con¬ 
sequently, it can never be less Uian unity. 



( ilAl*. IT. 


AUDITIONS. 


507 


If wc hud, therefore, to resolve the equation 

A//" + cp^q^ + i &c. + = + I, 

in whole nurtibers, we must seek for the values of^p and q by 
the method of the preceding problem, except in the case 
wliere the equation 

ak"* 4- BH"—^ 4- cx"*-® 4-, &C- 4- V = 0, 
liad rools, or any divisors commensurable; for then, it is 
evident, that tlie quantity 

Ay/" 4 4- cp'"~“*q^ 4, &c. 

might be decouqjoscd into two or more similar quantities of 
less degrees; so that it would be necessary for each of these 
partial formula* to be separately equal to unity,\hich would 
give at least two e<iuations that would serve to determine p 
and q. . 

We have elsewhere given a solution of this last problem 
{ Ml' moires pour r Academic dv iierlin pour VAnntc 1768); 
but llie (me we are going to explain is much more simple and 
ilirecl, although both depend on the same theory of con¬ 
tinued fractions 

31. Problem a. Required the values of p and q, which 
will render the quantity a// 4 - ipq t y* the least possible, 
Mijjpohing that whole numbers only are admitted for p and q. 

'I'his problem evidently is only a particular case of the 
preceding; but it may l>e proper to consider it separately, 
rx*cause it is capable of a very simple and elegant solution; 
anti, besides, wc shall have occasion afterwards to make use 
of it, in resolving quadratic equations for two unknownn 
tpiantitics in whole numlHirs. 

Accortling to the general metliod, we must begin, there¬ 
fore, by seeking the rools of the equation ak* -1- bk -1 “ ^ =0, 

— B 4 - ^^(B‘ — 4 At ) 
which we know to be,--. 

1st, If B^ — 4At be a stpiare number, the tw’o rtwts will 
l>c commensurable, and there will properly be no minimuniy 
because the quantity Ap® 4- T^p^ + ^’^^1 become 0. 

iJd, If B® — 4 ac be not a square, then the two roots will 
be irrational, or imaginary, accoiding as b* — 4ac will be 
/, or /I 0, w hich makes two cases that must l^ considered 
separately; we shall begin with the latter, which it is most 
easy to resolve. 

Pint casCi when b* — 4ac 0. 

32. The two roots bdng in this case imaginary, we shail 

* Sec also Le Gendre's Essai sur la Theorie dcs Nombres, 
page 161). ^ 
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kayo icHT the whctle real part c^these roots,which mustcon- 
seqikently be taken for tu So that we shall cmly have to reduce 

B 

the fractimi abstracdng from the ngn it may have, to a 

4 

continued fraction, by the method of Art. 4, and then deduce 
from it the series oi cdUver^ng fractions (Art. 10), which 
will necessarily terminate. This being done, we shall sue- 
oesavely ti^ mr p tlie numerators of these fractions, and the 
corresponding denominators for taking care to give p and 

a . B 

q the same, or different signs, according as is a positive, 

or negative number. In this manner, wc shall find the 
values of p and q, that may render the formula proposed a 
mmimum. 

Exangtle. Let there be proposed, for example, the quantity 

49p* - ^pq + . 

Here, wc shall have a = 49, b = — 2il8, c = 5J90; 

wherefore b® — 4ac = — 196, and = W* = ’/. Work- 

ing with this fraction according to the method of Art. 4, wc 
shall find the quotients 2, 2, 3; by means of which, we sliaJl 
form these fractions (see Art. 20), 

2, 2, 3. 

1 » S I 7 

'e» T» T» T* 

So that the numliers to try with will be 1, 2, .5, 17, for /?, 
and 0, 1, 2, 7. for q. Now, denoting the quantity projiosed 
by p, wc shall have 

p q V 

1 0 49 

2 1 10 

5 2 B 

17 7 40; 

whence we perceive, that "the least value of p is 5, which 
r^ults from these suppositions P = B, and g = 2; so that 
we may conclude, in general, that the given formula can 
never become less than 5, while p and q arc whole numbers: 
80 that the rntnimum will take plac^ when p = 5, and 
q ^SL 

Second case, when b * — 4 ac 7 0 . 

33. As, in the^iresent case, the equation ak« b*4-c = 0, 
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has two real irrational rootsy they must both ,be reduced to con¬ 
tinued fractions. This operation may be performed with the 
greatest ease by a method which we have c^where explained, 
and which it may be proper to repeat here, since it is na> 
turally deduced from the formulae of Art. and likewise 
contains all the principles necessary for the complete and ge¬ 
neral solution OT tlic problem proposed. 

Let us, thcr^re, denote the root whidi is to be thrown 
into a continueil fraction by n, which we shall suppose to be 
always [lositive; at the same time, let b be the other root. 


B 


and we shall evidently have a -h b = -^d ab = 

whence a b = ——~—^; or, for the sake of abridg- 

jg 

ment, making b" — 4Ar = e, a — b = -—, where the ra- 

A 

dical Y. may be positive, or negative: it will be positive, 
when the ro<»t a is tlie greater of the two, and negative, when 
that root is tlic less; therefore 

— B-|->'F. , —B— ^/E 

a = --, 0 = 


2 a 


2a 


Now, if we preser%’e the denominations of Art. 25, we shall 
only have to substitute for a the preceding value, and the 
difficulty will only consist in determining the integer, ap-' 
proximate values, jw-', p-"', &c. 

To facilitate these determinations, I multiply the numerator 
and the denominator of the fractions, 

&c resoectivelv bv 

A{hq' - /✓), a(p’' — bq')y Aijnf — p"'), &c. 
and as we have 

A{jP-~a^) X (p® —= A 

A{a^ — p') X {b^ — p') = Ap* — A(a + b)p^q^ + Aabq* = 

+ BpV + c^» 

a(p^ — cr/) X (p" — bq’’) = Ap* — A(a + b)j^(f + Aobq* = 


Ap* + Bp"^'' + cjs &c. 
a(p® — aq9) X (bq' p') =— pA 


tB 


E, 
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a(o^ X {jf — hif) = 

— Aj/p^ -i* + Ai^pfq^ •— AabqY = 

- Apy - c<ii^ ~ I- fj/y) + 4 Kiyy ~ y/0» 

A{y — Off) X {btf” — y) = 

— Az/jp"* -I- Aayp^ + Ahyrf" — Aab^q^ = 

— A/yy" — c(jf*y — \A{yy + + 4 yp'')^ 

mul so <Mi. Now, in order to abridge, let us make 


I 4 

p' = Ap® B/y f/ -|- vq'' 

u u 

zz Ap- 4- 17 /v’ “h <^’7 ' 


r”= Ap^ -f- hp"'q'” 4 “ < 7 -, &e. • 

Q® = 4® 
o' = Aft 4 " s® 

q" = Af/y 4- 4- 7^') -f '-77" 

o'" = Af/y 4- \ii{ytf 4- q^y^ 4- &c. 

Because 

p''^' — tfii — 1, — q^lf =: — 1, li'-tf — q^*if* T. 1, Kr. 

we shall have the Ibllowing values, 

-‘i"4 ^ x'K 
f* - 


-«''+4 a'k 

i/f 


/x'"z. 


— (V — i 


I.W 


&c. 


Now', if in the expression of q" wc put, for p*' and q\ 
their values, ju'p' 4 “ ®tid /x", it will Ix eonie /'.'r' 4 u'; ulso, 
if we substitute in the expression of u'S for />"' iuul 7 * ', tin ii 
values yy 4 " P\ f'* v” 4 " 7 '» t^hungeti iiitt) 

a'^p" 4 and so on ; so that we shall have 

q' — jt*. + u” 
u" = fx' I'' -i- u' 

(f = p" P*' -r «" 

Q*'’ = p'^p'" 4 &c. 

Likewise, if wc substitute the values of p% and 7 ", in the 


expression of p'', it will become p®i*' 4 " ^p'o' 4 a; and if we 
suD^tute the values of p"', atid vP*, in the exyiression of 1 *"', 
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it will liocorae 4 - p's and so on; so that mo 

sha]J have 

I*' = |tt2p« -f 2ft Q® 4- c 
/ 

p" = ft^pf ^ i.<i 

i**” = fA^p" -f- Qfi” ft" 4- r 

p''= ft-p"'-|- QuJ^q!" 4- p", &c. 

B}' means of* iliis formula*, therefore, we may continue the 
several series of numbers, /x, ft', ft"; ft‘', q', q", dnd p®, p', p", 
&:c. to any lengtl), wliich, as we see, mutually depend on 
each other, without its being necessary, at the same time, to 
calculate tl>e numlwrs p\ p", &c. and q\ q’’, &c. 

We may al>t> find the values of p', i?", &c. by more 

simple formula* than the preceding, observing that we have 

I I I 

o'* — p' = (a' A 4- !b)* — A(ft-A -I- fxB 4- c) = — Ae, 

ft’ — p'p" = (jx'p' -t- ft')’ — i’'(|x’p' 4- 2ft'ft' -f- a) *= ft’- — ah', 
and so on ; that is to say, 

i 

ft* — P”P' = -iE 

ft’ — P'P" = -;.K 

lii 

fti _ = .*.E, See. 

^^'hcnce mc get 


P" = 


ft’ - I F. 


P"' = 


Ui 

ft’ -iE 


- * Sre 


The numbers ft, yJ, /t", &c. having thus been found, we 
have (Art. 26), the continued fraction, 

, 1 

a = ft 4- -T j. 1 

^ — -I-, &c. 

ft" 

and, in order to find the minivtnm of the formula 
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<f ^pq + we shall only have to calculate the nuin. 
1 *®* "“J 7 “> y'* 9 \ (Art. 25), and 

then to try tlicm instead of p and ^; but this operation may 
likewise bie dispensed with, if we consider, that the quantities 
p°, p', p^, &c. are nothing but the values of the formula in 
question, when we succesavcly make p = p", o', p", &c. and 
^ &c. We have, therefore, only to consider 

which is the least term of the series p®, r', p'^, &c. which we 
calculate at the same time with the series, /x, /x', &c. and 

that will be the minimum required; we shall then find the 
corresponding values of p and q by means of the formula; 
above quoted. 

Sit, Novr I say, that continuing the series, I*®, p', p''. Sac. 
we must necessarily arrive at two consecutive terms with dif¬ 
ferent signs; and that then the succeeding terms, also, will 
all have difRsrent signs two by two. For, by the preceding 
Article, we have 

p® = a( p® — aq*') X ( p® — bq'% 
p' = a( p' — aq*) X (p' — &c. 

And, from what we demonstrated in Problem 2, it follows, 
that the quantities p® — aq% p' — &c. must 

have alternate signs, and go on diminishing; therefore, 1 st, 
if 5 is a negative quantity, the quantities — Ixf^ // — t)q\ 
&C. wnll all be positive; oons«x|uently, the numlKTs 1 *“, p’, r", 
will all have alternate signs; 2 dly, if 5 is a positive (junntity, 
as the quantities p — p* — a^, &c. and much more the 

quantities^— form a series, decreasing to in¬ 

finity, we shall necessarily arrive at one of these last quan- 

p'" 

tides, AS ^ — d, which will be z (a — 5), abstracting from 


V 


— o, — a, will 


the rign, and then all the following, 
be so likewise ; so that all the quantities 
P' 

a~b + 

the same sgn as the quantity a — 5; consequently,, the 


a — 5 + A- — at &c. will nccesswly have 


. . p" , 

quantities — o. 


,*T» 


— 6 , 


&c. and these p" — bq'". 


p‘» — &c. to infinity, will all have the same sign ; there¬ 

fore, fldi the numbers f'% will have alternate signs. 

Suppose now, in general, that we have arrived at terms, 
with sitemate signs, in the series p’, p^, &c. and that 
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Pa is the first of those terms, so that all the terms Pai p^ U 
px + 2 ^ &c. to infinity, are alternately poative and negative; 
I say that none of those terms can be greater than E. If, for 
example, p"', p'S p', &c. have all alternate signs, k is evident 
that tne products, two by two, p'"p''', p‘''P’', Sec. will neces¬ 
sarily be negative; but (by the preceding Article), we have 

IV V 

V* i*"p'' =: E, g" — p‘''p'' = n, See. wherefore the positive 
numbers, — p'''p‘*', — p'^^p’, will all be less than E, or at least 


not greater than e ; so that, as the numbers p', p% p"', &c^ 
must !)e integers, the numl3cr8 p’’, p''", &c. and, in general, 
the numbers px, px + *, &c. abstracting from their signs, can 
never exceed the number e. 


Hence it follows, also, that the terms q'^', q', &c. and, in 
general, 0 *^+ *, &c. can never be greater than x' E. 

Whence it is easy to conclude, that the two series 
pA+tj p> + 2 j ^c. and «''+*, q^ + 2^ &c. though carried to in¬ 
finity, can never be composed but of a certain number of 
different terms, those terms Iwing, for the first, only the na¬ 
tural numbers as far as E, taken positively, or negatively; 
and for the second, the natural numbers as far as with 


the intermediate fractions J,, &c. likewise taken posi¬ 

tively, or negatively ; lor it is evident, from the formulae of 
the ]>receding Article, that the numbers q', q", q'", &c. will 
alwavs be integer, when B is even; but that they w’ill each 
contain the fraction when b is odd. 

'I'hcrefore, continuing the two series p', p’', p*^, &c. and 
<i'j q'', q'' , *ke it will necessarily happen, that two correspond¬ 
ing terms, as p^ and Qt, will return after a certain interval 
of terms, tlic number of which may always be supposed 
even; for, as the same terms, p» and q*, must return to¬ 
gether an infinite number of times, because the number of 
(iifferent terms in Ixith series is limited, and consequently 
also the number of their different combinations, it is evident, 
that if these two terms always returned, after the interval of 
an odd number of terms, we should only have to consider 
their returns alternately, and then the intervals would all be 
composed of an even number of terms. 

Denoting, therefore, the number of intermediate terms by 
we shall have p« + 5if r= p», and = and then all 

the terms p», ?*■+*, See. Q», and 

juk-c**-1, &c. will also return at the end of each interval 

of terms. For it is evident, from the formuls given in . 
the preceding Ardcle, for the determination of die numbers, 
fjJ, fjJ'y 8tc. q', a'", &c. and f', p'', p*, Suj. that, once we 

shall have p*+2f = p», and Q»+2e =r qw, we shidl also have 


I-1 
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SB ffc*, then a*'*'*^* * s= a»+*, and F^+^e* * *b p»-+ *; 
wbencct lUso, ]«.»+•-*?+• *ss and so <mi. 

So that, if n is any number equal, or greater than r, and 
m denotes any integer positive number, yre shall have, in 
general, 

pit + 2mf — pn^ qO +• ^Tl 2mg = • 

therefore, by knowing the w + 2 f leading terras of each of 
the three series, we shall likewise know ^1 the succeeding, 
^hich will lie only tlie % last terms repeated, in the same 
order, to infinity. 

Fr«ira all this it follows, that, in order to find the least 
value of p = Ap' + Bpq -f it is sufficient to continue 
the series p% p‘, p**, X.c. and q**, q', q’', &c. until two cor¬ 
responding terras, as P' and a** appear again together, after 
an even number of intermediate terras, so that we may ha\e 
P**2i - pr^ and z= Q» ; then the least terra of the 

series P", p', p'', &c. p^+^c will be the vtinimum required. 

35. Corollary 1 . If the lea.st term of the series p*', p', p*', 

&c. is not found before the tenii p»^, then that term 

will be repeated an infinite nunilK'r of times in the same 
series infinitely prolonged ; so that we shall then have an 
infinite numlier of values of p and y answering to the niini- 
mum^ and all discoverable by the formula* of Art. 25, by 
continuing the series of the numbers p.', w', /a'”, &c. beyond 
the term by the repetition of the same terms /*» + *, 

+ as we have already .said. 

In this case we may hkewi.se have general formula? repre> 
senting all the values of p and q in question ; but an ex¬ 
planation of the method for arriving at this, would carry me 
too far; for the present, 1 shall on^ refer to the Methoires 
de Berlin already quoted, ann. 17€!8, page 123, See. where 
will be found a general and new theory of periodical coii- 
rinued fractions. 

36. Corollary 2. We have demonstrated (Art. 34), that, 
by continuing the series p', p\ p*, &c. we ought to find coii- 
seciftlve terms with different signs. L 4 ?t us suppose, there¬ 
fore, for example, that p"and p'‘ are the first two tenns, with 
this property. We shall necessarily have the two quantities 

^ bq\ and/>‘'' ^ 9 *% with the same signs, liecause the 

a iiantities p’ — and p*'' —• a 9 '^ have from their nature 

iflferent signs. Now, by putting in the quantities p'* — 69 *, 
jpo — &c. the values of p% &c. 9 % 9 '*, Jkc. (Art. 

25), we shall have 

— bq^^) ^p’” •• bq"” 

p'*. s= — bg') 4 - p'* — 59 *'', &e. 
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Whence, because fs.^^ &c. are positiTe numbers, it is 
evident that all the quantities Sec. to in¬ 

finity, will have the same signs as the quantities p^ — 
and p'* — ; qpnsequently, all the terms f*, p*% p^, &c. 

to infinity, will alternately have the Bignsplus and minus. 

From the preceding equations, we shall now have 


i^‘"= ~ 


bq^ jP — 

^ p'''-bq^‘ p^' — bq '^ 
p'—bq'* — biq'^ 

p--bq^' ^ jA-bq^ 

where the quantities, p - — » Sec. are all positive. 

Wherefore, since tlie numbers /*% /u.'*, &c. must be all 

_ 1)0^ 

‘ p'~ — bp ' 

be jxjsitive, and 7 1 ; so also must the quantities 


-- j —» ~7 :—wherefore the quantities 

/;' — oq' p^' — oq'^ ^ 

—^^**^*^’ ^ positive, and less than unity ; 

so that the numbers /x', /x'*, Src. can only be the integer 
numbers, which arc immediately less than the values of 

— 7 —&c. As to the number /tx'% it will 

_ bqf » pvi _ » r- » 

also be equal to the integer number, which is immediately 

o'" — bq^' 

less than the value of p, whenever we have 


/- 1 . 


bq^ 

p'^ — hq"‘' 

Thus, we shall have 

„.v , P'-V if P"—*g” ^ , 
p ^ ir—bg" '• 


m 


p^-^bq 

i" c — - 


L L S 
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the ogn Z placed after the numbers u*, &c. de¬ 

noting as before, the integer numbers which are immediately 
under the quantities which follow that same sign. 

Now, by reductions similar to those of ^rt. 2)5, it is easy 

to transform the quantities 




b^' p*— bq'' *. 


&CC. into 


these. 


p.v . 



Farther, the condition of 


p^—bp^ — aq^ — j/* 

^z 1 may be reduced to this,-z ^ ; 

p*» —^ I,«v piv _ » 

Off* — 

which, because — 7 1, will certainly take place, when 


—pw 


»»* 


= or z 1 ; wherefore we shall have 


Q' + l x/K ..-r" 
p z-—— ,if— = or z 1. 


JVS 

u, Z -- , 


^ — » re¬ 


combining now these formulae with those of Art. 3S, 
which contain the law of the series p', p", p”, &c. and q', q", 
qT, &c. we shall easily see, that, if two corresponding terms 
of these two scries lie supposed to l>e given, the rank of 
which is higher than 3, we may go back to the priTeding 
terms, as far as and a', and even to the terms p^ and u'*', 

_pW 

if the condition of = or Z 1 takes place; so that all 

these terms vrill be absolutely determined by those which wc 
havu supposed to be given. 

For example, knowing p'^, and q''*, we shall immediately 

know p' from the equation — p’^p’^ = then, having 
a** and p% we shall 6 nd the value of ti''; by means of which, 
we shall next find the value of u* from the equation 

ss juu’p^ + Q*. Now, the equation 5* — a= is, will 

—ys 

give p**; and if we previously know, that ■ must be as or 

Z 1, we shall find ; after which, we shall have o'* from 
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the equation o* = -f- q}\ and then p* from this, 

Q* — pWpW 

Whence it is easy to draw this general conclusion, that if 
and p^+ • are the first terms of the series p', p*', p^, &c. 
which are successively found with different signs, the term 
and the following, will all return, after a certain number 
of intermediate terms, and that it will be the same with the 

term pS if we have ■==—: = or z 1. 

pA + I 

For let us imagine, as in Art. 34, that we have found 
P»-r 2 f = pr, and + and suppose that w is 7 A., 

that is to say, sr = a -f. v; whereftire we may go back, on 
the one hand, from the term pt to the term p^ + •, dr Px, and 
on the other, from the term + to the ^erra pA + a^+i^ or 
pA + 2 f; and, as the terms from which we set out are equal 
on both sides, all the terms derived from them will likewise 
be respectively equal; so that we shall have p>‘ + 2 ^ + 1 = pA+ 

or even p*^ + p = rif ——- = or Z. I . 

* pA+ i 

We may, therefore, judge beforehand of the beginning of 
the perifxls in the series p , p', p*', p''', &c, and consequently 
in the other series also, q', q", q'", &c. y-, y.', y.'', yu", &c. 
but as to the length of the perunls, that depends on the 
nature of the number e, and entirely on the value of that 
number, as I could demonstrate, were I not afraid of being 
led into too long a detail. 

37. Corollaru 3. W’'hat we have demonstrated in the 
preceding corollary, may serve to prove the following theo¬ 
rem : Every equation ^pie Jbrm p* — aq* =1, {in which 
K is a positive integer numhett hut not a smuire^ and p 
and q /te>o indeterminate numb^s) is res<dvwle in integer 
numbers. 

For, by comparing the formula p* — mq' with the general 
formula, Ap* + ^apq + cq\ we have a = 1,b = 0, c=—k; 
wherefore e = b* — 4ac = 4k, and {-v/e = ^''K (Art. 33). 
Wherefore, p° = 1, o,** = 0; likewise y-Z oi = y., and 
p' = y.« — K; whence we see Jirst^ that p' is negative, and 
consequently has a different sign from p°; secondly, that 
— p' is = or 7 I, because k and y. are integer numbers; 

pO 

so that wc shall have-r = or z 1; whence we shall 

— p' 

find, from the preceding Article, 

X = 0, and p®f = p® = 1; 
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ao that by coniinuii^ the scries p', p*', kc. the term, 
p® = 1, will necessarily return after a certain interval of 
terms; consequently, we may always hnd an inHnite num¬ 
ber of values for p and q, which will render the formula 
— K.g* equal to unity. 

38. Corollary 4. We may likewise demonstrate this 
Uieorem: JJ‘ tfU rquaiwa p® — ay* = ± h he resolvible tn 
integer numbers^ by supposing k a number, not 

square, and h a positive number, less than the numbers 

p and q must be sueh, that ™ may be one of the principal 

^fractions converging to the v^ue of y/K. 

L<et us suppose that the upper sign must take place, so 
that p* — Ky* = H; wlicrefore, we shall have 


p - q^K = 


H , » H 

-— , and-A'"* =-. 

Now, let us seek two integer positive numbers, r and s, less 
than 0 and q, and such, that — yr = 1, which is always 
possible, as we have demonstrated (Art. J^3), and we shall 

hare ^-^ ; subtracting this equation from the pre¬ 

ceding, we shall have 

r u 1 

- ^/Si = —- 

s p V y'* 


so that we have 


p — q = 


II 


y(~ +v'k) 


1 . .fii 
r — s x/K = —( 

^ 9 (|- + v'k) 


Now, 7 x/x, and ss ^^/x, it is evident, that 

y 

1 


H 


+ a/k 


will be z 4-; whence p — q^/x will be ^ ^q* 


9 

wherefore, 


4M 


— will much more be z rince s i q\ 

q{~" + \'^ k ) 

9 

so that r - « \''K will lie a ncgatiic quantity, which taken 
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because that 1 — 

So that we shall have the two quantities, p ^ q v^x, and 
r — s v/K; or rather, making a = ^/x, p — aq^ ana r — asi 
which will be subject to the same conditions as we have 
supposed in Art. 24, and from which we shall draw 
similar conclusions: tlierefore, &c.'(Art. 26), if we had 
p" — Kq- = — II, then it would be necessary to seek the 
numbers r and s such, that pt — qr = -* 1» and we should 
have these two equations. 


positively, will be 7 


n 

yv'K -p = -- 

9( 


J x-'K — f = 


1 . 5H 



A^ H ^ \'K, and g Z g, h is evident, that --— 

q( x/K-f-^) 

will Ik* z 1 ; so that the quantity — r will be negative. 
Kow, I say that this quantity, taken positively, will be 
greater than qy/K — p; to prove which, it must be demon¬ 


strated, that — (1 
q 


.fH 




)7 


H 


7(v/K p 



..(1+;-) 

or rather, that 1 T-; that is to say, 

v'K 

4-— 7 H H-; but HZ x/k(5j/«.); it is therefore 

q *1 

sufficient toprove,that~ 7 ^ p 7 k ; which is 

evident, because the quantity Sy/n. — r being negative, 
we must have rysv^K, and much more pysy/is^ since 
p 7 r. 

Thus, the two quantities, p - C x/x, and r - ™ 

have different signs, and the second will be greater than the 
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first (abstractiog tixun the Mgtis), as in the preceding case; 
therefore, Slc. 

So that when we have to resolve, in integer numbers, an 
equation, of the form,p® — =» ± h, where H ^ we 

ha\'c only to follow the same process as In Art. 33, making 
A = 1, B =£ 0, and c = — a; and, if in the series r®, r% 
p", p'”’, &c, p“+^, we find a term = ± h, wc shall have the 
solution renuired; if not, we may be certain that the given 
equation admits of no solution in int^er numbers. 

39. S^tUium. We have considered (Art. 33) only one 
root of the equation a»* 4- b* + c = 0, which we have sup> 
posed positive; if this equation have both its roots positive, 
we must take them succ<^ively for a, and perform tiie same 
operation with both; but if one of the two rtxjts, or both, 
were n^^tive, then we should first chan^^ them into positive, 
by only changing the sign of b, and should proceeii as l>e- 
fore: but tlien we should take the value> oi p and q with 
contrary signs; that is to say, the one positive, and tJie other 
negative (Art. 29). 

In general, therefore, we shall give the ambigiiou:^ sign 
+ to the value of b, as w'ell as to ; that is to say, wo 
shall make q' = + ; B, and let us put + iK'fore ^ £, and 
we must take these signs, so that the r(K>t 

-♦* "I B i j \' t 


may be positive, w'hich may always Ik* done in two different 
w'ays: tne upper sign of b will indicate a |x>sitivc root; in 
which case, we must take both p and q \»ith the same •^igns; 
on the contrary, the lower sign of b will indicate a negativi- 
nx>t; in which case, the values of p and q must be taken 
with contrary signs. 

40. Kxample* Required what integer numbers must bo 
taken for p and 7 , in order that the quantity, 

- 118 /)^ + 378 ^" 
mav become the least possible. 

Com{xiring this quantity with the general foriiiuia of 
Problem 3, we shall have a=:9, b = — 118, c = 378 ; 
wherefore, b* — 4ac 31G; whence we see thtit this case 
belongs to that of Art. S3. We shall therefore make 
£ = 316, and = 0^791 where we at once observe, that 

v'TS 7 8, and z 9; so that in the formula of which we shall 
only have to find the approximate integer value, we may 
immediately take, instead of <v'^79, the number 8, or 9, accord.' 
ing as that radical shall be added, or subtracted, from the 
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W« shali now give the ambiguous sign to b, as well as 
to v^E, and shall then take these signs such, that 

±59± ^^79 

a _ 

may be a positive quantity (Art. 39); whence we see, that 
we must always take the upper sign i'ur the number 59; and, 
that for the radical ^79, we may either take the upper, or 
the under. So that we shall always make q® =— -^b, and 
v^i: may be taken, successively, p us and minus. 

Fir si f therefore, if -i- -/e = ^^79 with the positive sign, we 
.shall make (Art. ^), the following calculation : 
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Cn 

+ 

1 

CO 

-4 

1 

10 

4- 

1 

-4 

1 

CD 
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H 

It 

II 

li 
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II 
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CO 

*• 

S' 

¥ 

«a 

md 

¥ 

%i 

md 

•4 


Here I stop, because 1 perceive that = q', and 



ADDITIONS. 


CHAP. II 


jpvii «ge difl^renoe between the two indices, 

1 and % is even; whence it follows. tJiat all the succeeding 
terms will likewise be the same as the preceding; so that we 
shall have = 4, = — 3,- q‘* = 7, &:c. = —7, 

p»iii _ 10 ^ jf choose, we may continue the 

above series to infinity, only by repeatin^hc same tcrma 
Scamdfyi let us take the radical with a negative 

sign, and the calculation will be as follows: 


8P 

n 

PP 

f 


ts 


ID 



ID 

10 

40 

ID 

D 

S' 

ss 



< 

S 


-9 


e 

li 

11 

II 

II 

il 

II 

li 

li 

II 

il 

1 

to 

1 

O 

1 

Oi 

1 

CA 

t© 

i 

Oi 

X 


X 

CA 

X 

o 

X 

X 

«al 

X 

1 

X 


X 

CA 

X 


Cl 

t 


to 


1 

ca 

1 

— 

1 

1 


+ 


+ 

+ 

-1 

1 


Cl 



li 

CD 

It 

CA 

X 

II 



II 

1 


II 


li 

li 

oc 

s# 

II 

II 


J 


1 


1 

■a*' 

1 

1 






-1 


-1 


<w 


S' 

-a 


T? 

■e 



Tr_ 


% 

li 

if 

11 

il 

II 

II 

11 

11 

l! 

li 


1 

•s 


1 

cs 

1 

I 


1 

1 

1 o 

1 C'’’ 




«£> 


CA 

-1 


It 

H 

ii 

It 

li 

li 

Cv 

1 

CO 

1 


i 


1 


P 

I 




-1 


CA 

«# 

*F. 

•p 

< 


*P 

< 

< 


N* 


rv 





II il 

5- I 



-I 
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It 

CA 

«« 



o 
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« 

1 

->» 

1 

-1 

N-« 


Ot 

+ 

1 

o 

Ctt 

1 CO 
> 

1 

V 

01 

1 

CA 

X 

I cn 
< 


« w 

«o 

< 




--a 

CO 


1 ^ 


<P 


;o 

CO 


II 11 II II II II H li li 
os JO ^ «?' 


We may stop hcic, since we have found ft‘* == a , and 
p»« — pW^ tJip difference the indices 9 and 8 being even; 
for, by amtinuing the series, we should only find the same 
io'ms that we have found already. 
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Now, if we eoubiiier the values of the tense p^, p^, f", 
kc found in the two cases, we shall perceive that the least 
of these terms is equal to —3; in the first case, it is the 
term p"', to wliich the values /j*” and o'" answer; and, in the 
second case, it is the term p‘*, to which the values and y*’' 
answer. 

Whence it follows, that the least value, which the given 
quantity can receive, is — 3; and, in order to have the values 
of p and < 7 , which answer to it, we shall take, in the first 
ca.se, the iiuinbcrs ft-, ju.', namely, 7, 1, and 1 , and shall 
form with them the prhici/Mi/ converging fractions y ; 


p"' 

the third fraction will, therefore, be so that we shall have 

T 


jf' •=. 15, and r/" = 2 ; that is to say, the values required 
will l)c p = 15, and q — 9.. In the second ca.se, we shall 
lake the munber.s p., /x', /x", /a'", namely, 5,1, 1, 3, which will 
give the>e fractions,-J, ; so that we shall have 

p*' m 39, and = 7; therefore, p = 39, and ^ = 7. 

The values which we hrf\'e just found for p and y, in the 
ca.se of the niinimum, iU'e also tlic least possible; but if we 
choose, %ve may likewise successively find others greater: for 
it is eviilent, that the .same tenn, —.3, will always return at 
the end of every interval of si.\ terms; so that, in the first 
case, we .shall have p"' r: — 3, p'* = — 3, p’^* = — 3, 
&c. and, in the second, p"‘=: — 3, i*'" = —3, p*'* r::— 3, &c. 

Therefore, in the first case, the satisfactory values of p 
and q will be these; 77 '", 5 '"', p*'‘, q''', &c.; and, in 

the second case, »■', 9 '', /?“, g*, p"‘, q"\ &c. Now, the 
values of/X, u,', p , &c. are in the first case 7, 1,1, 5, 3, 2, 1 ; 
1, 1, 5, 3, 2, 1; 1,1,5, 3, &c. to infinity, because jw.’" = p.', 
and /x”" = ,a", &c. so that we shall only have to form, by 
the method of Art. 20, the fractious. 


7, 1 , I, 5, 3 , 2, 1, 1, I, 5, 

7 8 i< 81 16* ftll 87S 14-86 X16i 11Z9I Rr#- 

»7 i > “fri T"! > r r » TfiTJ IVT » Try » TTSTT > 

And we may take for p the numerators of the third, 

ninth, &c. and for q the correspooding denominators: we 
bI^I therefore have p = 15, 9 = 2, or p = 8361, q = 313, 
fizc. 

In the second c:ase, the values of p.', ft", &c. will 
be 6, 1, 1, 3, 6, 1, 1, 1, 2; 3, 6, 1, 1, 1, 2 , 8ec. be¬ 
cause &c. We shall, therrfore, form these 

fractions, 


5, 

t I 


I 7 

6 

1 I 


h 3, 


t I 

i » 


J 9 
r t 


5, 

8 0 6 
FT » 


I, 


1, 


8 4 * 

srf > 


4 S I 

S T 7 


I, 

69 6 

TS 


2 , 


I B 4 3 

rn 7 


3, 

6 8 8 s 

•rnrs7 


&c. 
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And the fourth fhustiofi, the tenth, &c. will give the 
values of p and q ; which will therefore be 

p = 89, y = 7, or ;; = G225, q = 1118, &c. 

In this manner, therefore, we may regularly find all the 
values of p and 9 , that will make the given formula — 3 , 
the least value it can receive. We might even have a ge¬ 
neral value, which would comprehend all these values of p 
and qn Any person who has the curiosity may find it by a 
metl^ which we have elsewhere explained, and w*hich has 
been already noticed (Art. 35). 

We have just found, that the mintmum of the quantity 
proposed is — 3, and consequently negative; now, it might 
be proposed to find the least positive value, that the same 
quantity can receive: we should then only have to examine 
the series P®, p', p^, &c. in the tw't» cases, and w’e should 

see that the least positive term is 5 in Ixith cases; and as in 
the first case it is p**, and in the sc?cond p^, which is 5, the 
values of p and 9 , that will give the least positive value of 
the quantity proposed, will be p'% q'\ or »*, g*, or &c. in the 
first case, and » , 7 ^, or p*', 7 *', &c. in the s(‘cond ; so that 
we shall have, from the alx>ve fractions, p = 8.3, 7 = 11 ; or 
p = 13291, 7 = 1762, &c. or p = 11, 7 = 2 ; jt — 1843, 
7 = 331, &c. 

We must not forget to observe, that the numbers .ia, /u.', 
&c. found in the above two cases, arc no other than the 
terms of the continued fractions, wdiich represent the two 
roots of the equation 9x* — 118x -f- 378 = 0. 

So that these roots will be. 


7+^+. 


r + > &c. 






&c. 


expressions which we might continue to infinity merely by 
repeating the same numbers. 

Thus, we perceive how we are to set about reducing to 
continued fractions the roots of eveiy equation of the second 
degree. 

41. Sch€tlium. In volume XI. of the New Commen¬ 
taries of Petersburg, M. Eulex has given a method dmilar 
to the preceding; but deduced from {Hindples somewhat 
different, for reducing to a continued fraction the root of any 
integer number, not a square, and bos added a Tables in 
whiCT the cemtinued fractions arc calculated for all the 
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natural numbers, that are not squares, as far as 100. 
Thi.s Table being useful on various occasions, and par¬ 
ticularly for the solution of indeterminate numbers of the 
second degree, as we shall afterwards find (Chap. 7), we 
shall here present it to our readers. It will be observed, 
that there are two scries of integers answering to each 
radical numl>er; the upper is that of the numbers p“, — p', 
p", Sic. and the under that of the numbers, p,, ju,', 


Sic 


✓ 2 

1111 &c. 

12 2 2 &c. 

v/ ti 

1 2 I 2 1 2 1 &c. 

1 12 12 1 2 &c. 


1111 tkc. 

2 4^4 &c. 

✓ a 

12 12 12 1 &c. 

2 2 4 2 4 2 4 &c. 

‘ 

1 2 :i 1 A 2 i &c. 

2 1114 1114 &c. 

V « 

1__ 

^10 

\ \ 1 4 \ 4 \ &c. 

2 14 14 14 Sic. 

1 1 1 1 &c. 

:i G G G &c. 

iv/ll 

1 2 1 2 1 2 1 Sec. 

.{ ;{ (i ;i 6 :i g &c. 

m 

1 1 :i 1 :i i Xc. 

2 (1 2 G 2 fi &c. 

v'lS 

1 4 A 3 4 14 3 3 1 1 Sec. 

3 1 1 1 1 6 1 1 1 1 G &c 

v/Il 

{ 

1 ;> 2 j 1 f) 2 a 1 Sec. 

3 1 2 1 G I 2 1 6 Sec. 

m 

1 G 1 G 1 G 1 Sec. 

3 1 G 1 G 1 G &c. 

v^l7 

1 1 1 1 1 &-C. 

4 8 8 8 8 &c. 

v/18 

1 2 1 2 1 2 1 2 1 &c. 

4 4 8 4 8 4 8 4 8 &c. 

v/I9 

1 3 5 2 5 3 1 3 5 2 5 3 1 &c. 
4213128213128 &c. 


1 4 1 4 1 4 1 4 1 &c. 

42S2S2828 &C. 

^21 

1543451543451 &c. 

4 1 1 2 1 1 8 1 1 2 1 1 8 &c. 
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v/22 




V'24 


I 6 3 2 3 6 I 6 3 2 3 6 I Ac. 
4 1 2 4 2 1 S 1 2 4 2 1 8 Ac. 



V'27 




v/29 


1 

7 

2 

7 

1 7 

2 7 1 

Ac. 

4 

1 

3 

1 

8 1 

3 1 H 

> Ac. 

1 

8 

1 

8 

1 H 

1 Ac. 


4 

1 

8 

1 

8 I 

8 &c. 


1 

1 


1 

1 

Ac. 


5 

10 

10 

10 

Ac. 


1 

2 


1 2 

1 1 

2 1 

Ac. 


a 

10 5 

10 

5 10 

Ac. 

1 

3 

4 

3 

1 

3 4 3 

1 Ac. 

5 

3 


3 

10 

3 2 3 

10 Ac. 


2 1 1 2 ]() 2 1 I 2 10 Ac. 


v/30 

15 1 .5 1 5 1 5 1 Ac. 

5 2 10 2 10 2 10 2 10 Ac. 

^31 

1 6 5 3 2 3 r* 6 16 5 Ac. 

5 1 1 3 5 3 1 1 10 I 1 Ac. 

v/32 

1 7 4 7 1 7 4 7 1 Ac. 

5 1 1 1 10 1 1 1 10 Ac. 

v/33 

18 3 8 IS .{ 8 1 Ac. 

5 I 2 1 10 1 2 1 10 Ac. 


1 9 2 9 1 9 2 9 1 Ac. 

5 1 4 1 10 1 11 10 Ac. 

V'35 

1 10 1 10 1 10 1 10 Ac. 

5 1 10 1 10 1 10 1 Ac. 

v/37 

11111 Ac. 

6 12 12 12 12 Ac*. 

v/38 

12 12 12 i Ac. 

6 6 12 6 12 6 12 Ac. 

y/39 

13 13 13 1 Ac. 

6 4 12 4 12 4 12 Ac. 

v'44) 

If 14 14 1 Ac. 

6 3 12 3 12 3 12 Ac. 

^41 

1 .> 1 5 1 Ac. 
f) 2 2 12 2 2 12 Ac', 

^♦2 

16 16 16 1 Ac. 

6 2 12 2 12 2 12 Ac. 

v/43 

1 7 6 3 9 2 9 3 6 7 1 7 6 Ac. 

5 1 1 3 1 5 1 3 1 1 12 1 1 Ac. 

v/44 

18574758 1 65 Ac. 

6 1 1 1 2 1 1 1 12 1 1 Ac. 


, 19 4 5 4 9 1 9 4 5 4 9 I 9 4 Ac. 
6 1 2 2 2 1 12 1 2 2 2 1 12 1 2 Ac. 
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v/46 


^/i7 

v/lH 


v;:w 





10 3 7 0 r» 2 5 6 7 3 10 1 10 3 &c. 
13 112 6 2 113 1 12 1 3 &c. 


11 2 11 1 11 2 II 1 &c. 

15 I 12 15 I 12 &c. 

12 1 12 I 12 &c. ". 

1 12 1 12 1 &c. ' 

1 I r&c. 

II N N Ac. 


2 I 2 1 2 Ac. 

7 N 7 1 1 7 Ac. 

3 it I it 3 13 it 4 9 3 I 3 &c. 

4 1 2 1 I 14 4 1 2 1 4 14 4 6rc. 


4 7 7 4 1 4 7 7 4 1 4 7 &c. 
3 I 1 3 14 3 1 1 3 14 3 1 &c. 


5 I) 2 9 5 1 5 9 2 U 5 15 Ac. 

2 1 a 1 2 14 2 I C I 2 14 2 Ac. 

ii 5 a 116 5 6 I Ac. 

2 2 2 14 2 2 2 14 2 Ac. 

7 1 7 I 7 I &c. 

2 14 2 II 2 14 Ac. 


\/.j7 

1 S 7 3 7 H 1 S 7 &c. 

7 I 1 1 1 1 1 1 1 1 &c. 


[1 9 6 7 7 6 9 1 9 6 Ac. 

7 1 1 1 1 1 1 14 1 1 &c. 


1 10 5 2 5 10 1 10 5 &c. 

7 1 2 7 2 III 1 2 &c. 


>111111 1 1 1 1 A.C. 

7 12 111 12 Ac. 

v'^l 

1 12 3 1 9 :» 5 9 1 3 12 1 12 3 &c. 

7 1 4 3 1 2 2 1 3 4 1 14 1 4 &c. 


1 13 2 13 1 13 2 Ac. 

7 16 1 14 1 6 &c. 

v/63 

1 14 111 1 14 ^c. 

7 1 14 1 14 I 

^65 

1111 Ac. 

S 16 16 16 Ac. 

^/(>6 

12 12 I AC. 

H H 16 8 16 &c. 

yG" 

1 3 6 7 9 2 9 7 6 3 13 6 Ac. 

8 5 2 1 1 7 1 1 2 5 16 5 2 &c. 

v'oS 

14 11 14 Ac. 

8 4 16 4 16 4 Ac. 


^r>9 


3 3 1 4 1 3 3 16 3 3 Ac. 
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WO 

1 6 9 5 9 6 1 6 9 &c. 

8 2 1 2 1 2 16 2 1 &c. 

Wi 

1 7 5 11 2 11 5 7 1 7 5 &c. 

8 2 2 1 7 1 2 2 16 2 2 &c. 

v/T‘i 

1 8 1 8 1 8 &c, 

8 2 16 2 16 2 &c. 

ws 

1 9 8 3 3 8 9 I 9 8 &c. 

8 1 1 5 5 1 1 16 1 1 &c. 


1 10 7 7 10 1 16 7 &c. 

8 111 1 16 11 &c. 

i -- 

1 

1 

1116 11 1 11 6 &c. 

S 11 1 16 11 Ac. 

iw6 

* 

1 12 5 8 9 3 4 3 9 8 5 12 1 12 5 &c. 

8 12 1 1 5 4 5 112 I 16 1 2 &c. 


1 13 4 7 4 13 1 13 4 &c. 

8 1 3 2 3 1 16 1 3 &c. 

iW8 

1 14 3 14 1 14 3 Ac. 

8 11 1 16 1 4 &c. 

;W9 

1 15 2 15 1 15 2 &c. 

8 17 1 16 17 &c. 

[v/SO 

1 16 1 16 1 16 8c. 

8 1 16 1 16 1 &c. 

^sa 

till &c. 

9 18 IS 18 &c. 

V'SS 

12 12 1 2 &c. 

9 9. 18 9 18 9 Sec. 


3 3 13 1 3 Ac. 

9 6 18 6 18 9 &c. 

v'So 

1 4 9 9 4 1 4 9 &c. 

9 4 1 1 4 18 4 1 &c. 

1 1 5 10 7 11 2 11 7 10 5 15 10 &c. 

! 9 3 11 I H 11 I 3 18 3 1 &c. 

^87 i 

16 16 16 &c 

9 3 18 3 18 3 &c. 

^88 

1 7 9 8 9 7 1 7 9 Ac. 

9 2 1 1 1 2 18 2 1 &c. 

^89 

1 8 5 5 8 1 8 5 &c. 

9 2 3 3 2 18 2 3 &c. 


19 1 9 I &c. 

9 2 18 2 18 Ac. 


1 10 9 3 14 3 9 10 1 10 9 ficc. 

9 115 15 1 1 18 116 c. 

v'92 

1 11 8 7 4 7 8 11 1 11 8 &c. 

0 1 1 2 4 2 1 1 18 1 1 6c. 
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' 

/OS 

i 

12 

7 

11 

4 3 

4 

11 7 

12' 

1 

12 

7 &c. 




9 

1 

1 

1 

4 6 

4 

1 1 

1 

18 

1 

1 &c. 



/Cl t. 

1 

13 

6 

3 

9 10 

3 

15 2 

15 

3 

10 

9 5 0 13 

1 

Ac. 

^ %7 F 

9 

I 

•> 

3 

1 1 

3 

1 H 

1 

3 

1 

13 2 1 

18 

&c. 


1 

14 

3 

14 

I 

14 

&c. 








^ 9 

I 

•> 

1 

IS 

1 

&c. 





“ 



1 

13 

1 

13 

1 

13 

&c. 







9 

1 

3 

1 

IS 

1 

itc. 







/07 

1 

l<i 

3 

11 

s 9 

9 

8 11 

3 

l(i 

1 

10 Ac. 



1 ^^ j 

9 

I 

3 

1 

1 1 

1 

1 1 

5 

1 

IS 

1 Ac. 




1 

17 

2 

17 

1 

17 

Ac. 







^ K ro 

9 

1 

S 

1 

IS 

1 

&c. 







v/9y 

1 

9 

IS 

1 

T 

IS 

IS 1 
1 IK 

&c. 

&c. 








Thus, for example, we slmll have 


= 1 -f 


+ ; +, &c. 


' ^ &c. 

and so of others. 

Anti, if we lorm the converging fractions, 

jyO p<l pH 

^' Y* Y" Y' 

according to each of tliese continued fractions, we shall have 
{ify - fi(qr = 1, p’- - %* = - 1, 

II II 

p® - 2q- = 1, &c. 

and likewise, 

(/>“)« - = 1, p* - = - 2, 

11 II 

p* — 3^* = 1, &c. 


M M 
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CHAP. Ill, 

Of the Resolution, in Integer Numbers, ^Equations of the 
first Degree, containing" itco unhnoxvn Quantities. 

[atfen’dix to chap, i.] 

42. When we have to resolve an equation of this form, 

ajc — btf — r, 

in which /i, b, c, are given integer numbers, |U)sitive, or 
negative, and in which the two unknown quantities, .r and j/, 
must also be integers, it is sufficient to know one solution, 
in order to deduce with case all the other solutions that are 
possible. 

For, suppose we know that these values, a- = a, and 
^ satisfy the conditions of the equation projKised, a aiul 

"jS being any integer numbers, we shall then have ax — b^zzr ; 
and, consequently, 

ax — bj/ zz: ax i/3, or a'^x — a) — b{^ — (S) zz 0\ 

whence we find ^== —. Let us retluce the fraction 

a 

— to its least terms, and supposing, in con5ct|uence of this 

reduction, that it becomes where bf and o' will Ik* prime 

to one another, it is evident that the equation, 

X —a _ bf 

could not subsist, on the supposition of jr — a, and y — 
being integers, unless we havcA —« = mb’, and y— B = 
m being any integer number; so that we shall have, in 
general, x zz a ■+■ mtf, and y zz ^ ma '; m being an in¬ 
determinate integer. 

Now, as we may take tn either positive, or negative, it is 
easy to perceive, that we may always determine the numlier 
rn m such a manner, that the value of x may not be greater 

y (J * 

than or that of y not greater than (abstracting from 

the signs of these quantities); whence it follows, that if the 
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given equation ax — by — c, is resolvible in integer ruim> 
bers, and we successively substitute for x all the integer 
nuuibers, positive as well as negative, contained between 

^ —b 

these two limits-—, and - ^. , we shall necessarily find one 

that will satisfy this equation: and we shall likewise find 
a satisfactory value of y among the [positive, or negaUve 

whole numbers, contained between the liiiiits g-, and -q—. 

By these means we may find the first solution of the 
e(}uation proposed; after which, we shall have all the others 
by the preceding formuloe. 

43. Ibit, witliout emjdoying the method of trial, which 
we have now proposed, and which would sometimes be very 
laborious, wv may make use of the very simple and direct 
metIuHi explained in Chap. 1. of the preceding Treatise, or of 
the following nieth(Hl. 

Firsts if the numhers a and h arc not prime to each other, 
the equation cannot subsist in integer numbers, unless the 
given number, r, be divisible by the greatest common 
measure of « and h. Su])|K)sing, therefore, the division 
perfornual, and expres-^lng the quotients by a', r', we 

shall have to resolve the equation, 

ax — by 

where a' and b are prime to each other. 

Secondly, if we can find values of p and q that satisfy the 
tHjuation, dp — b'q — ^1, we may resolve the preceding 
etjnation ; for it is cviilcnt that, by multiplying these values 
by Jrr', we shall have values that will satisfy the equation, 

dx — by — d ; 
that is to say, we shall have 

X — v pc\ and y — -x qc. 

Now, the equation dp — b'q :z: ± 1 is always rcsolvible 
ill integers, as we have demonstrated. Art. 2.3; and, in order 
to find the least values of p and q that can satisfy it, we shall 

b 

only have to convert the fraction into a continued frac¬ 
tion by the method of Art. 4, and then deduce from it a 
series ofpriariyia/fractions, converging to tlic same fraction, 

by the formula^ of Art. 10; the last of these fractions 
a* 

b 

will be the same fraction —, ; and if we represent the last 

a 

mm2 
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but one by we sliall have, by the law of these fractions, 

(Art. 12) — 6V/ = + 1 ; the upper sign Wing for the 

case, in whicn the rank of the irnction is even, anil tlie under 
for that in which it is oJi/. 

These values oi'p and q being thus known, we shall first 
have X = + pc\ and y = Hf- qc^, and then Uiking these values 
for a and $, we shall have, in general, (Art. 42), 

•** = ± "I" ^ — ± 9 ^' 

expressions which necessanly include all the solutions of the 
given cH]uation that are possible in integer numbers. 

That we may leave no obstacle to the practice of thi.s 
method, wc shall observe, that although the numbers a and 
b may W jx>sitive, or negative, we may notwiihsianding 
take tliem always jxwiti\e, provided wc gi\e contrary signs 
to or, when a is negative, anil to //, when 6 is negative. 

44. Kxamplc. To give an example of the prifetling me¬ 
thod, we shall take that of Art. 14, C’hap. 1. of the pre- 
I'cding Treatise, where it is reijuired to rcsoUc the eijuation, 
39p = 56’^ “k* Changing p into x, and q into v, w e shall 
have 39-r — 5(i/y = 11 , 

So that we shall make a = 39, b = f>(i, anil c — 11; and 
as 56 and 39 are idready prime to eacli other, we shall have 
a’ = 39, 5' = 56, r = 11. We must iherel'ore rt*iliiix‘ the 

fraction ^ to a. continued fraction; and, for this 

a 

purpose, as we have already done (Art. 20), wc shall make 
the following calculation; 

39)56(1 

39 


17)39(2 

34 

5)17(3 

15 

2)5(2 

4 


1 ) 2(2 

2 
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Then, with the quotients 1, S, &c. we may form tlie 
fract’ums, 

1, 2, 3, 2, 2, 


■i» 


1 


I o 
7 > 


ft 1 5 6 


aiul the last fraction but one, Jl, will be that whicli we have 

expressed in general by ; so that we shall have p = 23, 

(j ~ Uj ; and, as this fraction is the fourth, and consequently, 
of an even rank, we must take the upper sign ; so tJiat w e 
shall have, in general, 

.r -- 23 X 11 - h ndmy and 

X 1 1 “f" i 

HI being anv integer whatever, jwsitivc, or negative. 

to. Schnltum. We owe the first solution of this problem 
to M. Haehet tie Meziriae, who gave it in the second etlition 
of his Mathematical lU'creations, entitled Prof)lcmcs philsuns 
cl dcltrfiilfhsy kc. 'I’lie firet edition of this work appeared 
in l()i2; but tlic solution in question is llicrc only an- 
luiunceil, and i-s ciulv lountl complete in the edition of 
'l lie melluKl of M. liachet is very direct and ingenious, ami 
ainnot be rendered more elegant, or more general. 

I seize with pleasure the present opjKirlunity of doing 
instice to this learned aullior, having observetl that the ma¬ 
thematicians, who ha\c since resolved the same problem, have 
never taken any notice of his labors. 

'I’he methcKf of M. Bachet may be explained in a few 
words. After ha\ing .shewn how the solution of equations 
of the form aa — bij r, (a and b being prime to each 
• ithcr), may be reduced to that of a.r — + 1, he a|>- 

plies to tlie resolution of this last equation ; and, for this 
piiriKise, rirescrllK's the same operation with regard to the 
numh. rs a and A, as if we wished to find their greatest com- 
mon divisor, (and this is what we have just done); then 
ealliii*’- r, d, r, /J &c. the remainders arising from the dit- 
ferenrdivisions, and supposing, for example, that ./* is tlie 
last remainder, w hich will necessarily be equal to unity (be¬ 
cause n and b are prime to one another, by hypothesis), he 
makes, when the number of remainders is even, as in the 

present case, 

Ed±l j Sc+l _ y^±V _ 

c h 1 ~ — ®> —~ —y* - — 


c 


prt +1 


= a; 
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aud these last numbers 0y and a, will be the least values ut* 

X and^. 

If the miiubcr of the remainders were odd, g- for instance 
l>eing the last remainder =r 1, then we must make 


./*±1 = 




id - 1 - 


= 9, &c. 


It is easy to see that this method is fundatnentally tlic 
same as that of Chap. I.; but it is less convenient, liecaiisc 
it requires divisions. Tho.se who are curious in such sf>ocu- 
lations, will see with pleasure, in the work of ]VI, Bachet, the 
artifices which he has employed to arrive at the foregoing 
Rule, and to deduce from it a complete solution of equations 
of the form, ajr — ly sz c. 


CHAP. IV. 

iiemnti melhodJbr resolving, in Integer Numbers, Kqtia- 
tiou.s tciih iwo nnknoten (Quantities, of ' xchicU one docs not 
cjcceed tiicjirst Degree. 

[.\P!*E.\DIX TO CHAP. III. 

‘16. Let the general €H|uatiun, 
a + hx 4-cy -4- dx- -r exy +hx* -f Ax 

= 0 Ik* pn>poaed, in which the coeffieient.s A, r, &c. are 
given integer numlK*rs, and x and^ two indeterminate nuni- 
IxTs, which must also Ik* int^^ers. 

Deducing the value ofy from this equation, we shall have 
n-f-6x4-dx*4-./x^+Ax*4-« &c. 

^ ~ c-f ex-4-^»’x*-j-A‘x* I-, &ce. 

so that the question w'ill l>e reduced to finding an integer 
number, which, wlien taken for x, makes the numerator c>f 
this fraction divisible by its denominator. 

Let us supjx>se 

p = o -f bx -{■ dx* -I- Jx^ + +» &c. 

9 = c + cx 4- gJc^ + kx^ -i-, &C.. 
and taking x out of both these ccjualions by the ordinary rules 
of Algebra, wc shall have a final etjuation of this form, 

A -f" Bp -f- -f* Dp® 4- H“ cp’ 4", &c. = 0, 

where the coefficients a, b, c, &c. will be rational and integer 
functions of the numbers a, 6, c, &c. 
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Nov, since , we shall also have p = — gp; so 

that by substituting this value of p, we shall get 

A - Byy + eg 4- npY - +> &c. = 0, 

where all the terms are multiplied by q, except the first, a ; 
therefore the number a mustj^ divisible by the number q , 
otherwise it would be iropossiEp’ for the numbers q and y to 
be l>oth integers. 

We shall therefore seek all the divisors of the known in¬ 
teger mini her a, and shall successively take each of these 
divisors I'or q ; f rom each of which suppositions we shall have 
a determinate equation in a:, the integer and rational roots of 
which, ii’ it have any, will be found by the known methods; 
then substituting these roots for x, we shall see whether the 

values of p and q, which result, arc such, that may be an 

integer number. Ily these means, we shall certainly find all 
the integer values of .r, which may likewise give integer 
values t)!’ u in the equation proposed. 

Hence ue see, that the number of integer solutions of such 
equations must always be limited ; but there is one case 
which mu'.! he excepted, and which does not fall under the 
prc'CtHling method. 

17. This case is wlien there are no coefficients r, gy A*, &c. 
So that we have simply, 

a -f- l/x 4 (Ix^ -h/’x*-r7tx* 4» Sec* 
c 

In order to find all the values of a*, that will render the 
ijuantity a -r 6x + 4- hx* +, &c. divisible by the 

quantity r, we must proceed as follows. Suppose we nave 
already found an integer, w, which satisfies this condition; 
it is evident that every number of the form w + (ac will 
likewise satisfy it, p being any integer number ; farther, if n is 

7 - — (abstracting from the signs of w and c), we may always 

determine the number p, and the sign which precedes it so, 

c 

that the number n ± ft-c, may become z. ; and it is easy 

to perceive that this could only be done in one way, the 
values of n and e being given ; wherefore, if we express by 

c 

ti' that value of n + |ttc, which is L and which satisfies 


m 
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the condition in question, we shall have, in general, 
ft =:n' + fLC, fu heinc any number whatever. 

Whence I concluae, tliat if we substitute siKxsessively, in 
the furmuia, o + 6.r H- dr* + fx^ +, &c. instead of x, all the 

integers positive, cwr negative, Uiat do not cxceeil —, and if we 

^ • 

denote by 7f', n*', &c. sucliPiSr those nuinhers as will render 

the quantity, a + ix 4- dr* +, &c. divisible by c, all the 
other numbers that do the same, will necessarily be includcil 
in the formula* u + ft-'c, iP + n'" 4 Sic, y', a", 

&C. being any integer numbers. 

Various remarks might here bt' made to facilitate the finding 
of the numbers 71 % n*^, &r. but it is the more unnecessary 
to enlarge upon this sulvject, as I have already had occasion 
to treat of it, in a Memoir published among tbost‘ of the 
Academy of Berlin for the >'ear 17fi8, and entitled Nourtlle 
Idiihodepour rcsoudre Ivs Probhmrs, hidctt rmhu's. 

48. I shall, however, say a word on the mciluxl of de¬ 
termining two numbers, x and y, so that ilie fraction 

f-, ice. 
c 

may licconio an integer luimlier, as this investigation will In- 
MTV useful to us in the sequel. 

Stqqx'.siiig tliaty and x must be prime to each other, and 
farther, that y must lie prime to c, we may always make 
X — ni/ — ezi n and z being indcterininate numbers; tor, 
considering X, y, and r, as given numbers, we shall have an 
ecjualion always rcsolvible 111 whole numbers by tlic metluKl 
ol Chap, lliff |>ccau8e y and c have no common measure, by 
the hypothesiaw ' Now', if wc substitute this expression of x 
in the quantitif, ay”* 4 6y"*“’x 4 dy'’*~“x’ 4 , icc. it will be¬ 
come, 

{« 4 rffi* b./h* V, &e.) y'” 

— (6 -+• 

4 (d -^S/h 4 , &c.) 

—, See. 

and it is evident, that this quantity could not be divisible by 
c, unless the first term, (a An dn* -K/»* -f-, &c.)y'" were 
so, since all the other terms arc multiplied by r. There¬ 
fore, as e and y are supposed to be prime to each other, the 
quantity a / n dn^ +* must itself be divisible 

by c; so that wc shall only have to sci^k, by the iiiethotl of 
the preceding Article, all tiie values of n that can satisfy this 
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condition, and then we shall have, in general,, x ^ny az, 
z being any integer number whatever. 

It is proper to observe, that although we have supposed 
Uic numbers x and y to be prime to each other, as well as 
the numbersand c, our s^jlution is still no less general; 
for if X and y had a common measure a, we should only have 
to substitute ax’ and ay', instead of x and y, and should 
then consider x' and y as prime to each other; likewise if 
t/ and c were a common measure we might put in¬ 
stead ofy, and consider y' anil c as prime to ^ach other. 


CHAP. V. 

A direct and general method for finding the values qf x, 
that icill render llational Quantities of the^fbrm 
\ bx -f- cx^), and for rcsohins, in llational Num¬ 

bers, the indeterminate Equations ry ’second Degree, 
u'hieh have l7cn nidenoren Quantities, 7chen thei/ admit of' 
Solutions this h ind. 

[aPPI^MUX , TO CHAP. IV.] 

49. I suppose first that the known numbers a, b, r, arc 
integers; lor if they were fractions, we should only have to 
reduce them to a common stjuare deiunninator, and then it is 
evident, that we might always abstract from their denomina¬ 
tor ; but with rt'spect to the number .r, we shall suppose 
that it may Ik? integer, or fractional, and shall see, in what 
folUiws, how the question is to be resolved, when we admit 
only integer numbers. 

Let then V (« + 6 j* + cx^) — y, and wc shall have 
2cJ* + /> IT >'(4riy' b- — 4or); so that the difficulty will 
be reduced to rendering rational the quantity, 

50. Let us sup|K)se, therefore, in general, that we have to 
make rational the quantity x'{Ay' + b); that is to say, to 
make Ay* + n equal to a square, a and n being given integer 
miinbcrs positive or negative, and^ an indeterminate num¬ 
ber, w'hich must be rational. 

It is evident tliat if one of the numbers a, or B, were 1, 
or any other square, the prt>blem would he resolvible by 
the known methods of Dioplianlus, which are detailed in^ 
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Chap. IV.; we shall therefore abstract froni those cases, or 
rather we shal) endeavour to reduce all the rest to them. 

Farther, if the nurol)ers a and b were divisible by any 
square numbers, we might likewise abstract from those 
divisors; that is to say, suppress them, only by taking for a 
and a the quotients, which we should have, after dividing the 
given values by the greatest squares jiossible; in fact, sup¬ 
posing A = a^A', and 0 = we shall have to make the 
number, A'aty^ -f n'jS® a sc]uare; therefore, dividing by /S% 
ai/ 

and making = y; we shall have to determine the un¬ 


known quantity y; so that + » may lx? a s(|uare, 

• Whence it follows that, when we have found a value of^ 
that will make Ay- + b Iktoiuc a s(]uare (rejecting in tlic 
given values of a and b the stiuarc factors a* aiui ^1*, which 
uiey might contain), we shall only have to multiply the 

$ 

value found for t/ by — , in order to have that which answers 
to the quantity pnjposed. 

51. Let us, tnerefore, consider the formula Aj/‘ n, in 
which A and n are given integers, not divisible by any stjuare ; 
and, as we suppose that i/ may be a fraction, let us make 


y = —^ pand q being integers prime to each other, in order 
that the fraction may lx? reduced to its least tenns •. we shall 


therefore have the quantity “f ®i which must be a square; 

wherefore, Ap*’ must be a scpiare also ; so that we 

shall have to resolve the etjuation, A/r‘ H == ‘^> sup- 
posingp, q, and z, to 1 h,‘ integer numlxTS. 

Now, I say that q must be prime to a, and j) prime to n; 
for if q and a had a common divisor, it is evident that the 
term ay would be divisible by the siiuare of that divisor; 
and the tenn Afr would only be divisible by the first jiowcr 
of the same divisor, l>ccause p and q are jjrinic to each other, 
and A is supposed not to contain any stjuare factcir; w here- 
fore the number a/>* + n'/ would only be once divisible by 
the common divisor of q and a ; consequently, it w ould be im¬ 
possible for that number to be a square, fn the same man¬ 
ner, it may be proved, that p and b can have no common 
divisor. 
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Resolution qf (he Equation Ap* + Bq* = z* in integer 

Numbers. 

52. Supposing A greater than b, the equation will be 
written thus, 

=2“ — By*, 

and as the numbers /?, y, and z must be integer, z’^ — By- 
must be divisible by a. 

Now, since a and y are prime to each other (Art. 51), we 
sliall, according to the method of Art. -18, make 

Z-zznq — Ay', 

n and y' being tw'o indeterminate integers; which will change 

tlie forniula, i- — i»y*, into — B)y*—SnAyy' -f-A®y-, in 
which 11 ^ — B must be divisible by a, taking for n an integer 

number, not 7 

We shall try therefore for n all the integer numbers that 

A 

do not exceed , and if we find none that makes n- — b 

divisible by a, wc conclude immediately, that the equation 
Ayr — — ny^ is not resolvibic in whole numbers, and 

therefore that the quantity Ar/ + b can never become a 
stjuare. 

Hut if we find one or more satisfactory values of 7i, wc 
must substitute them, one after the other, for 7>, and proceed 
in the calculation, as shall now' be shewn. 

I shall only remark farther, that it would be useless to 

give n values greater than for calling n", &c. the 

values of ii less than ~ , which will render n- —b divisible by 

A, all the other values of n tliat will have the same effect will 
l>e contained in these formula*, »' + ft'A, n" + ± 

&c. (Chap. IV. 47). Now, substituting these values for n, 

t ■ 

in the formula, in* — B)y* — SnAyy' + A*y% that is to say, 
(nq — Ay')* — By^ it is evident that M'e shall have the same 
results, as if we only put n', instead of and 

added to y'the quantities +fi-^q, 5cc. so that, 

as q' is an indeterminate number, these substitutions would 
not give formulae different from what we should have, by the 
t.ini|nc substitution of the values &c. 

58. Since, therefore, — b must be divisible by a, let a'. 
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be the quotient of this division, so thet aa' = n* ^ b, and 
the equation, 

= 2* — ay* =z [H* b)^' — 9.nAqq' + A'q\ 

being divided by a, will lieconie 

p* = A'y* — 2#W + Kq\ 
where a' will nwessarily l>e less than a, liccause 

, — B A 

--^ ami II z. A, and n not 7 -j • 

Firsif if a' be a s<iuarc number, it is evident this ctjuation 
will be rcsolvible by tlie known methods; xind the simplest 
solution will be obtained, by making y' = 0 , <7 = 1 , ami 
p = v'a'. 

Secondly, if a' l>e not a stpiare, we must ascertain whether 
it lie less than b, c»r at IchnI whether it hi* lilvisible by any 
square number, so that the quotient may lie less than it, 
abstracting from the signs; then we must multiply the 
whole equation by a', and, lK‘caus|; aa' — «* = — m, we 

shall have A!p* — (xy — — n^-'; so that \\<f Kp' 

must Ixs a scjuaie; hence, tli\uUng by p\ and iimkliig 

— and a' ” we shall have to make a square of the 

formula up* -1- e, which evidently resembles that of Art. oiJ. 
Thus, if e contains a square factor * 7 % wc may suppros it, 
bv multiplving the value which we shall Hnd for y by y, in 
order to have its true value; and wc shall haM* a formula 
similar to that of Art. 51, but with this diflerence, that tlie 
coefilcients, b and e, of our last will he less than tlie co¬ 
efficients, A and B, of the other. 

54. But if a' Ik* not less than n, nor becomes so when di¬ 
vided hv the greatest .square, which mea.sure.s it, then we 
must make q — *q' + ; and, substituting tiiis value in the 
equation, it will liecoine 

p^ rr a'^'— Sbfqq -j- Ay'-, 
where «' — n — s'a', 

I 

and A^ A%*— 2n*'-4- a , . 

^V. 

We must determine the whole nuinlKT v, which i.s always 
possible, so, that may not be 7 4", abstracting from the 
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signs, and then it is evident, that a" will become i_ a', be- 
/ 

cause a" = -and b =, or Z a', and n = , or /. sr* 

a % 

We shall therefore apply the same reasoning here that we 
did in the preceding Article; and if a" is a sejuare, we shall 
have the res«»lution of the equation : but if a" is not a square, 
and L B, or becomes so, when divided by a square, w^ must 
multiply the equation by a', and shall thus have, by making 

-y-t and a" = c, the formula b^- + c, which must be a 

square, and in which the coefficients, b and c, (after having 
suppressed in c the square divis<jrs, if there are any), will be 
less than those of the formula a^^ + b of Art. 51. But if 
these cases do not take place, we shall, as before, make 
q — y{f ^ equation will be changed into this, 

hi li II III 

p' — \q‘ — iln’'q"q’" + .\q-, 
where n" ::::: n' — a'.v". 


and a' ’ rr a '’//- —iiw'y' + a' = 


7* — B 


W’e shall therefore take for v' such an integer number, that 
a" 

fi” may not be 7 , abstracting from the signs; and, as b 


II 

n* — B 

is not / a" (/i//p.), it follows, from the equation, a"' =-, 

.A 

that a''' will Ik? /. a'' ; so that we may go over the same 
reasoning as before, and shall draw irom it similar con- 
clijsioi^. 

Now, as the numliers a, a', a", a ", &c. form a decreasing 
scries of integer numliers, it is evident, that, by continuing 
this scries, we shall necessarily arrive at a term less than the 
given nnmlxT b ; and then calling this term c, we shall have, 

as we have already seen, the formula bj/* + c to make equal 
to a square. So that by the operations we have now ex- 
plaineu, we may always certain of reducing the formula, 

I 

-p B, to one more simple, such as By* -f- c; at least, if 
the problem is resolvible. 

.55. Now, in the same manner as we have reduced thr 
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formula, Ky' + a, to ay’ + c, wc might reduce this last to 

If 

cj/* + D, where d will be less than c, and so on; and as the 
numbers a, b, c, d, &c. form a decreasing scries of integers, 
it is evident that this series cannot go on to infinity, and 
therefore theowration must always terminate. If' the ques¬ 
tion admits of no solution in rational numbers, wc shall 
arrivelst an im{)ossible condition ; but, if the cjiicbtion is re- 
solvible, we shall always be brought to an eejuation like that 
of Art, 5d, in which one of the coefficients, as a', will l>e a 
square; so that the known niethcxls will be applicable to it; 
this equation being resolved, we may, by inverting the 
operation, successively resolve all the preceding orpiations, 
up to the first Ap* == 

Wc will illustrate this method by some examples. 

56. Example 1. Let it be propiscd to find a rational 
value of a*, such, that tJie formula, 7 15.r -f- uuiy 

become a square *. 

Here, wc shall have a z=:ly b 15, r = Id; and there¬ 
fore 4<r = 4 X Id, and A* — 4«r — 139; so that calling 

tlie root cif the sejuare in question j/, we shall have the 
formula 4 x Idy" — ld9, which must be a septure. We 
shall also have a zz 4 X Id, and b ld9, where it will 
at oncx^ be observed, dial a is di\ isiblc by the scjuare 4 ; so 
that we must reject this stjuare divisor, and siinplv siij)jH*he 
A = 13; but wc must then divide the value found for y by 
2, as is shewn. Art, 50. 

Making, therefore, y zz we shall have the equation, 
13p' — I39y- = Z-; or, because 139 is 7 13, let us make 
^ , in order to have — ld9/i* <i|uatioii 

which we may w'rite thus, ~139f»‘ — z- — Idy^ 

We shall now make (Art. 52) s = ttq — IdOy', and must 
take for n an integer imnilier not 7 * J '’, that is to say, 
Z 70 such, that — 13 may Ik? divisible by 139. As¬ 
suming now n zz41, we have — 13 zz 1668 := 139 x 12 ; 
so that by making the substitution, and then dividing by 
— 139, we shall have the equation, , 

+ 2 X ^\qi - 13V. 

]Mow, as —12 is not a square, this equation lias not the 


* See Chap. IV. Art. 57, of the preceding Treatise. 
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requisite conditions; since IS is already less than 13 , we 
shall multiply the whole equation by —IS, and it will be> 

come -—IS/)* = (— sothat 13y* — ISp* 

must be a square; or, making -- ^ y, 13^* — IS must be 

so too. Where, it is evident, we should only have to make 


^ = 1; but as we have got this value merely by chance, let 
us proceed in the calcidation according to our method, until 
we arrive at a fonnula, to which the ordinary methods may 
l)c applied. As 12 is divisible by 4, w'e may reject this 
square divisor, remembering, however, that we must mul¬ 
tiply the value of’ y' by 2; we have therefore to make a 


s<|iiarc of the formula 13y* — 3 ; or making 



(sup- 


jM>''iug r and a to be integers prime to each other; so that 
the f’raction — is already reduced to its least terms, as well 


as tlic fraction ^ ), the formula —3s- must be a square. 

r 

I 

I At the root be .■r’, which gives 137'' = 2 :-+35-; and, makii^ 
:J — ms — Idy, nt being an integer not 7 ’v , that is, Z.7, 
and such, that vv + 3 may be divisible by 13. Assuming 
m = G, which gives vr = 39 = 13 x 3, we have, by 
substituting the value of and dividing the ivliole equation 

by 13, 7 -’ = 3,v- — 2 X G-va' 135'. As the coefficient 3 of 
5 -' i.s neither a square, nor less than that of 5*, in the pre¬ 
ceding equation, let us make (Art. 54), s =. + 5 ", and 

substituting, we shall have the transformed equation, 

r*- = 35 " - 2(6 — 3p)^V + (3p^ - 2 X 6a -f- 13)5‘; 
and here we must determine /x so, that 6 — 3p. may not be 
7 ], and it is clear that we must make p, = 2, which gives 

u i 

6 — 3p. = 0; and the equation will become r® = 35* + 5 ®, 
which is evidently reduced to the form required, as the co¬ 
efficient of the square of one of the two indeterminate 
quantities of the second side is also a st]uare. In order to 
have the most simple solution, w'e shall make 5 " =: 0, y = Ij 
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and r = 1; therefore, s = ft = 2, hence y = — = ! ; but 

dr 

we know that wc mustmuhipiv the value of y by 2; so that 
we shall have y = 1 ; w herefore, tracing back the steps, wc 

obtain — = 1; whence ^ ^ p x and the ec{uation 


- 12y = (-12y + 41y')*- 18y* will give 

( —12y+41/>)* =ry; 

that is, —12^ 4- 41= />; so that 12^ =: 40/?; therefore, 
q 

y = ~ — V ? divide the value of y 

bv 2, we shall have y r= ] ; wdiich will be the root of the 

given formula, 7 -|- 15 j- + ISjt' ; so that making 

7 + 15x -H llkr' r: we sliall find, by resolving the 

equatiem, that li6a* -{- 1.7 zz _t whence, j- or 

_ 1 
- ^ ’ 

We might have also taken --12^-4’4l7> zi — p, and 

should have had y — ^ = V ' and, dividing by 2, fy=: ’ ‘ ; 

then making 7 15a- 4* l‘Jr' =; *)-, we shall find 

2 Gj* 4 - 15 = + ^ ; whence, x —— J or = — 

If w’e wisheti to have other v.alui^s of a-, we should only 


M I 

have to seek other solutions of the equation r~ — 5^' + jr*, 
which is resolvible in general by the nietluxls tliat are known ; 
but when wc know a single value of a , w^e may immediately 
deduce from it all the other satisfactory \alues, by the 
method explained in Chap. IV. of the pret ixling Treatise. 

57. Scholium, Suppose, in generm, that the quantity 
n + ix -f ex' becomes equal to a square w hen x so 
that we have a + ^'-f ; then a = yj-’ — ^ — cf''\ 

substituting this value in the given formula, it will become 
g® + — J") 4 Now, let us lake 

g + m(x —y} for the root of thi.s quantity, (w being an in¬ 
determinate number), and wc sliall nave the equation, 

4 5(x -./*) + c(x« -y-^) = 

^ -I- 2f7iyr(x — f) 4 m^{x -fY 
that is, expunging g^ on both aides, and then dividing 
by X —^ we have 

h-Yc{x 4-y*) = 2jng -f m«(x -y*); 


whence we find x = 



And it is evident. 
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on account of the indeterminate number m, that this ex- 
{n’ossion of x must comprehend all the values that can be 
mven Uy in order to make the formula proposed a square; 
for whatever t)e the square number, to which this formula 
may lie equal, it is evident, that the root of this number may 
always be rej)resented by ^ + rfi(x — giving to m a 
suitable value. So that when we have found,by the method 
above explained, a single satisfactory value or a*, we have 
only to take it for ana the root of the square which results 
for^; and, by the preceding formula, we shall have all the 
other possible values of jt. 

In the preceding example, we found and x = — * ; 

Sit that, making g = 4-» ~ “ h 've shall have 

19 -10;« - 

whicli is a general expression for the rational values of x, 
by \«hich the (]uantity 7 + 15 j -f 13.r* may be made a 
square. 

5H. Kxamplc 2. Let it also be proposed to find a rational 
value of y, so that — 5 may be a square. 

As and .5 are not divisible by any square number, 
w'c shall have no reductiem to make. So that making 

y ■— y, the formula — 5^- must become a square, o-; 

so that we shall have the e<{uation = s’ + 5o*. 

We shall therefore make z — nq — and we must 

tiike for n an integer niuul>er, not 7 V» such, that -j- 5 
may Ikj divisible by 253. 1 find « = 8, which gives 

-H 5 = 23 X 3, and this value of n is the only one that 
hits the re<juisite conditions. Substituting, therefore, 8y—23y', 
tn the room of c, and dividing the wlimc equation by 23, we 

shall have p- ~ — 2 x %qq + 23a", in which we see 

that the coefficient 3 is already less than the value of b, 
which is 5, abstracting from the sign. Art. 52. 

Thus, we shall multiply the whole equation by 3, and 

shall have 3^“* = (3y — Sy')" -f Sy*; so that making 
~ zz y, the formula — 5^® -f- 8 must be a square, the co¬ 
efficients 5 and 3 admitting of no reduction. 

Therefore, let y = being supposed prime to 

X \ 
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each ocher, whereas ^ and p cannot be), and we shall have 
to make a square ^ the quantity —5r* + Ss*; so that 

calling the root s', we shall have —5r* -|- = z\ and 

th«ice ~5r* = 2 ® — 8a*. 


We dial], therefore, take s' = ms + 5a, and m must be 
an integer number not 7 {, and such, that m* » 3 may be 
divisible by 5. Now, this is im|x>ssible; for we can only 
take wi = 1, or wi = 2, which gives m* — 3 = — 2, or =1. 
From this, therefore, we may conclude that the problein is 
not rcsolvible; that is to say, it is impossible for tne formula 
28v* — 5 ever to become a square, whatever number we 
substitute for y *. 

59 . Corollary. If we had a quadratic equation, witli 
two unknown quantities, such as 

o + for 4- cy + </x* + exy +./V' = 0, and it were pro¬ 
posed to find rational values of x and y that w'ould satisfy 
the conditions of this equation, we might do this, when it is 
possible, by the method already explained. 

Taking the value of y in x, we have 

2 /V Hh rx -f- c = (c — ex)' — 4/(^i bx -j- dx*) ); 

or, making a zz — 4<^,‘ p ~ 2 c<’ — y z: — ^If, 

4 - fX -4- c = 4- px -4- yx*); the question will lie 

reduced to finding the values of x, that will render rational 
the radical quantity ✓(« -f- /gi* -f- y.r®). 

60. Scholium. I have already considered this subject, 
rather differaitly, in the Memoirs of the Academy of Sciences 
at Berlin, few die year 1767, and, I believe, first gave a direct 
method, without uie necessity of trial, for solving indeter¬ 
minate problems of the second dergree. The reader, who 
wishes to investigate this subject hilly, may consult those 
Memoirs; where he will, in particular, find new and im¬ 
portant remarks on the investigation of such integer num- 
oers as, when taken for n, will render «* — b divisible by 
A, A and B being given numbers. 

* The impossibility of the formula —5=z* is readily de¬ 

monstrated : for y* must be of one of the forms 4n, or 4n 4 - 1. 
In the first c:ase, 23^—5 is of the form 23 x4n—3, which is the 
same as 4 m — I, anu this is an impossible form for square num¬ 
bers. In the second case, 23y* — 5 is of the form 23 x (4n4*l)5, 
which is the same as 4ii—18, or 4a—2, and this again is an im¬ 
possible form for square numbers. Tlicreforc, the formula 
2Sy* — 5 = z* is always impossible. B. 



CHA». VI. 


ADBITlOMfi. 


547 


In the Memoirs for 1770, and the following years, in¬ 
vestigations will l>e found on the form of divisors of the 
numbers represented by — Bjy®; so that by the mere 
form of the number a, we shall often be able to judge 
of the impossibirity of the eijuation Ap* = — By*, where 

4 " a = □, (Art. 52). 


CHAP. VI. 


Of Double and Triple Equalities. 


(51. We shall here say a few' words on the subject of double 
and triple ec^ualitiea, which are much used in the analysis 
of Diophantus, and for the solution of which, that great 
mathematician, and his commentators, have thought it ne- 
ccssarv to give particular rules. 

When we have a formula, containing one or more un¬ 
known quantities, to make equal to a perfect power, such as 
a square, or a cube, &c. this is called, in the Diophantine 
analysis, a simple ctiualitv ; and when wc have two formulae, 
containing the same unknown quantity, or quantities, to 
make etpial each to a perfect power, this is callcxl a double 
equality, and so on. 

Hitherto, we have seen how to resolve simple equalities, 
in w'hich the unknown quantity does not exceed the second 
degree, and the jx>wer projx)scd is the square. 

Let us now sec how double and triple equalities of the 
same kind are to be managed. 

62. Let us first projxjse this double equality', 

a + bar = □ ; 
c •+ dx' — □ ; 


where the unknown quantity is found only in the first 
degree. 

Making a + bx = t*, and c dx = u®, and expunging 
X from both equations, we have ad — be — dt* — ou*i 
therefore, 

dt' = bii* -f- ad — be, and = dbu^ -r {ad — 6c)d; 
so that the difficulty will be reduced to finding a rational 
value of w, such, that dbu" -f- od"* — bed may become a 
square. This simple equality will be resolved by the method. 
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already explained, and knowing u, we shall likewise have 
u^—c 

If the double equality were 

ax* 4 - Aj = □, 
cx^ + dx = D, 

we should only have to make x = and then multiplying 

0 t 

both formulte by the square x\ we should get these two 

equalities, a-\- bx ■=■ □, and c + dx = □, which are similar 
to the preceding. 

Thus, we may resolve, in general, all the double equa¬ 
lities, in which the unknown quantity does not exceed the 
first degree, and those in which the unknown quantity is 
found in all the tenns, provided it dt>e8 not exceed the 
second degree; but it is not die same when we have etjuali* 
ties of this form, 

n + Aj* -f cx' — □, 

a 4- -f. yx^ = □. 

If w’e resolve the first of these equalities by our nietbcxl, and 
call /“the value of jr, which makes a bx cx* — we 
shall have, in general (Art. 57-), 

__ f'ttr--^2gm-\-b-itcf 


wherefore, substituting this expression of x in the other 
formula; a +^ + ya''*, and then multiplying it by (m“ — r)“, 
we shall have to resolve the ecjuality, 

a(m- — c)* -f — r) X C/w‘ - 2gm -f A 4- 

y^Jni* — 2 . • r« 4 ^ 4 CfY — ^ i 

in which, the unknown quantity, m, rises to the fourUi 
degree. 

Now, we have not yet any general rule for resolving 
such equalities; and all we can do is to find successively 
different solutions, when we already know one. (Sec 
Chap. IX.) 

63. If we had the triple equality, 

ax by 
cx -f dy 
hx -I- Ay 

we must make ax 4 Ay = cx dy =. «*, and 
hx + ky 8\ 


]=□. 



CHA.P. VI. 


ADDITIONS. 


549 


and, expunging x and y from tliese three equations, we 
should liave 

{dk — bh)t^ — (ck — dK)t^ = {ad — c5)s®; 

so that, making --- = s, the difficulty would be reduced to 

resolving the simple equality, 

ak—bh j ck — d}i 

ad—Ob'" ad-*cb'~ 

which is evidently a case of our general method. 

Having found the value of we shall have u = iz^ and 
the two first equations will give 

d — bz^ . az^ — c 


X — 


ad 


— cu ’ ^ ad— cb 




But if the given triple ecjuality contained only one variable 
quantity, we should then again have an equality with the 
unknown quantity rising to the fourth degree. 

Ill fact, it is evident that this case may be deduced from 
the preceding, by making /y = 1; so that we must have 


02 * — c 


Now, callingy* one of the values of z, which can satisfy 
the alwive cqu^ity, and, in order to abridge, making 

r: c, we shall have, in general, (Art. 57.) 

ad — cb 

m^—c 

Then, substituting this value of z in the last equality, and 
multiplying the whole of it by the square of m*—c, we shall 

□, ..here the u„- 

known quantity, rw, evidently rises to the fourth power. 
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CHAP. VII. 

A direct and general method Jbr Jinding aU the values qfy 
cjcpressed in Integer Numbers, xchich we render 
Quantities of the Jbrm \ + »), rational; a and b 

being given Integer Numbers; €md aim Jbr Jnding all 
the possible Solutions, in Integer Numbers, tj indrter- 
miftaie Quadratic Equations of ttco unkfitrum Quantities. 

[appendix to chap. VI.] 

64. Though by the method of Art, 5, general formula* 
may be found, containing all the rational values of y, by 
which •+■ B may Ik? made equal to a sejuare; yet those 
formulae are of no use, when the values of are rcc|uired to 
be expressed in integer numbers: for which reason, we must 
here give a particular method for resolving the quc*stion in 
the case of integer numliers. 

I.et then \J -f b = a**; and as a anti B are supposed to 
be integer numbers, and // must also be integer, it is evident 
that A ought likewise to be integer; so that we shall have to 
resolve, in integers, the equation — aj/* = u. Now, I 
lK*gin by remarking, that if b is not divisible by a stpiare 
niiml)er, ^ must necessarily be prime to s; for sup}x>M‘, it' 
[xwsible, that t/ and h have a common divisor a, «o that 

y = and b = afl'; wc shall then have .r- = ~ an’, 

whence it follows that must be divisible by a ; and as a i.» 
neither a sc]uare, nor divisible by any square {hyp.)y be¬ 
cause a is a factor of R, x must lx? divisible by a. JVIakiiig 

t I 

then or = ax', we shall have a^'x* = ot,*Ay^ -f au '; or, di¬ 
viding by *, OX’* = olaJ + b* ; whence it is evident, that if 
must stifl be divisible by a, which is contrary to the hy{x>- 
thesis. 

It is only, therefore, when b ctjnlains scpiarc factors, that 
y can have a common measure with b ; and it is easy to 
sec, from the preceding demonstration, that this common 
measure of y and B can only be the root of one of the s<juarc 
factors of li, and that the number x must have the same 
common measure; so that the whole equation will be divisible 
by the square of this common, divisor of x, y and b. 
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Hence I conclude, 1st. That if n is not divisible by any 
square, y and b will be prime to each other. 

2dly. That if b is divisible by a nngle square j/ may 
be cither prime to b, or divisible by *, which makes two 
cases to be separately examined. In the first case, we shall 
resolve the equation = b, supposing j/ and b 

prime to one another ; in the second, we shall have to resolve 


the equation, x* — 


A^* = B^, b' being 


= - 2 f supposing also 

A 


7/ and b' prime to each other; but it will then be ne> 
cessary to multiply by a the values found for ^ and x, 
in order to have values corresponding to the equation 
proposed. 

dtlly- If B is divisible by two different squares, a* and 
wc shall have tlirec cases to consider. In the first, we shall 
resolve the I'quation x® — aj/^ = b, considering y and b as 
prime to each other. In the second, we shall likewise resolve 


die txjualion, x* — Ay" = b', b' being = -r» on the supposi- 

tion of 1 / and b being prime to each other, and we shall 
then multiply the values x and y by a. In the third, 
wc shall resolve the eejuation x‘ — = b", b'' being 




on the suj>|X)sition of y and b'' being prime to each 


other, and we shall then multiply the values of x and y 
by 3. 

4thly, &c. Thus, we shall have a> many different equa¬ 
tions to resolve, as there may be different square divisors 
of B; but those eejuations will be all of the same form, 
jc'i — AM^ -= B, and If also will always be prime to b. 

(15. Let us therelore consider, generally, the equation 
x“ — Ay- = B ; w lure y is jirimc to « ; and, as x and y must 
be integers, x^ — \y- must be divisible by n. 

By the mcthotl, therefore, of Chap IV. 48, we shall make 
.r = «y —Bs, and shall have the equation, 

(«- — A)y* — Sways P B'*s® = b, from which we perceive, 
that the term, (w«"— A)yS must lx* divisible by b, since all 
the others are so of themselves; wherefore, as y is prime to 
B, (%p.) n* — A must l>e divisible by b; so that making 


-— r, and dividing by b, we shall have, 

cy^ — 9.nyx -|> bs* =1 . Now, this equation is ampler than 
the one proposed, because the second side is equal to unity. 
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We shall seek, therefore, the volucs of n, which ren¬ 
der — A dlvifdble by b ; for this it will lie sufw;ient, 
(Art. 47), to try for n all the integer numbers, positive or 

n 

negative, not 7-^ ; and if among these we find no one 

satisfactory, we shall at once conclude that it is imp)ssible 
for — A to be divisible by b, and therefore that the given 
ei][uatioii is not resolvible in integer numbers. 

But if, in this manner, we find one, or more satisfactory 
numliers, we must take them, one after another, for which 
will give as many different equations, to be 8e|3anilcly con¬ 
sidered, each of which will furnish one, or more solutions, ol 
the given question. 

Willi regard to sucli values of n as would exceed that of 

2 , wc may neglect them, because they would give no ec|ua- 

tions different from thost% which will result from the values 

of n that are not 7 7, ,as wc have already shewn (Art. 5‘i.) 

% 

Lastly, as the condition from which we must determine n 
is, that M* — A may be divisible by b, it is evident, that each 
value of « may be negative, a.s well as |)ositive; m> that it 
will be sufficient to try, suc’cessivcly, for «, all the natural 

II 

numbers, that are not greater than -jj-, and then to take the 

satisfactory values of «, I>oth in plus and in minus. 

have elsewhere given rules Ibr facilitating the investi¬ 
gation of the values of «, that may have the projHTly re¬ 
quired, and even for finding those values b priori in a great 
number of cases. See the 3lcmoirs of Berlin for the vear 
1767, pages 194, and $f74. 

Resolution of the 'Equation cy* — 2nyz -J- 11 /* — 1, in 

Integer Numbers. 

This equation may be resolved by two different mctliotls. 

First Meth(xl. 

66. As the quantities c, n, b are supjxised to be integer 
numbers, as well os tlie indeterminate quaiitities tj and z, it 
is evident, that the quantity cy'— -h Ba'niusi always 

equal to integer numbers; consequently, unity will Ih* its 
least possible value, unless it may liecome 0, which can only 
hapfien, wlicn this quantity may be resolved into two rational 
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factors. As this case is attended with no difRculty, we shall 
at once neglect it, and the question will be reduce to find¬ 
ing such values of ^ and z, as will make the quantity in 
c|i]estioo the least |K>ssible. If the minimum is equal to 
unity, we shall have the resolution of the proposed equation; 
otlierwise, we shall be assured, that it admits of no solution 
in integer numbers. So that the present problem falls under 
the third problem of Chap. 11., and admits of a similar so¬ 
lution. Now, as we have here — 4bc = 4a (Art. 65), 
we must make two distinct cast's, according os a shall be 
|K>sitive, or negative. 

I'lrst case^ when n* — bc = a z. 0. 

G7. According to the method of Art. 32, we must reduce 

the fraction - , taken positively, to a continued fraction ; 

this may Ix’ dtine by the rule of Art. 4 ; then, by the formulae 
of Art. 10, we shall form the series of fractions converging 

towards * , and shall have only to try, successively, the nume¬ 
rators of those fractions for the number y, and the correspond¬ 
ing denominators for the numbers : if the given formula is re- 
solvihle in integers, we shall in this way find the satisfactory 
values of y uiid s; and, conversely, we may be certain, 
that it atlinits not of any solution in integer numbers, if no 
satisf.ictory values are found among the numbers that we 
have tried. 


Sfcond vase, xchen — uc = a / 0. 

68 . We shall here emjiloy the nietluKl of Art. 33 et scg. so 
that, iKxausc k =: 4a, we shall at once consider the quantity 

(Art. 39), a — , in which we must determine the 

signs Uith of the value of w, M-hich we have seen may be 
cither jxisitive or nc^tive, and of a, so that it may become 
fxisitive; we shall then make the following calculation : 

= c, P ^ -• 


I*' = 


/ 

<4* 


A 


P" 


> 


— Q'-f ^'A 
P' 


q' S= — jULP*’ 4- u”, 


u! t 
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' = P' * 
m 


— q" ± %/A 

par 

ffpff q. 

n, Q® — A 

11.W y 

-C"T .'A 


r' ^ 

P" 

&.C, 

&c. 


&c. 


and we shall only continue these scries until two correspond¬ 
ing terms of the first and the scKsond series appear again 
together; then, if among the terms of the second series, 
P'j P'’* there be found one positive, and etjual to unity, 
this term will give a solution of tW proposed equation; and 
the values of ^ and will be the corresfKmding terms of the 
two series //, &c. and y", q\ 7 '', calculated according 

to the formula; of Art. 25; otherwise, we may iiiunt'diately 
conclude, tliat the g^veu equation is not re&t>lvible in integer 
numbers. St’C the example o/'Art. 40. 


Third case^ when a h a stjuare. 

69- In thisca.se, the quantity a will liecome rntionai, 
and the quantity cy* — 2 n^ ar® will lie resolvible into 
two rational factors. Inde^, this quantity is no other than 

(cy — n;)’ — az * 
c 


into this form, 


, which, supposing a n*, may !>e thrown 
(cy + (» -H (cp ± (n — n)^:) 


V 


Now, as n* — a- = AC = (w -f a) x (n — a), the product 
of n + a by n — a must lx; divisible by c ; and, conse¬ 
quently, one of these two numbers n -+ a, and n — a, must 
TO divisilde by one of the factors of c, and the other by the 
other factor. Let us, therefore, supfXTse c = be, n-\-a= f'h, 
and n — a — and h being whole numbers, and the pre¬ 
ceding quantity will become the product of these two linear 
factors, cy ±.yzy and by + gz therefore, since these two 
factors arc both integers, it is evident tliat their prtxluct 
could not be = 1, as the given equation ref]uires, unless 
each of them were separately = + 1; we shall therefore 
make cy = + 1, and ^ == ± 1» and by these 

means we shall determine the iiumoersy and z. If we find 
these numbers integer, we shall have tlic solution of the equa¬ 
tion proposed; otherwise, it will be irreaolvible, at least in 
whole numbers. 
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Second Metluxi. 

70. JLet the formula cy^ — ^nyz^'az^ undergo such trans¬ 
formations as those we have already made (Art. 54), and we 
shall invariably be brought by the transformations, to an 
eiiuation, such as — f the numbers l, m,x, being 

whole numbers, de])eiiding upon the given numliers c, b, n, 
so that we have m* — i,n n n* — cb =: a; and farther, that 
2m may not be greater (abstracting from the signs) than the 
numlier l, nor the numb(*r n, the nuiiil>ers ^ and 4' will like¬ 
wise Ik* integer, but depending on the indeterminate numbers 
V and z. 

For example, let c be less than b, and let us put the 
iuriiuiia in question into this form, 

/ / 

u'y — -i- HI/-, 

making c =: b', and z = if 2a be not greater than b', it 
La evident that this formula will already of itself have the 
requisite conditions; but if 2n be greater than b', then we 
must sup{X)se ^ = 7/1// ■+• /'; and, by substitution, we 
shall have the transformed formula. 


I u 


where 


lu /^—Swyy -f 


= 7t — mn', and b*' = m'n‘ — 2wn + b = 


«* ~ A 

b' 


Now, as the nuinl>cr m is indetcniilnato, wc may, by sup- 
))Osing it an integer, take it such, that the number n — ttib' 
may not be greater than [b', abstracting from the sign ; then 
2«' will not surpass b'. So that, il‘2w' does not even exceed 
b'*, the preceding transformed Ibrnnda will already be in the 
cast* which wc have seen ; but if 2rf is greater than b*'', we 
shall then ct>ntlnuc to suppose // = which will 

give this new transformation. 


where 


lu U u III 

B^'^ — 2n'yy" + By‘% 


/ _ • / 

— m'B\ and — 2//i/i + b' 


I _ 


W* — A 


Wc shall now determine the whole number m', so that 

- mfa'' may not be greater tlian tj-, by which means 

will not exceed n"; so tliat we sliall have the retired tnms- 
formation, if 2n” does not even exceed b" ; but if 2^" exceed 
we shall again suppose y — + y, &c. &c. 
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Now, it is evident, that these operations Cannot go on to 
iii6nity; for since 2n is greater than b', and 2«' is not, n' 
will evidently be less than n; in tlie same manner, 2n' is 
greater than b", and 2n* is not, wherefore will be less than 
fi', and so on; so that the numbers n, n\ &c. will form a 
decreasing series of integers, which of course cannot go on 
to infinity’. We shall therefore arrive at a formula, in which 
the coefficient of the middle term will not be greater than 
those of the tvro extreme terms, and which will likewise have 
the other properties already mentioned; as is evident from 
tlie nature of the transformations employctl. 

Ill order to facilitate the transfomialion of the formula, 

c-y- — + nz* 

into this, 

let us denote by n the greater of the two extreme c-oefficients 
(' and B, and the other coefficient by ii'; and, vicf irrAw, let 
us denote liy ^ the variable ouantity, whost' stpiare shall lx? 
found multiplied by o', and the other variable quantity by B ’; 
so that the given tbrinuia may take this fonn, 

i)'5* — + dK 

I 

where d is less than d ; then we have only to make the fol¬ 
lowing calculation. 

O 

^ f , » W* — A ^ 

m = —n' = n — hid, ly =- : —, B ~ mS' 

d' ' * d' ' * 

u 

fn! = ^, n" = if - m'D\ = V = mB' + r, 

i/’ i>" 

tu 

=^n'’ = n"-mV, d-= +• 6 -, 

&C. &C. &C. 

where it must be observed, tliat the sign =, which is put 
after the letters m, m', m", ike. does not express a perfect 
equality, but only an equality as approximate as possible, 
so long as we understand only integer numbers by ni, W, 
m*, &c. The sign = being only employed for want of a 
better. 

These operations must be continued, until in the series 
», M*, n", &c. we find a term, as fie, which (abstracting from 
the sign) does not exceed the half of the corresponding term. 
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Di of the series d', d", d''', &c. any more than the half of the 
following term De+ *. Then we may make ds = l, nf = n, 
D^ + 1 = M, and 9p z=z \l/, dp+i z= or dp = dp + ^ = l, 
and flp = $p+^ =tp. We must always suppose, as we 

C roceed, that we have taken, for m, the less of the two num- 
ers Df, D« + 1. 

71. The ec|uation, cy- — 2n7/z-i-i)z^ = 1» will therefore be 
reduced to this, 

Lt - = 1 , 

w’here n® — i.m = a, and where 2n is neither '/ h, nor 7 m, 
(abstracting from the signs). Now, m being the less of the 
two coefficients l and m, let us multiply the whole of the 
ei|uation by the coefficient M; and making 

W = 

it is evident, that it will lie changed into 




— aJ* r= M, 


in which we must make a distinction between the two cases 
of A }X)siLive, and a negative. 

l>t. Let A be negative, and =—a (a l)eing a jx)siti\e 
number), the e<piation will then be 

u* -f- = M. 

Now, as — L\f rr a, we shall have « = lm — x-; whence 
we imniedintelv |K?rcclve, that the numbers L and M must 
have the same signs; otherwise, 2 n can neither be y l, nor 

7 M ; wberefore n“ will not be 7 therefore, a =, or 

7 ]lm ; and since m is supixjsed to l)c less than l, or at least 
not greater than l, we snail liave, « fortiori^ a or 

4a 

7 ; whence m =, tir /I y ,, ; and m Z * 

Hi'nce, we see that the tHpiation, v~ + oj* = m, could not 
exist on the supposition of w and ^ l)eing whole numbers, 
unless we made ^ =: 0, and ->* = m, which requires m to be a 
S(]uarc nuinlier. 

I.,et us, tlKTeforc, suppose m = /a'-, and we shall have 
^ z= 0, u = -f ft, wherefore, from the equation, v - Nf» 

1 

we shall have = ± consequently, if/ = + - ; so 

r- 

that cannot Ik* a whole number, as it ought, by the 
hypothesis, unless fA lx? equal to unity, or = + 1, and, con- 
scfiuently, m = 1 . 

Hence, therefore, wc may fnfer, that the given equation is. 
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not reaolvible in int^g^rfs unless m l>e fuiind equal to umtT> 
and positive. If this condition takes place, then we make 
k = 0, 'I' = ± 1, and go back from these values to those of 
y and z. 

This method is foumled on the same principles as that of 
Art. 67; but it has the advantage of not requiring any 
trial. 

^ly. Let A bo now a positive number, and we shall have 

LM 

A = N'—LM. And as n- cannot be greater than it is evi¬ 
dent tliat the equation cannot subsist, unless — lm be a 
positive number; tliat is to say, unless l and m have con¬ 
trary signs. Thus, a will necessarily be — lm, or at 
farthest = — lm, if x = 0; so that vre shall have - lm =, 
or ^ A ; and, const\|iieiitly, m* =, or a, or m =, or 
Z A. 

The case of m = a cannot take placv, except when a 
is a scpiare; consequently, this case may be easily resolved 
by the methcHl already given, (Art. 69). 

There remains, now, only the case in which a is not a 
square, and in which we shall necessarily iiuve m / a 
(abstracting from the sign of m); then the equation, 

V* —> A^' — M, will come under the case of the tlieurein, Art. 
38, and may llierefore lx? resolved by tlie iiietliod tlicrt? ex¬ 
plained. 

Hence, we liave only t<j make the following calculation ; 


II 

0, 

pO 

= 1, 

p. z 

\/A 




1*' 

t 

_ ^.1 _ A 


-o'- 

^^V 

U — 

1' 

— U Ay 

z 




+ U', 

P" 

Q- — A 




Q = 

p' ’ 


P" 



ft"?” + 

pfff 

HI 

Q^-A 

„m 

— q"' — 

x^A 

Q = 

- p/» » 


P" 



&c. 


&c. • 


&C. 



continuing it until two corresponding terms of the first and 
second series appear again together; or until in the series 
p', p", p'"', &c. there be found a term ecpial to unity, and 
p«>silivc; that is to say, zi r*’: for then all the succeeding 
terms will return in the same order in each of the three series 
(Art. 37). If in the series v\ i*", i-^, &c. there be found a 
term equal to m, we shall hax^ the resolution of the given 



CHAP., VII. 


ADDITIONS. 


659 


equation; for we shall only have to take, for v and the cc»r- 
responding terms of the seiies jp*, &c. q\ &c. 

calculated according to the formulaf of Art. 25; and we may 
even find an infinite number of satisfactory values for v and 0, 
by continuing the same series to infinity. 

Now’, as soon as we know two values of u and we shall 
have, frt>m the eejuation, v = M^|» — that of which will 
also be a whole number; tlien we may go back from these 
values of jg and \ky that is to say, of k-*- b and 6;, to those of 
9 and 5', or of y and z (Art. 70). 

Hut if in the series p*, p'', p'", &c. there is no term = m, 
we arc sure tliat the equation proposed admits of no solution 
in whole numbers. 

It is pro|x*r to obser\’e, that, as the series P®, p', p^, &c. as 
well as the two others, o®, o', a", &c. and ju., ft', jx,", &c. de- 
)X‘i)d only on the number a ; the calculation, once made for 
a given value of a, will serve for all the equations in which 
A, or — CB, shall have the same value; and hence the 
foregoing method is preferable to that of Art. 68, which 
re<|uires a new calculation for each eejuation. 

Lastly, so long as a docs not exceed 100, we may make 
use of the Table given. Art. 11, which contains for each 
radical a, the values of the terms of the two scries p®, 
— lb p", — p'b &c. and a, p,', fi.", &c. continued, until one 
of the terms p', i*', p'b &c. becomes = 1 ; after which, aU 
the succee<ling terms of lx>th series return in the same order. 
So that, by means of this Table, we may judge, immediately, 
whether the equation, o'^ — a^' = m, be resolvible, or not. 

Q/' the manner of ^finding all the possible solutions of the 
equation, cy -— ilnyz + bz’ = 1 , lehen we know only one 
of them. 

72. Though, bv the methods just given, we may suc¬ 
cessively find all the solutions of this equation, when it is 
resolvible in integer numlxrs; yet this may be done, in a 
manner still more simple, as follows: 

Call p and q Uie values found for jy and z ; so that we have 

vjr — + By* = 1, 

and take two otlier whole numbers, r and s, such, that 
ps — qr = \ \ which is always possible, because p and q are 
necessarily prime to each other; then suppose 
y ■=. pt f PM, and z = qt su, 
t and u being two new indeterminate numbers ; substituting 
these rntpressions in the etjuation, 

ctf — ^nyte -f = 1, 
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and, in order to abridge, making 

p = — %ipq 4- 

Q = vpr — n{p9 -f qr) -f 
B = cr® — %ir8 + B«*, 

vrc shall have the equation transformed into tliis, 

Tt*" + ^<liu f B«' = 1. 

Now we have, by hyiwthesis, p = 1; farther, if we 
call ^ and <r, two values of r and a that satisfy the c<]uati<>n, 
/M ~ yr =: 1, we shall have, in general, (Art. 4i^), 
r = f -f- mpt jr = V -|- mq, 

m being any whole numlier; therefore, putting these values 
into the expression of u, it will liecoine 

Q = cpf — «(/)«r -f qi) nqv -|- ini»; 
so that, as F ~ 1, uc may make 4 = 0 , by taking 
w = —- epf -f- «(p<r -f qf) — uqtr. 

We now observe, that the value of —i-ii is rtducetl 
(aOer the alxjve substitutions and reductions), to this; 

(n‘ — cb) X (/!.? - yr)*; so that as p.s — yr = 1, we shiili 
have Q* — PU c: ?i‘ — CB = A ; therefore, making r r: 1, 
and Q =: 0, w'e shall have — r =: a, that is, ii — a ; ^o 
that the equation Ind'ore iransfonnctl will Ix'cona* — = 1. 

Now, as p, c, y, r, and s are whole nuinlx'rs, hy the 
hypothesis, it is exsy to jx*rceive, that t and n will also Ik* 
whole numbers; for, deducing their values from the tsjua- 
tioDs, y z=. pt rii, and z =z qt su, we have 


8u — rz , 

i = •*-, ami u 

ps-qr 


qy - p z 
qr-ps' 


that is to say, (because pn — gr = 1), t — sy — and 
tt -pz^ qy“ 

We shall therefore only have to resolve, in whole numbers, 
the equation am* = 1, and each value of t and it will 
give new values of y and z. 

For, substituting the value of the number m, already 
found, in the general values of r and tf, we shall have 


r ^ f(l — c.p'^ — ^pqv -I- np{p<r + ^f), 
s = — By*) — cpyp 4- nq{ p<r + y^) ; 


or, because cp’ — Znpq 4 By* = 1, 


r = (By » np) x (yf — pv) =— By 4 «p, 
s = (cp —-ny) X (po*— yO = CP — nq. 

Therefore, putting these values of r and s in the fore- 
, going expressions of y and z, we shall have, in general, 
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y =S pt np)ih 

z =. qt-^ (cp — nq)u. 

73. ^ The whole therefore is reduced«to resolving the 
equation — au* = 1. 

Now, 1st, if A be a negative number, it is evident, that 
this fH]uation cannot subsist, in w'hole numbers, except by 
making « :z: 0, and ^ 1, which would give y — Pt and 

z zz q. Whence we may conclude that, m the case of a 
being a negative number, the proposcxi equation, 

vy' — 2nyz -|- Br’ — 1, 

can never admit but of one solution in whole numbers. 

The case would be the same, if a were a positive sqnare 
number; lor making a = a*, we should have i 

{t au) X (/ — «//) = 1 ; wherefore, t ait ~ ± and 
t — au ~ 1; wherefore, 2au =0, k = 0, and conse- 

quciuly / — + 1. 

2dly. But if A be a jxisitive number, not square, then the 
equation, f* — am* = 1, is always capable of an infinite 
numlicr of solutirnis, in whole numbers, (Art. 37), which 
may Ik* found by the formulae^ already given (Art. 71); but 
it will l>e sufficient to find the least values of t and u ; and, 
for this pur|Kise, as soon as we have arrived, in the series 
1 *', p*', i*‘", &:c. at a term equal to unity, we shall have only to 
calculate, by the formuhe of Art. 25, the corresponding terms 
of the two series //, &c. and y', q\ q", &c. for these 

w’ill lie the values required of t and u. Whence it is evident, 
that the siimc calculation made for resolving the equation 
u* — A^' = M, w'ill servx* also for the equation 

- Air- = 1. 

Provided that a dtK*s not exceed 100, we have the least 
values of t and u calculated in the Table, at tlie end of 
Chap. VII. of the preceding Treatise, and in which, the 
numlKrs a, i«, w, are the .same as those that are here called 
A, t and u. 

74. Let us denote by f\ n', the least values of /, t/, in the 
equation t- — au® — 1 ; and in the same manner as these 
values may serve to find new values of y and z, in the equa¬ 
tion, cy® — 2nyz + bz* = 1, so they will likewise serve for 
finding new values of t and u in the equation — At*' = 1, 
which 18 only a particular case of the former. For this pur¬ 
pose, we shall onJy have to suppose c = 1, and n = 0, which 
gives — B = A, and then take f, «, instead of^, », and f, 
instead of p, q. Making these substitutions, therefore, in 
the general expressions of y and x (Art. 72), and farther, 
putting T, V, instead of t/, we shall have, generally, 

o o 
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I = tI' + AVW, 

«« s Tl^ ^ ▼/', 

and, for die detetninadon of t and v, we shall have the 
equation t* >- av* = 1, which is similar to the one propos^. 
Thus, we may su|^poae t = /, and v = t/, which will give 

< = I* -f AU*, !<=/'«'+ ft/'. 

Calling ff ti" the second values i and u, we shall have 

f» = 1® -f. Aa% tt" = 2fif. 

Now, it is evident, that we may take these new values f', 
u", instead of the first f, tf; so that we shall have 

/ = Tf" 4- AVtf', 
u =: to" 4- v/*, 

where we may agiun suppose t =: f, v =: tf, which will give 
i zz ft + At/'ti", u =r fit" 4- iff*- 
Thus, we shall have new values of t ood u, which will be 

+ Aifif’ = #(<* 4- 3 au*), 

ut = fif' 4- tff = if(3<® 4- A«*), 

and so on. 

75. The foregoing method only enables us to find the 
values f', f, 8cc. w*, ff", &c. successively; let us now con¬ 
sider how this investigation may be geuermised. We have first, 
/ = xf 4- AVif, u =s Ttf 4“ vf; 
whence this combination, 

< ± « ^/ A = (f t if V a) X (t ± V v/ a); 
then supposing x = f, and v = if, we shall have 

± tl» V A = (f ± if V A)\ 

Let us now substitute these values of t and u", instead of 
those of f and tf, and we shall have 

< ± u v' a = (f ± if v' a)* X (T ± V v' a), 
where, making x = f, and v = if, and calling f", if", 
the resulting values of t and u, there will arise 

^ A = (f ± o' V' A)». 

In the same manner, we shall find 

f * ± tt** -v/ A = (f ± if ^ a)*, 

and so on. 

Hence, in order to simplify) if'we now call t and ▼ the 
fyrst and t^ least values of t, a, which we before called f, if. 
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we shall have, in general, 

t±n ^/ A = (t ± V V a)"*, 

m being any positive whole number; whence, on account of 
tlie ambiguUy of the signs, we derive 

^ a)™ +(t—Vv^a)"* 

t -- 


(t V-V v'A)"* ~(t- V 

u =---. 

2 . A 

Though these expressions ap])ear under an irrational form, 
it is easy to sec* tliat t!iey will become rational, if we involve 
the jK>wers of t -r v' a; for it is well known that 


(T ! V a)*'* = T'" 4 WT'"-''v v/ A + T”—^ -A 

~ 2 

w/(m — 1) X (m — 2) 

-i -- T”*-^'v'a v/ a + , &c. 


AV hereforc, 

< T'- t-rr—-4AT^‘""v 


<> 


ffi 


{m — 1)x(m —2)x(vi—il) ^ 


/•% •> X !• 

w(/a —l)x(m — 2 ) 




■t 


+ y X 3 

fn{in —1) x(w —2)x (m —3) x (yn —4) 


2 X 3 X 4 X 5 


AT"'^'’v* 

A^T’*'"^V' +, See. 


Wlu-re we may take for m any positive wliolc numbers 
whatever. 

It is evident that, by successively making m = 1, 2, 3, 4, 
&c. we shall have values of t and k, that will goon increasing. 

I shall now shew that, in this manner, we may obtain all 
the ptjssible values of t and w, provided t ana v are the 
least of them. For this purjwse, it is sufficient to prove, 
that lietwcH'n the values of / and ia, which ausw'er to »n, any 
iiiunlx'r whatever, and those which would answer to the 
number, »« + I, it is impossible to find any intermediate 
values, tliat ivill satisfy the equation — ah^ = 1. 

For exnm])le, let ns make the values which result 

from the suppositioii of zn 3, and the values <*', which 
result from the sujjposition of m — 4, and let us suppose it 
possible that there are other intermediate values,,fl and u, 
which would likewise satisfy the equation •— am* = 1 . 

o o 2 
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Since we have <*— am* = 1, <* — am* =s 1, and S*— ao*=:1, 

we shall have fi* — I* = a(w* — #/"'), and <* — 9* = a{«*— w*); 
whence we see that, if 9 7 and L we shall also have 
V 7 u"y and z m*'". Farther, we shall also have these other 
values of 9 and «; namely, < = 9^’ — awm''", u = 9 m‘'' — 
which will satisfy the same equation, (* — am* = 1; for, hy 
substitution, we shall have 


( 9 r — Aaii* 0 ‘ — A(ur- 9 m'’)« = ( 9 * —Au=) X (<*—Au«)=l, 

»v It 

an identical equation, because 9* — av* = 1, and — am“ = 1 
(^y(P«)* these two last equations give 




9 + u x-'a 


, and <*'■ — A = 


hence, substituting instead of 9, in the expre^ion, 

« = hi*'' — vt"\ 


t, 1 

the quantity u -— ; and, instead of the quan- 

* 0 q- u A 

titv m'* \/a + --* we shall have 


y 

*^~9+Uv^A /'*+m‘‘v'a’ 

In the same manner, if we consider tlic quantity — m"'/*'. 


utu , 

it may likewise, on account of <*— a«* = 1, be pul into the 

form, ■*' f’' 4 - M** v^a’ 

Now, it is easy to perceive, that the preceding quantity 
must be less than this, because 5 7 and w 7 w"'; therefore, 
we shall have a value of which will be less than the quan¬ 
tity f’u** — ; but this quantity is equal to v ; for 

^ (t 4 V ^a)*+(t —v ^/a)* 

-2 » 

^ (t + Vv/a)*+(t —V v^a)* 

«^=-g-, 

(t + vv/a)*—(t-v^/a)’ 

^ ---. 

2 v/A * • 
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- f'tJ” = 

^ —V \/kYx (t +V ^/A)♦—(t — V v'a)*X (t + V v'a)* 

TJI • 

Farther, (t — Vv/a)* x (t vv'a)^ = (t* — av®)* = 1, 
since t* — av® = 1, by hypothesis ; whence 

(t — V v^a)® X (t + V x/a)* = t + vv'a, and 
(t -- v>v^a)* X (t + Vv'a)’ = t — v\/a; 
so that the value of will be reduced to 

2v Va 

2 V A ~ '• 

It would follow from this, that we should have a value of 
«Z V, which is contrary to the hyjwthesis; since v is sup¬ 
posed to l)e the least jK)ssible value of u. There cannot, 
therefore, be any intermediate values of t and u between 
these, <*’, and m'", u". And, as this reasoning may be 
applied, in general, to all the values of t and «, which would 
result from the alxive formula;, by making m equal to any 
ivhole number, we may infer, that those formulae actually 
contain all the possible values of i and u. 

It is unnecessary to observe, that the values of t and u 
may be taken either |K>sitivo, or negative ; for this is evident 
from the equation itself, t- — am® — 1 . 

O/' the manner of finding all the jxissihle Solutions, in 7cholc 
numbers, of indeterminate Quadratic Ek^uations two 
nnknoten quantities, 

76. The methods, which we have just explained, are siif- 
heient for the complete solution of equations of the form 
Aiy** + B = a'® ; but we may have to resolve equations of a 
more complicatetl form : for wdiich reason, it is proper to 
shew' how such solutions are to be obtained. 

Let there be proposed the equation 

ar* -f- brs -r cs* + dr + -k-f = o» 
where a, 5, c, d, e, are given whole numbers, and r 
and s arc two unknown numbers, that must likewise be 
integer. 

I shall first have, by the common solution, 

2flr bs q- d = -v/( (5 a + d)“ — 4 o(ca“ + ca -+> d) ), 
whence we see, that the difficulty is reduced to making 
(6a + d)® — 4a(cA® 4- + d) a square. 

In order to simplify, let us suppose 
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6* — 4ac = Af 

bd — 2<ur as f , 

<f* — =si A, 

and A** + -f- h must be a square; representing this 

square by bi order that we may have the ecjuation, 

AA* -f %» 4- 4 yS 

and takii^ tlie value of we sliall have 

4 ^ a/0 ; 

so that w^ shall only have to ninke a square of the formula, 
Ajr'* — a/i. 

If, therefore, we ahx> make — Ah = jb, we shall have to 
render rational the radical qtiunlity, v (a*/* -j- »); which we 
may do by the known methods. 

tfCt v^{Ay* 4 ®) ~ ocjuation to l>e resolved 

may be Atf^ -r b = ^; wc shall then have as h /t = -f: j. 
Now, wc already have + 6-f + d = + y; so that, wlieii 
w^e have found the values of x and y, wc shall have those of 
r and «, by the two ei|uations. 




•T 


r = 


?/ — </— ha 


iia 


Now, as r and a must Ik* whole niimlKTS it is evident, 
1st, that a' and y must be whole numlKTs lilvewise; .‘Jdiv, 
that X ■*’ — /T must be divisible by a, and ’ // — d — ?av 
by 2a. Thus, after having found all the pf^ilde value® of 
X and y, in whole numbers, it will still remain to find those 
among them that will render r and a whole nnniliers. If a 
is a negalit'e number, or a |>ositive stiuart* ntiiiilxT, we have 
seen that the number of j'*> » Uiti ii" in whole luim- 

Ijers is alwa\s limited; so that m these tMses, we shall only 
have to try, successively, for x and j/j the values found ; and 
if we meet with none ibat give whole nuinlK*rs for r aiui .v, 
we conclude that the proposed equation admits of no solution 
of this kind. 

There is no difficulty, therefore, but in the ca.se of a being 
a pt>sirivc numlx.T, not a square; in which we have stcit, 
that the nuinlicr of possible solutions in whole numbers may 
be infinite. In this cose, as we should have an infinite 
nurolier of values to try, we could never judge of the soU 
vibility of the proposed'et|nation, without having a rule, hy 
which the trial may be reduced witliin certain limits. This 
we shall now investigate. ^ 

77. Since wc have (Art. 65?, x = »y •*" bz, and (An. i2), 
y = pt - (ny - rip)M, and z qt f {cp — nq)u, it is easy 
to perceive, that the general cxpreesions of r and tt will lake 
this form. 
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r_ ^ ^ , 

o, Yi ^9 ^9 ^9 7^9 ^9 beine known whole numbers, and t, 
u, being gieen bv the formulae of Art. 75, in which the ex¬ 
ponent m may be any msitive wbole number; thus, the 
question is rrauced to nnding what value we must ^ve 
to m, in order that the values of r and s may be whole 
numl^rs. 

78. I observe, first, that it is always possible to find a 
value of u divisible by any given numlWr, a ; for, sup¬ 
posing u zz ^u>f the equation, i* — au* = 1 , will become 
t* — A =: 1, which is always resolvible in whole num¬ 
bers ; and we shall find the least values of t and to, by 
making the same calculation as before, only taking aa% 
instead of a. Now, as these values also satisfy the oquadon 
/*' *— Au* = 1, they will necessarily lx? contained in the 
formulae of Art. 75. Thus, we shall necessarily have a 
value of m, which will make the expression of u divisible 
by A. 

I..et us denote this value of m by ft, and I say that, if we 
make m = 2/x, in the general expressions of t and u of the 
Article just quoted, the value oi u will be divisible by a ; 
and that of / being divided by a will give 1 for a re¬ 
mainder. 

For, if we express by t' and v' the values of t and «, 
in which m = ft, and by t*' and v' those in which m = 2ft, 
we shall have (Art. 75), 

± %'A = (t + vv'a)^, and 

t" + v" = (t + therefore, 

(t'±v' v>'a)«=:(t"±\’" ^>'A), 

that is to say, comparing the rational part of the first side 
with tlic rational part of the second, and the irrational with 
the irrational, 

t'» — X* -f- Av=, and v" = 2 tV; 
hence, since v* is divisible by A, v"^ will be so likewise; and 

I 

t’* will leave the same remainder that t® would leave; but 
we have 4* — av* = 1 (%p.), therefore t® — 1 must be di- 
vbible by a, and even by a% since v® is so already; where¬ 
fore, 4®, and, consequently, t'' likewise, being divided by a# 
will leave the remaindm* 1. 
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Now, I say thst the values of i and «, which answer to 
any exponent whatever, m, being divided by a, will leave 
the same remainders as the values ot‘ i and u, which would 
answer to the exponent m -f- 2ft,, For, denoting these last 
by S and u, we shall have, 

i ± u \'A = (t + v-v/a)<»», and 
® d: w Va = (t + V + ; wherefore, 

6 + wv'A — (( + ui/a) X (t + v^/a)V, 
but we have just before found 

T* + = (T + ; 

whence we shall have 

6 ± yv'A = (< + i/^A) X (t* ± v"'v'a); 

then, by multiplying and comparing the rational parts, and 
the irratioual ports, respectively, we derive 

6 = 4- au^*", w = 4- ut\ 

Now, v*' is divisible by a, and t" leaves the reinainder 1 ; 
therefore d will leave tlte some remainder as and the 
same remainder as u. 

In general, therefore, the remainders t>f the values of f 
and «, corres[M)iiding to the ex{K>ncnts tn 4- 'J/a, m + 4ft, 
fit 4- 6ft, &c. will be the same as those of the values, whicli 
correspond to any exponent whatever, m. 

Hence, therefore, wc may conclude, that, if we wish to 
have the remainders arising from the liiviMon of the terms 
&,c, and M% 1 /*^, Src. whieli corresjxjiul to w = 1, 
2, 3, &C. by the number a, it will Ik* stilKcient to find these 
remiundcrs as far as the terms and w'^** inclusive; for, 
after these terms, the same remainders will return m the 
same order; and so on to infinity. 

With regard to the terms and «V, at wliieh we may 
stop, one of them u'^/* will be exactly divisible by a, and the 
other wall leave unity for a remainder; so that we shall 
only have to continue the divisions until we arrixe at the re¬ 
mainders 1 and 0; we may then l)e sure that the succeeding 
terms will always give a repetition of the same n inuiiulers 
as those we haxc already found. 

Wc might also find the expment, 2ft, ajnton; for wc 
should only have to perform the calculaticm }H>inted out. 
Art. 71, in the first pW’e, for the number a, and iliett for 
the number a a*; and if r be the rank of the term of the 
series p', p*”, &c. which, in the first case, will be — 1, 

and f the rank of the term that will be = 1, in the second 
case, wc shall only have to st’ck the smallest multiple ofv 
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and which being divided by ir, will gpve the required 
value of fb. 

Thus, for example, if we have A s 6, and a = 5, we 
shall And for the radical ^6, in the Table of Art. 41, 
p** =s 1, p' = — S, p'' = 1; therefore, sr = 2. Then we shall 
And, in the same Table, for the radical v/(6 x 9) = v'54, 
p" = 1, p' = ~ 5, p» = 9, p" - - 2, p*^ = 9, p*^ = - 5, 
p'* = 1; and hence f = 6. Now, the least multiple of 2 
and 6 is 6, which being divided b}' 2 gives the remainder 3; 
so that we shall here have /it = 3, and S/tt = 6. 

Therefore, in order to have, in this case, all the remainders 
of the division of the terms f", &c. and 

&.C. by 3, it will be suflicient to find those of the six le^ing 
terms of each series; for the succeeding terms will always 
give a repetition of the same remainders: that is to say, 
the seventh terms will give the same remainders as the 
first, the eighth terms, the same as the second; and so on to 
infinity. 

Lastly, the terms and may sometimes happen to 
have the same pro|)enies as the terms and u'^f *; that is 
to sav, «“ may be divisible by a> and may leave unity 
for a remainder. In such cases, we may stop at these very 
terms; for the remainders #f the succeeding terms, 
t“+ itc. «“ + *, &c. w'ill be the same as those of the 

terms f', f'', &c. &c. and st) of the others. 

In general, we shall denote by M the least value of the 
exponent /«, that will render i — 1, and u, divisible by a* 

79. Let us now siip}>use that we have any expression 
whatever, emnjKJsed of t and w, and given whole numbers, 
so that it may always represent whole numbers; and that it 
is n^cpiired to And the values, which must be given to the ex- 

{ K)nent ;//, in order that this expression may beconie divisible 
>y any given number whatever, a : we shall only have to 
make, successively, w = 1, 2, 3, &c. as far as m ; and if 
none of these supjKisitious render the given expression di¬ 
visible by A, we may conclude, with certainty, that ..it can 
never l>ect»me so, whatever values we give to m. 

But if in this manner we And one, or more values of m, 
which render the given expression divisible by Ai then calling 
each of these value's n, all tlie values of m that can poss ibly 
do the same, will be x, n -f m, n + 2m, x + 3m, &c. 
and, in general, n + Am ; A being any whole number 
whatever. 

In the same manner, if we had another expression com- 
fiosed likewise of m, and given whole numbers, and, at the 
same time, divisible by any other given number whatcveri 
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•hotild in like manner seek the ooneeponding values 
of n and N, which we shall here express by m' and and 
all the values of the exponent m, that will satisfy the cmi- 
dition proposed, will be contained in the formula -f ; 
a' being any whole number whatever. So diat we shall 
only have to seek the values, which we must give to tlie 
whme numbers A and A', in order that we may have 

N 4* Am =: n' 4- a'm, or mA — mA' m n' — n. 


an equation resolvible by the method of Art. 42, 

It is easy to apply what we have just now said to the 
case of Art. 77, where the given expressions have the form, 
a/ 4“ + y> 4 y, and the divisors arc t and 

We must only recollect to take theiiumlK'rs / and u, suc¬ 
cessively, positive and negative, in order to have all the casc*s 
tliat are possible. 

80. Scholium If the equation proposed for resolution, in 
whole numbers, were of the form 

or'-’ + 2hrs -f- r** =r J\ 

we might immediately apply to it the method of Art. 65; 
for, 1st, it is evident that r and s could have no common di¬ 
visor, unless the numl>er f were at the same time tlivisible 
by the square of that divisor; so that we may always reduce 
the question to the case, in whiih r and s shall he prime to 
each other. 2dlv, It is evident, also, that x andy’etnild ha\e 
no common divisor, unless that divisor were one also of the 
number a, supposing r prime to jr; so that wc may also 
reduce the question to tne case, in which s and f shall lie 
prime to eacli other. (See Art, 64). 

Now, s being supposed prime to and to r, wc may 
make r ^ ns — J^\ and, in order that the equation may Ik* 
resolvible in whole num^rs, there must be a value of «, 


posiuve OT negative, not greater than 


f_ 

2 


, which may render 


the quantity an^ + 2lni + c divisible by This value 
being substituted for n, the whole equation will b<^me 
divmble by^ and will be found reduced to the case of Art. 


66, et seq. 

It is ea^y to perceive, that the same method may serve for 
reducing every equation of the form, 

ar^ 4- hr^s 4- cr™—4, &c. 4 A-#’** 


a by Ct &c. being given whole numbers, and r and s bei^ 
two indeterminate numbers, which must likewise be in¬ 
tegers, in another umilar equation, but in which the whole 
brown term is unity, and then we may ajiply to it the 
general method of Art. *. Sec the Scholium of Art. 80. 
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81. Example 1. it be proposed to render rational 

the cjuantity, v'CSO + 62s — 7s*), by taking only whole 
numbers for s. 

We shall here have to resolve this equation, 

30 -f 62s - 7s* = 3 ^, 

which being multiplied by 7, may be put into this form, 

7 X 30 4- (31)« — (7s - 31)* = TyS 
or, making 7s — 31 = x, and transposing, 

a-* = 1171 - or j* -j- Ty’ = 1171. 

This equation now comes under the ease of Art. 64; so that 
we shall have a = — 7, and a = 1171, from which we in¬ 
stantly pi'rceive, that y and b must be prime to each other, 
since this last iiuinber contains no scpiare factor. 

According to the method of Art. 65, we shall make 
X — ny — 1171.':; and, in order that the eejuation may be 
resolvible, we must find for n a |K)sitive, or negative integer, 

not 7 ; that is, not 7 580, such that n* — a, or n* 4* 

may be divisible by n, or by 1171. 

I find « =w+ 321, w’hich gives/i* + 7 = 1171 x 88; so 
that I substitute, in the preceding equation, i321y—1171z, 
instead of a*; by'' which means, the whole is now divisible by 
1171, and when the division is performed, it becomes 

88y^ 4 642ya 4 1171:* = 1. 

In t>rder to resolve this equation, I shall employ the 
s<*cond methcHl, ex])lainod in Art. 70, because it is in fact 
sinqiler anti more convenient than the first. Now, as the 
cocfllcicnt of y* is less than that of we shall here have 
i> 1171,1)' -- 88, and n — 4 321; wherefore retaining, 
for the s.ike of simplifying, the letter y, instead of 6, and 
putting y, iiiNtcail of r, I shall make the following cal¬ 
culation, first supposing n = 321 ; 

= VV =4, n' = 321 - 4 X 88 =— 31, 

D' = = 11, y -ly 4-y', 

W -V™ d, 71" - 31 -f 3 X 11 = 2, 

y = - sy 4-y', 

71'"= 2 — 2 X 1 = 0, 

y = 2y' + yK 


o'" = 


» 4 =2 

— T — 


m 

= 


11 

4-1-7 

11 


= 1 , 


7—7 
T — •» 
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Since W = 0, and consequently 





and i. we shall 


here stop, and make d*=m = 1, d‘^=:l= 7, n'''=0s=»r, and 
y* = f, y"‘ — 4^, because n* is l d*’. 

I now observe, that a being =—7, and conseciuently 
n^ative, in order that the equation may be resolvible, we 
must have m = 1, as we have just now found; so that we 
may conclude, that the resolution is possible. We shall 
therefore supfxise f = y" = 0, 4^ = y''" = ± 1 ; and we shall 
have, from the foregoing formulae, 

= ± 1 ,y = + 3 = r, 1 / = + 12 4 1 = + 11, 
the doubtful signs being arbitrary. Therefore, 

X — 321y ■— 1171:r = + 18; xuid, coiisec]Ucntly, 


s 


a+31 31:;-18 


= \\ «*• 


4 1 > 

r 


Now, as the value of $ is retjoircd t<» be a whole number, we 
can only take jf = 7. 

It is remarkable, that the other value of a, namely 'y\ 
although fractional, pves nevertheless u whole nunilK'r for 
the value of the radical, n (30 { G2a — 7a‘), and the siune 
number, 11, which the value a = 7 gives; so that these two 
values of a will be the roots of the equation, 

30 -f 62.f - l.s^ = 121. 

We have sup(>osed n — 321. Now, we may likewise 
make n = — 321 ; but it is easy to foresee, that tlie whole 
change tliat would result from it, in the prc‘ceding tbrmulie, 
would be a chatige of the sign of the values of m, ///', m’\ and <jf 
n', fi’, by which means the values of y, and of y, will 
also have different signs; 'wc should not therefore have 
any new result, since tiiesc values already have the doubtful 
sign dr. 

It will be the same in all other coses; so that wc need not 
take the value of 7i, successively, positive and negative. 

The value a = 7, which we have just found, results from 
the value of n = + 321 : and wc may find other values of «, 
if we have found other values of n having the requisite con¬ 
dition ; but, as the divisor b = 1171, is a prime number, 
there can be no other values of «, with the same prp|)crty, 
as we have elsewhere demonstrated *, whence wc must con¬ 
clude, that the number 7 is the only one that satisfies the 
question. 


* .Memoirs of Berlin, for the year 1767, page 194-. 
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The preceding problem may be resolved more easily by 
mere tnal; for when we have arrived at the equation, 
a?* = 1171 — 7y*, we shall only have to try, fbr all the 
whole numlx^rs, whose squares multiplied by 7 do not exceed 
1171 ; that is to say, all the numbers Z ' Z 13. 

It is the same wiUi all the equations, in which a is a ne¬ 
gative number; for when we are brought to the equation, 
j:* = B -r where making a = — and a:‘ = b — ay"^ 
it is evident, that the satisfactory values of if there are 

any, can only be found among the numbers, z So 

that I have not given particular methods fbr the cose of a 
negative, only because these methods are intimately con- 
ne<!te<l with those concerning the case of a positive, and 
l>ecause ail these methods, being so nearly alike, reciprocally 
illustrate and confirm each other. 

82. Rjcamplc 2. Let us now give some examples fbr 
the ease of a positive, and let it be proposed to find all the 
whole nuiuliers, which we may take lor y, in order that the 
radical c|uantity, ^^(13^^ + 101), may ixxromc rational. 

Here, w'e shall have (Art. 6i), a = 13, b — 101; and 
die e({iiatiun tt> lie resolved in integers will be, 
j-- — = 101, in w’hich, because 101 is not divisible by 

anv stjuare, y imist be prime to 101. 

We shall therefore make (Art. 65), a* = wy — Ids', and 
71* — 13 must be divisible by 101, taking n z '\' z 51. 

I find n = 35, which gives 7*- = 1225, and 

w* - 13 = 1212 = 101 X 12; 

so that we may take 7i = + 35, and substituting 
± 35^ — lOlz, instead of a:, we shall have an equation 
whollv divisible by 101, which, after the division, will be 
12«= + 70yz + Iblr" = 1. 

In order t<> resolve this equation, let us also employ the 
method of Article 70; let us make d' = 12, d = 101, 
74 = ±: 35; but, instead of the letter 5, we shall preserve the 
letter y, and shall only change z into y, as in the preceding 
example. 

1st. If 71 = 35, we shall make the following calculation: 
fi4 = = 3, 7»^ = 35 — 3 X 12 = — 1, 

1 — 1*1 

=— \W y = 
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ml = :rT “ 


«» = -1 + 1 


i>*=--3*=i 3, j,=y+y». 

D* !>• 

As r: 0, and, consequently, and z we shall 

stop here, and shall have the transformed equation, 

ny® — + 13^* = 1, or 18^ — = 1; 

w 

which being reduced to the fonu, — 1%", = 1, will admit 
of the method of Art. 71; and, as a = liS is z 100, we may 
make use of the Table, Art. 41. 

Thus, we shall only have to sec, whether, in the upixtr 
series of numl}ers lx^longiIlg to ^/lO, there be found the 
number 1 in an even place; for, in order that the precetling 
equation may be resolviblc, we must find in the series i>^, r, 
p% &c. a term z= — 1; but we have P* = 1, — r' = 4, 
p" = 3, &c. wherefore, &c. Now, in the series 1, 4, 3, 3, 
4, 1, &C. we find 1 in the sixth place; so that i*' = — I ; 
and hence we shall have a solution of the given equation, 
by taking y" = and — y', the numlxrs y\ lK.‘ing 
c^culated according to the forniula’ of Article iio, giving to 

/a', tt,*, &CC. the values 3, 1, 1, 1, 1, 6, &c. wliich form 
the lower series of numbers belonging to v 13 in the same 
Table. 

We shall therefore have 


= 1 p-' =;y"+7^'' =11 y" = 1 

r/ = 3 // =p" +/y” = l8 tf' — (f ff ^ 2 

«!=»'+ p®= 4 y® = 0 y*' = -I- y" = 3 

p"=s p* -♦-//= 7 ^ = 1 y'^ rry’'' -f- y'"= 5. 

So that y'' -= 18, and y = 5; therefore, 

y = y" y" = 23, ami y = 3>j/ y = 74. 

We have supjwsed n =35; but we may also take 
« =: — 35. 

Let tlierefore n = — 35, we shall make 

ffi =-. - = — 3, »' = — 35 -f-3 X 12 = 1, 


y'"= 5. 


TO =•- 


jf = 


12 

1-13 

12 


= ->f y=—+ 
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m' = - 1, n'^ = 1 - 1 = 0, 

—13 


Thus, we have the same values of d'', i/', and as before; 
so that the transft»rmed equation in y*, and 1 /", will likewise 
be the same. 

We shall, therefore, have also = 18, and y = 5; 
wherefore, y=; —y'-f-y = 13, and y = ——34. 

So that we have found two vcilues of y, with the cor- 
res[X)nding values of y, or 2 ; and these values result from 
the suppositiononf n— + 35. Now, as we cannot find any 
other value of ft, with the requisite conditions, it follows that 
the preceding values will be the only primitive values that 
we can have; but we may then find from them an infinite 
number of dcrivailve values by the method of Art. 7S. 

Taking, therefore, these values of y and z for p and y, 
we shall have, in general, by the same Article, 

y = 74f - (101 X 23 - 35 >c 74)i/ = 7U + 267m 

z + l X 74 — 35 X 23)m = 23#-j- 83a; or 

^ - 31# - ( 101 X 13 — 35 X 34)« = - 34# - 123m 
2 = 13# + (-12 X 34 + 35 X 13)m = 13#+ 47**; 

and we diall only have farther to deduce the values of # 
and u from the eejuation, #* — 13 m* = 1. Now, all diese 
values niav be found already calculated in the Table at the 
end of chap. VII. of tlie precetling Treatise: we shall 
therefore immediately ha\e # = 649, and w = 180; so that 
taking these values for t and v, in the formulae of Art. 75, 
we shall have, in general, 

((>49+ 180 ,'13r+(649- ISOv'lSV" 

# — — » 


(649 + 180 v'13;"'-(649-180 ^/13r 

1/= ; 

where we may give to to whatever value we choose, provided 
we take only |x>sitive whole numbers. 

Now, as the values of # and u may be taken both positive 
and negative, the values ofy, which satisfy the question, 
will ail be contained in these two formulae, 

y = ± 74# ± 267 m, 
and y — + 34# ± 123 m, 

the doubtful signa lieing arbitrary. 
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If we make « = 0» we shall have I as 1, and w *= 0;,- 
J'heiwhire, jf 74, or =s± d4 ; and this last value is the. 
lesHt that will resolve the proUan, 

I have already jfnolved this problem in the Memoirs of 
B^lin, for the year 1768, page 24S; but as I have there 
employed a method somewhat different from tlie foregoing, 
imu fundamentally the same as the ^rst method of Art. w, 
it was thought proper to repeat it here, in order that the 
cxanimrison of the results, which are the same by both 
methods, might serve, if necessary, as a confirmation of 
them. 

83. JRjcamplt S. l.et it be proposed to find whole num¬ 
bers, which l>eing taken for y, may render rational the 
quantity, + 101). * 

Here we shall have to resolve, in integers, the etiuation, 

X* - 79y* = 101. 

in which y w ill he prime to 101, since tliis number docs not 
contain any square factor. 

If we iHcrelure suppose x = «y — 10I«, n* — 79 must l>c 
divisible by 101, taking n Z 51 ; we find n — 33, 

which gives n* — 13 = 1010 = 101 x 10; thus, we may 
take » ==i 33, and these will be the only values that have 
the condition required. 

Substituting, therefore, ± 33y — 101s instead of a-, and 
then dividing the whole equation by 101, wc shall have 
it transformed into IQv® =FC)6yx + 101s‘ = 1. Let us, 
therefore, make i>^ = 10, i> = 101, »» = i 33, and first 
taking n poative, we shall work as in the preceding example; 
thus, we shall have *n = J ’ = 3, w' rr 33 — 3 x 10 =r 3, 

^ = - 7,y = V + y* 

o' d" . . 

Now, as n' — 3 is already z and z. , it is not ne- 

cessai^ to proceed any farther: so that the equation will be 
transformed to this, 

_ 6yy f 1C^» := 1, 

which being multiplied by — 7, may be put into this form, 
(7y + 7^* = - 7. 

Suioe, therefore, 7 is Z a/ 79, if this equation be resolvible, 
the number 7 must be found amoM the terms of the upper 
aeries of bumbers answering to ^ TO in the Table (Art. 41), 
and also hold an even place there, since it has the sign 



rHAP. VII. ADDITIONS. STT 

But the series in question contains onl^ the numbers 1, 15, 
Hf always repeated; therefore, we may immediately conclude, 
that the lut equation is not resolvible; and, consequently, 
the equation proposed is not, at least whdi we take n = 33. 

It only remains, therefore, to try the other value of 
w rr — which will give 
—83 

MS- S,n^ s- 33 + 3 X 10 = - 3, 

• M , If 

= +Vi 

so that we shall liave the equation transformed into 

- 7;/-feyy'+!%* = !, 

which may be reduced to the form, 

(V-3/)^-79y«=-7, 

which is similar to the preceding. Whence I conclude, that 
the given equation alisolutely admits of no solution in w'hole 
nunr^rs. 

84. Scholium. M. Euler, in an excellent Memoir printed 
in Vol. IX. of the New Commentaries of Petersburg, dnds 
by induction this rule for determining the rcsolvibility of 
every equation of the form — Ay* = b, when b is a prime 
number: it is, that the equation must be possible, whenever 
a shall have the form 4An + r*, or 4An + — a ; but the 

foregoing example shews this rule to be defective; for 101 
is a prime number, of the form 4a» -f- r* — a, making 
A = 79, « = — 4, and r = 38; yet the ^nation, 
x* — 79y* =101, admits of bo solution in whole numbers. 

If the foregoing rule were true, it would follow, that, if 
the equation x* — a^- — b were possible, when b has any 
value whatever, 5, it would Ik* so likewise, when we have 
taken b = 4a» + b, provided b were a prime number. We 
might limit this last rule, by reqtiiring o to be also a prime 
number; but even with tliis liinitatum the preceding ex¬ 
ample would shew it to be false; for we have 101=4\n-f 6, 
by taking a =r 79, « = — and b = 733; now, 733 is a 
prime number, of the form ar" — 79^*» making x — 88, and 
y s 3; yet 101 b not of the same form, a?* — 79y*. 


p p 
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Remarks on Equations ihe Jbrm p« = ao* -f" ond on 
the common metftod of resoivittg them in Whole Num^rs. 

85. The method of Chan. VII. of the preceding Treatise, 
for resolving equations of this kind, is the same that WaJlis 
mves in his Algebra (Chap. 98), and ascribes to Lord 
Brouncker. We find it, also, in the Algebra of Ozanam, 
who gives the honor of it to M, de. Permat. Whoever was 
the inventor of this method, it is at least certain, that M. de 
Fermat was the author of Uic problem which is tlic subject 
of it. He had proposed it as a challenge to all the English 
mathematicians, as we Icam from the Cornmcrcium Episiolu 
cum of Wallis; which led Lord Brouncker to the invention 
of the method in question. But it does not appear that this 
author was fully apprised of the importance of the problem 
which he resolved. We find nothing on the subject, even 
in the writings of Fermat, which we possess, nor m any of 
the works of tlie last century, which treat of the Indeterminate 
Analysis. It is natural to sup^xisc that Fermat, who w'as 
porticularl^r engaged in the thcoty' of integer numbers, con¬ 
cerning which he has left us some very excellent theorems, 
had b^n led to the problem in question by his researches on 
the general resoluticm of ct|uation8 of tlic form, 

jr' = Ajf 4- B, 

to wliich all quadratic equations of two unknow'ii quantities 
are reduced. However, wc are indebted to Euler alone for 
the remark, that this problem is nc'cessary for finding all the 
possible solutions of such equations *. 

The method which 1 have pursued for demonstrating this 
proporitioD, is somewhat different from that of M. Euler; but 
It is, if I am not mistaken, more dirc'ct and more general. For, 
on the one hand, the method of M. Euler naturally leads to 
fractional expressions, where it is rec|uired to avoid them; 
and, on the other, it does not appear very evidently, that the 
mipporitions, which are made in order to remove the fritetions, 
are the only ones that could have taken plac^. Indeed, we 
have elsewhere shewn, that the finding of one solution of the 
equation ar*=A^* + b, is not always suffiaent to enable us to 

* Sec Chap. VI. of the preceding Treatise, Vol. VI. of the 
Ancient Commentaries of Fetersburg, and Vol. IX. of the New. 
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deduce others from it, bv means of the equation +1; 

and thaty frequently, at least when b is not a prime number, 
there may be values of x and which cannot be contained 
in the ^neral expressions of M. Euler *. 

With regard to the manner of resolving equations of the 
form p* = Ag’ -j- 1, I think that of Chap. VII., however in¬ 
genious it may lie, is still far from being perfect. For, in 
the first place, it does not shew that every equation of this 
kind is always rt^solvible in whole numliers, when a is a 
positive number not a square. Secondly, it is not demon¬ 
strated, that it must always lead to the solution sought for. 
Wallis, indeed, has professed to prove the former of these 
propositions; but his demonstration, if I may presume to 
say so, is a mere petiiio principii. (See Chap. 99). Mine, I 
believe, is the first rigid demonstration that has appeared; 
it is in the McUingcs de Turing Vol. IV.; but it is very 
long, and very indirect: that of Art. 37, is founded on the 
true principles of the subject, and leaves, I think, nothing to 
wish for. It enables us, also, to appreciate that of Chap. VII., 
and to perceive the inconveniences into which it might lead, 
if followed without precaution. This is what we shall now 
discuss. 

86. From what we have demonstrated. Chap. II., it fol¬ 
lows, that the values of p and y, which satisfy the equation 
p* — Aq" =: 1, can only lie the terms of some one of the 
principal fractions derived from the continued fraction, which 
would express the value of ^^A; so that supposuig this con¬ 
tinued fraction to be represented thus. 


^+■77+- 1 

^ ..n , _ 




wc must have, 

L-u-i.— 1 

1 ' 

1 

H— 

pe being any term whatever of the infinite series ft', p", &c. 
file rank of which, f, can only be determined a posteriori. 

We must observe that, in ^is continued fraction, the num¬ 
bers p, ft', jw-", &c. must all be positive, although we have 


* See Art. 45 ofmy Memoir on Indeterminate Problems, in 
the Memoirs of Berlin. 1767. • 

p p 2 
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seen (Art. 3) that, in general, in continued fractiems, we may 
rmider the denominators positive or negative, according as 
we take the approximate values less, or greater, than the real 
ones; but the method of Problem I. (Art. et Jteg,)y ab¬ 
solutely requires the approximate values fA, p,', ft", &c, to be 
all taken less tlian the real ones. 

87. Now, since the fraction is equal to a continued 

fraction, whose terms are ft, ft', ft", &c. it is evident, from 
4, that ft will lie the quotient of/> divided by y, that ft' 
will ^ that of q divided by the remainder, ft", that of this 
remainder dividetl by the second remainder, and so on; so 
that calling r, jr, ty &c. the remainders in question, we shall 
have, from tlie nature of division, p zs r, q z=l 

r = ft** -j- /, &.C. where the last remainder must be = 0, 
and the one before the last = 1, lM?cause p and q are num¬ 
bers prime to each other. Thus, ft will be the approximate 

integer value of ~ , ft' tliat of ft* that of &c. tlicsc 

values being all taken less than the real ones, except the 
last ft% w'hich will lx; exactly ctjual to the ct>rresjonding 
fraction; because the following remainder is supjwsed to be 
nothing. 

Now, as the numbers ft, ft', a*, &:c. ft^, are tlic same fur 

the continued fraction, which expresses the value of ''^,and 

for that which expresses the value of a, wc may take, as 

far as the term m*, ^ = y' a, tliat is to say, p* — a^* r: 0. 

Thus, wc shall first seek the approximate, deficient value of 

; that is to say, of v'' a, and that will be tljc value of ft ; 
9 

then we shall substitute in p^ — a^' z= 0, instead of p, its 
value -f- r, which will give 

(ft* — a) 9 ® -j- Sft^r -f* r* = 0, 

and we idiall again seek the approximate, deficient value of 
9 

—; that is, of the positive root of the equation, 

(/A* — a) X + 2ft-^ +1=0, 

and we idiall have the value of \J. 

* Still cxmtinuiiig to sub^tute ft/r -f- s, instead of 9, in the 
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transformed equation (/*-• — A)y^ -f" * 4 “ ^ ® ♦ wo siiall 

7 * 

have an equation, whose root will he — ; then taking the 

approximate, deficient value of this rout, we shall have the 
value of u,". Here again w.e shall substitute uV -I- a, instead 
of r, &c. 

Liet us now sup{M>se, for example, that I is the last re¬ 
mainder, which must be nothing, then » will be the last but 
one, which must lie = 1 ; whereforfe, if the forniula^^ —a^-, 
when transfonned into terms ofs and t, is p«* -i- Q-'/ + 
by making / = 0 , and s = 1 , it must become = 1 , in order 
that the given equation, — a^® = 1 , may take place; and 
therefore p must be = 1. Thus, we shall only have to con¬ 
tinue the above operations and transformations, until we 
arrive at a transformetl formula, in which the coefficient of* 
the first term is eijual to unity; then, in that formula, we 
shall make the first of the two iudeterminates, as r, equal to 
1 , anti the second, as equal tt) 0 ; aiul, by going back, we 
shall have the corresponding values of p and g. 

We might likewise w-ork with the equation p- — A^ = 1 
itself, only taking care to abstract from the term 1 , which is 
known, and const‘(juontly from the other known terms, like¬ 
wise, that may result from this, in the determination of the 

approximate values a, /a', /a", &c. of -j-, &c. In 

this case, we shall try at each new transformation, whether 
the indeterminate ec|uation can subsist, by making one of the 
two iudeterminates = 1 , and the other — 0 ; when we have 
arrived at such a transformation, the operation will be 
finished; and we shall have only to go back through the 
several steps, in order to have the required values of p 
and 9 . 

Here, therefore, we are brought to the method of Chap. 
VII. To examine this method in itself, and independently 
of the principles from which we have just deduced it, it must 
ap{icnr indifferent whether we take tlie approximate values 
of Pj ft-', ft-", &c- less, or greater than the real values; since, 
in W’hatever way we ttike these values, those of r, s, t, &c. 
must go on decreasing to 0. (Art. (i.) 

WaSis also expressly says, that we may employ the limits 
for ft,, ft', ft", &c. either in plujty or in minus, at pleasure; and 
he even proposes tfiis, as the proper means often of abridging 
the calculation. This is likewise remarked by Euler, Art. 
102, a seq. of the chapter just now quot^. However, the 
oUowinir example will shew, that by settmg about it in tlys 
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ny, we may run the risk of never arrivin^^ at the solution of 
the equation proposed. 

]^t us take the example of Art. 101 of that chapter, in 
whkdi it is required to resolve an equation of this form, 
p* zz 1, orp* — 1, We have pzz \^( 6 o* 4 :1); 

and, neglecting tlic constant term I, p ^ 6 ; wherefore 


= V' 6 7 ^ ^ 3. Let us take the limit in mififia, and 

make p r: 2 , and then p zz 2g r; substituting this value, 
therefore, we shall have — -f 4yr + r* = 1; whence, 

2r4- A/(0r*-2) • » 

q =- 2 -; or, rejecting the constant term — 2 , 


2 = 


^ ; whence, 7 2 , -d. 3. Let 


again take the limit in minus, and make gzzQr-^s ; the last 
equation will then become — 4 rjr — rr 1 ; where we 
at once perceive, tliat we may suppose a = 0 , and r r: 1 ; 
so diat we shall have 7 = 2, and p — 5. 

Let us now resume the former transformation, 

— 27 * 4qr 4 - r* = 1, 


where we found 7 2, and z 3; and, instead of taking 

the limit in minua, let us take it in plus, that is to say, let us 
suppose 7 = 3 r 4 - f ; or, since s must then lie a negative 
quantity, 7 = 3r — a, we shall then have the following 
transformation, — 5r® 4 - Srs — 2#® = 1, which will give 

^ wherefore, neglecting the constant 


r = 


, ,, 45 4 -*v ^6 , r 

term 5, r =-—» and — 

5 a 




5 


7 1 , and Z 2 . 


Let us again take the limit in plus, and make r = 2 r — I, 
we shall now have — 6 ** 4 * l 2 a/ — 6 /* = 1 ; therefore 


a = 


6^4-v'(6f=—6) 

6 

6t-ht%/6 


; so that, rejecting the term — 6 , 


a = 


, and -^=14- 7 1 » Z 2 . 

t 


6 ’— e ~ ‘ ‘ 6 

Let us continue taking the limits in plus, and make 
s 9 z 5U — u, 'we shall next have — 5/* 4 - i^u —- Gu* = 1; 
wherefOTe, 

6«+W6u»—5) ,/ 6-HV6 , 

t = —~—)z -and — = —=— 7 1, z 2. 

• 5 tt 5 
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Let us, therefore, in the same manner, make t = 2u ^ x, 
and we shall have — 2u* + 8ux — 5x^ = 1; wherefore, &c. 

Continuing thus to take the limits always in ^us, we shall 
never come to a transformed equation, in which the coefficient 
of the first term is equal to unity, which is necessary to our 
finding a solution of the equation proposed. 

The same thing must happen, whenever we take the first 
limit in minus^ and all the succeeding in plus; the reason of 
this might be given a priori; but as the reader can easily 
deduce it from the principles of our theory, I shall not dwell 
on it. It is sufiicient for the present to have shewn the 
necessity of investigating these problems more fuUy, and 
more rigorously, Uian lias hitherto been done. 


CHAP. IX. 

Of the manner of finding Algebraic Functions of all De¬ 
grees, xchieh, zolten multiplied together, may always produce 
Similar Functions. 

fAPPENDIX TO CHAP. XI. AND XII.]] 

88 . I believe I had, at the same time with M. Euler, the 
idea of employing the irrational, and even imaginary factors of 
formulm of the second degree, in finding the conditions, 
which render tliose formulae eoual to squares, or to miy 
powers. On this subject, I read a ^Memoir to the academy 
In 1768, which has not been printed; but of which I have 
given a summary at the end of my researches on Indeter- 
niinatc Problems, which are to be found in the volume for 
the year 1767, printed in 1769, before even the German 
translation of M. Euler’s Algebra. 

In the place now quoted, I have shewn how the s^e 
method may be extended to formulae of higher dimensions 
than the second ; and I have by these means given the solu¬ 
tion of some equations, which it would perhaps have been 
extremely difficult to resolve in any other way. It is here 
intended to generalise this method still more, as it seems to 
deserve the attention of mathematicians, from its novelty 
and singularity. 

89. Let a and /3 be the two roots of the quadratic equation, 

8 ^ — OS -f- 6 = 0, 

and let us consider the product of these two factors, ^ 
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(x -f «y) X (x -f /3j^), 

which must be a real product; being equal to 

+(«4- -f «%\ 

Now, we have a + iS = o, and ajS = from the nature of 
the equation, a* — oa-f-^sO; therefore we shall have this 
formula the second degree, 

X* -f axj/ -f dy, 

whicdi is composed of the two factors, 

X -|- a^, and X 4- 

Now, it is evidrat, that if we have a similar formula, 

x« + ajc^t/ -f bi/', 

and wish to multiply them, the one by the other, we have 
only to multiply together tlie two factors x + o^, x' 4- ay, 
and also the other two factors .r 4- x' -4 py» and then 
the two products, the one by the other. Now, the product of 
X + ay by a.-' f at/ is, -f a(xy 4*^^) 4- but 

since a is one of the roots of the e(|iiatit)n, jr- — ns 4- A = 0, 
we shall have a* — oa + 6 = 0; whence, a* zz aa — b\ and, 
substituting this value of a'^, in the preceding formula, it will 
become, xx^ — Ajy + a(xy -f + nui /); so that, in order 
to simplify, making 

X = xx' — byt/ 

Y + ?J^ + oyi/, 

the product of the two factors x 4* x' + ay\ will be 
X 4 aY; and, consequently, of the same form as each of 
them. In the same manner, we shall hnd, that the product 
of the two other factors, x-^Qy, and x* + Sy, will l>e x 4 - /3a' ; 
so that the whole product will be (x 4" x (x + B\)\ 
that is, X* 4 oxy 4- which is the product of the two 
similar formulae, 

< I 

X* 4- aay + 6^*, and x* + ax'y' + by*. 

If we wished to have the product of tliese three similar 
fmmulae, 

/ / i t tJ uu u 

X* + axy 4 x* 4 axy 4 a* -f oay 4 ly\ 
we should only have to find that of the formula, x^ + axT + 6 yS 

^ if tf u 

by the last, x* + axy 4 by "; and it is evident, from the 
foregoing formulie, that by making 
x' = xy'' — ^YJ/", 
y = xy 4 yx" 4 ury* 
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the product sought would be ^ 

I II I 

x*+ axY 4- iv”. 

In the same manner, we might find the product of four, or 
of a still greater nLiml)er of fomiulee similar to this, 

ar' + ax^ + bi/\ 

and these products likewise will always have the same form. 
90. If wc make a: zr x, and ^ ~ we shall liave 

X = X* — bi/^, Y = 2xy + ; 

and, consecjuently, 

(x= 4- axy 4- rr x= 4- ffXY + b\^. 

Therefore, if wc wish to find rational values of x and T, 
such, that the formula x®+ oxy 4 5y*may l)ccome a square, 
we shall only have to give the prcxrediiig values to x and y, 
and we shall have, for the root of the square, the formula, 

X* 4- 4- b^; 

X and y being tw'o indeterminate numbers. ' 

If we farther make x” — — x, and y' =y = .y* 

shall have x' = x.r - bxy, y’ = x_y 4- vx 4- oYy ; that is, 
by substituting the preceding values ofx and y, 
x' — x’ — Sbxy* 4- aby^j 
y' = Ox*^ 4- iiaxy" 4- (<** “ b)y ^; 

wherefore, , , i / 

(x* 4“ axY 4" 

Thus, if we propos^ to find rational values of x' and y', 

I II I , 

such, that the formula x* 4“ 4" might become a 

I I 

ciilx;, wc should only have to give to x and y the foregoing 
values, by which means w'e should have a cube, whose root 
would be X* 4- axy -{-by*; x and y being both indeter¬ 
minate. 

In a amilar manner, we may resolve questions, in which 
it is required to produce fourth, fifth powers, &c. but we 
may, once for all, find general formulae tor any power what¬ 
ever, m, without passing through the lower powers. 

Let it be proposed, therefore, to find rational values of x 
and Y, such, that the formula, x® axY 4" 5 y®, may become 
a power, m; that is, let it be required to solve the equation, 

X* 4“ == 

As the quantity x* 4“ “1“ formed from the pro¬ 

duct of the two factors, x 4- ay, and x 4- |3y, in order tha^ 
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this quantity may become a power of the dimension m, each 
of ita factors must likewise btxxjme a umilar power. 

Let us, therefore, first make 

X + ay =*: (x + ay)», 

and, expresfldng this power by Newton s theorem, we shall 
have 


•»(w— 1 ) 

X* + fnx*^*ya H- jr -^x"'"‘«y*a’ 


«i(m — 1) X (ei — 2) 

2 ^ 


a’ 4-, Sec. 


Now, nnce a is one of the roots of the equation, 

5 * -- Of -b 6 = 0, we shall also have a‘ ~ aa 4- /» = 0 ; 
wherefore, a* = aa — 6, a’ = aa* — ba — («* — b)a — ab, 
a* = {a* — 6)«* — aba = (o’ — 2ab) a — a*6 -f- b* ; and so 
on. Thus, we shall only have to substitute these values in 
the preceding formula, and then we shall find it to be com¬ 
pounded of two parts, the one wholly rational, which wc 
sludl compm to X, and the other wholly multiplied by the 
root a, which we shall compare to ay. 
in order to simplify, we make 


a' = 1 

b' = 0 


A» = a 

b" = A 


a" = oa" — Ba* 

b"' = an** — 

Ah' 

a" = OA*— Aa* 

b" = as" — 

Ab" 

^ = OA**’— Aa*, 

B’’ = OB’’'-- 

Ab"', 


&c. &C, &c« we shall have, 

a = A^a — 
a‘ = a"® — B* 
a*= a"* a — B*" 
a*= A*''et — B*% &c. 

Whcfirfofe, substituting these values, and comparing, we 
^diall have 

, , fB(m — 1) . _ 

X = x"* — mx^’ys'- ^b* 


x(m-8) 

8x3 . 


8 cc. 


y 3S fnx*~*yA' -|- - x**=^y^A" 


\ 


+, 8 ec. 


Now, as (he root a does not enter into the expressions of 
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X and Y, it is evident,, .that, having x + «t = (ar -f* 
we shall likewise have, x -}- |Sy = (x + /Sv)"; wherefore, 
multiplying these two equations together, we shall have^ 

X* -|“ axY -f- + axu 4- 

and, consequently, z = x« 4 - oxy 4- qy*. The problem, 
therefore, is solvccl. 

If a were = 0 , the foregoing formulae would become 
simpler; for we should have a°= 1 , a" = 0 , a®=— 5 , 
A*'^ = 0 , A'' = hU = 0 , A"» = - 5*, &c. and, Ukewise, 
r' = 0 , b" = 6 , b'" = 0 , B*’' =— b% B'^ = 0 , B^^ = &c. 

Therefore, x = x"* — -f- 


w(w--l) X (m~2) X (w— 3)^^ 
Jix 3x 4 


&c. 


Y = 4- 


«i(?» — 1 ) X (m — 2) 
2x3 


4- 


w(m—1) X (r/i’—2) X (m — S) x (m —4) 
2x3x4x5 ^ 


"^3^’A® 4-, &c. 


And these values will satisfy the equation, 
x‘ 4- by^ = (x« 4- 

91. Let us now proceed to the formulae of three di¬ 
mensions ; in order to which, we shall denote by a, 0, y, 
the three nwts of the cubic equation, a’—ua^ 4 - — c = 0 , 

and we shall then consider the product of these three 
factors, 

(x + ay 4- a*=) X (x 4- /3y 4- x (x + yy + y« 2 :), 
which must be rational, as we shall perceive. The multiplica¬ 
tion being performed, we shall have the following product, 

x’-l-(a 4- /3 +y)xy 4- («* 4- /3* 4-y®)x*af 4- (a0 4-ay+/37)x^ 

4- (a'i3 4- «V 4- /3'a 4- /S*/ 4- y*a+y^/3 )xyz-i- 

(a*^» 4- aV4- +(«*/3y+^*7 4-y*«i3)y*« 

4- (et^fi'y 4-«V^^+PV**liy-‘ 4-a®^y*’' 

Now, from the nature of equations, we have 

a -h 0 -i- y = a, + ay-i-0y = b, aj3y = c. 
Farther, we shall find 

4 -/3® + y®=(* 4-^ 4-y)® - 2(a/3 4-«y+/9y)=a* - 25, 
a*/94-«V+ 4 -^Y 4-y®«4-y®^ = (a4-/3 4-y) X (a^ 4 -ay 4 .jSy) 
— Sa0y=zcA — ^\ and 

-. 2 (a 4 -/ 34 -y)o« 3 y= 5 *~ 2 ac; also, a®^y+^ay-|-y *«^=5 
(«-l-/3-fy)a/3y=ac, and a®/3Y+*V®^^-^V«= 

(«/3 4- ay 4- jiY)«)3y 
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Ttierdlbre, making these substitutions, the product in ques¬ 
tion will be 

X*+(a« - bj^* + {ah~-Se)xyz +(6*—3ae)xj»« 

ficy**+e*a*. 

4 * 

And this formula will have the property, that if we mul¬ 
tiply toget^r os many similar formulx as we choose, the 
product will always be a similar formula. 

Let us suppose that the product of the foregoing formula 
by the following was requmxl, namely, 

ir* + ox^y + (a* — 2A)x V + bx^' + {ab — 

It I I II I 

+((6* — 2ac)xz^ + -j- + beyz^ + 

it is evident, that we have only to seek the product of these 
six factors, 

JP 4“ X + % + JT -f yy + Y^z, 

y -f «y -I- a'z', .r' + + ^‘V, 4-'+ yy + ; 

if we first multiply x ay a-z, bj' x' -f* «y -f" 
ahall have tills |)Brtial product, 

XX* +«(xy' +yx') + at«(x 2 / + zx 4-y'y 0 + a’fyr' 4 zy) + a^zz^; 
now, a being one of the roots of the eejuation, 

a* — as* + Ar — r =0, 

we shall have — oa* -j- Aa — c = 0 ; consequently, 
a* = fla* — Aa -f" c; whence, 
a* = ««’ — Aa® -f- ca = (a* — A)a* — (ab — f)a -j- oc; 

ao that substituting these values, and, in order to ahiidgc, 
making 

X = XX* — c(.y^ 4" =y) 4“ aezz*, 

Y = ay 4-yx' — biyx* 4" -V) “ («* — 0*-» i 
a = xz' -f sx'4-j(y 4- o(y/zy') + (a* ~ A)«5, 

the product in question will become of this form, x4“«y 4'«*3! ; 
that is to say, m the same form as each of those from which 
it ha« been produced. Now, as the root a dcx*s not enter 
into the values of x, r, x, it is evident, that these quantities 
will be the same, if we change a into /?, or y; wherefore, 
ance we alrrady have 

(x 4- 4- «®^) X 4“ <^'4“ «’ 2') = X 4- ar 4- a*z, 

we dial! likewise have, by changing a into |3, 

(X 4-%4- /3*2) X -t- ^ /3^z0 4- /5v -f 

and, by changing a into y, 

' (jp + >3^ + y**) X (x»4-yy4-y«2') = X 4.yY4-y«z; 



CHAP. IX. 


ADDITIONS. 


5 ^ 


therefore, by multiplying these three equations together, we 
shall have* on the one side, the product of the two given 
formulsE?, and on the other, the formula, 

X* -I- ax*Y +(a* — 26)x*z + 1 /xy’* + (a6 — Sc)xYz + 

(6* — 2ae)xz* -f“ + ocy^z -|- 6cyz* -{- c*z®, ' 

which will therefore be ecpal to the product required; and 
is evidently of the same turm os each of the two formulae of 
which it is composed. 

If wc had a third formula, such as 


jr^ flj + (o — -f" (a5 — Qc)x'y:^ 

U U U II UU II 

+ — 2ae)xz'^ + + aci/^y' + heyz^ c'^z^, 

and if we wished to have the product of this formula and 
the two preceding, it is evident, that wc should only have 
to make 

x' = xaf — r(Y 2 " + zi/'y + flczr*', 

y' = + Yj/' — ^vYJs'' -f z//" ) — (ab — c)zsfj 

z' = xs" + zjr” + Yiy" + + zy')+ (a® — 6)zs^^ 

and we should have, for the product required. 


I i 


X* ax®v' + (a* — 2b)\H' -|- bxY* + {ab — Qc)x!Y* 2 f 


11 


I I 


4 .( 6 ® — 2ac)xz® + cY^ 4- ocY*z' 4- bcYz* + c*z^ 

92 . Let us now make y y, sf = z, and we 

shall have. 


X = JC 


.4 


— Zeyz + < 7 C 2 ®, 


Y = 2xy — 2byz — {ab — c)2®, 

z = 2x2 + y-+ 2ayz-h (o* — 

and these values w'ill satisfy the etjuation, 

x^ + ax®Y 4- 6 xy® + cy’ + («® — 26)x®z 

+ {ab — 3c)xyz 4- acY^z + (6® — 2ac)xz* 

+ bcYz" + c*z’ = V®, by taking 

V = X* 4- ax®y 4- 6x^* 4- 4-(a*—26)x*2 4- {ab—Sc)xyz 

^acyz 4- (6® — 2ac)x2« 4- 4- c*«*; 

wherefore, if we had, for example, to resolve an equation of 

this form, x® 4- nx®y + Axy® H- cy’ = v«, o, 6, c l^ing any 

given quantities, we should only have to destroy z, by 

making 2xx 4- 3#4- 4- (a* — = 0, whence we 

, y«4-2qwa4-(a®~ 6®)z® , , 

derive x -* substituting thii^ 
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palue of X in the foregoing expressions of x, y, and v, we 
s h i ^ , have veiy general values ch these quantities, wUch will 
mufy the equation pfoposed. 

This solution deserves parucular attention, on account 
of its generality, and the manner in which we have arrivcxl 
at it; which is, perhaps, the only way in which it can be 
ea^y resolved. 

We should likewise obtain the solution of the equation, 

x» -I- ox«y' 4- (a« - 2&)xV 4- feii « -f {ab - SclxVz' 

4“ — 2flc)xs* 4* “h 4* Acte* + c^z* = v®, 

by making, in the foregoing formulse, 

a^ = a:^ = x, = z' = z, 

and taking 

v = X* -4- ox*y + (a* — 2b)jr*z + 4 («A — JJclxys 

+ (A* — 2<ir)x«* + cy’ 4- acy*2 -f bty/z^ 4* 

And we might resolve, succcsiavety, the coses in wliich, 
instead of the third power v^, we should ha\e v% 

But we are going to consider these questions in a general 
manner, as we have done Art. 90. 

99. Let it be proposed, therefore, t#,resolve an equation 
of this form, 

X* 4“ ox*Y 4 (o* — 2A)x'*z 4 Axy* 4 (uA — 3r) xyz 4 

(A* — 2ac)xz* 4 cy' 4 acr'z 4 berz^ 4 c*z* = v“. 

Since the quantity, which forms the first side of this c(|iia> 
tkm, is nothing more than the product of these three 
factors, 

(x 4 nr 4 a*z) x (x 4 4 fi^z) x (x 4 yv 4 y*z), 

it is evident that, in order to render this quantity equal to a 
power of the dimennon m, we have only to make each of its 
ractors separately equal to such a power. 

Let then x 4 av 4 = (x 4 4 

We shall begin by expressing the mth fjower of x+ay-ia^z 
aooocding to Newton’s theorem, which vml ^ve 


4 


*(y + «z)a + + «)•«• 


++. kc. 

Or rather, forming the different powers of ^ 4 ox, and then 
Wran^ng than, according to the dimensions of a. 
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+ (m(TO — l>r-^ys4* 4 , ^c. 

But as in this fortnula we do not easily perceive the law 
of the terms, we shall suppose, in general, 

(x 4 ay 4 a««)"» = p 4 p'a 4 P^a* 4 P^a’ 4 p^o* 4j &c. 
and we shall find, 

p = x**. 


p' = 


_ »iyp 


!•" = 


_ (m—l)yp'4^mzp 
2x * 


** 3x * 

__ (wi—3)yp'''4(2m— 2)zi^ 
^ 4x 


, &c. 


which may easily be demonstrated by the differential cal¬ 
culus. 

Now, since a is one of the roots of the equation, 

— cuf* 4 bs — c r: 0 , we shall have 
a* — aa* + bet — c = 0; whence, 
a' = oa® — bet + c; wherefore, 

a* — aa? — ba? 4 ra =: (a* — 6)a* — (ab — c)a 4 ac, 
a’ = (a® — b)a^ — {ab — c)a* 4 aca, = (a’ — 4 c)a* 

— (a‘6 — b* — ac)a 4 (a* — b)c ; and so on. 

So that if, in order to simplify, we make 


a' =0 
a" = 1 
a'»'=: a 


A*' = aft!" — bh” -4 ca' 
A’' = at^y* — 6 a*' 4 ca" 


z= UK 


b' = 1 

B* = 0 
B** = 6 

b‘''= Ob'” — 6b* 4 cb' 
B^ = OB'*— 6b'* 4 CB* 
B''‘= — 6 b‘'' 4 cb'*; 

we shall have, 

a = A'a* — ab 4 c 
a®= A^a* — 4 c* 


*■ — 6a''^ 4- <^a'*, &c. 

c' = 0 
c* =0 
C** 5= c 


c*'^ = ac 


m 


Sec. 


6c" 4 cc' 
c’' = — 6c'" 4 cc" 

c^*= oc’ — 6c‘'^ 4 cc*". 


; 


a* = A'"a« — 
a* = A‘''a*— 


B*"* 4 


c' 


nr 


B*^a 4 c" 


&c. 


Substituting these values, therefore, in the ezpresaon 



m 


aI^ditioms. 
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(x + it will be found composed of three parts, 

one all rational, anoiiier all multiplicti by a, and the third 
all multiplied by ; so that wc snail only have to coinjiarc 
the first to x, the second to ar, and the third to and, 
by these means, wc shall have 

X = p + pV + i^c* + p^c'* + &c. 

Y = — p’b' — P's* — — p**b‘', &c. 

a = i^a' + p*A* 4 - p^'a” + p“'A*% &e. 

These values, therefore, will satisfy the equation, 

X 4 av 4 a*z = (x -f ay + a*r)*; 

and as the root a does not enter into the cxprc‘.<tsions of x, 
Y, and z, it is evident, that wc may ciioiigu a into p, or 
into y; so that we shall have both 

X 4 4 ^'*2 — (x 4 /Sy 4 and 

X 4 yy 4 y*z = (j- 4 yy 4 y*=)". 

If we now multiply these three etju.ilions together, it is 
evident, lliat the 6 rst member will l>e the siiiiie as that of 
the given equation, and that the st'cond will be t^tiunl to a 
power fit, the root of which being called v, we shall have 

V = JT* 4 4 (a^ — 2/f)jr'^z 4 krt/- + — tir)xt/z 

+ (6® *— SoeVrs® 4 cy* 4 "c//** + 4 

Thus, we shall have the values roejuired of x, y, 2 , nn<l 
V, which will contain three indetcrmiiiates, y, c. 

94 . If we wished to find formuhe of four dimension^, 
having the same projiertit's as Uiom? wc have now exanjinetl, 
it would be necessary to consider the prtHluct of four factors 
of this form, 

X 4 ay 4 a**: 4 a"*/ 

X 4 % 4- 4 

^ + xy + y®= + y^^ 

supposing a, $, y, i to be the r(X>ts of u biquadratic equation, 
such as s* — as* 6jr* — c^r 4" d = 0; wc shall thus have 

a4^ 4 y 4 ^==a, 
aB 4 *y 4" a^ 4 fiy 4 /SI 4 yl = A, 
a/3y 4aj3l 4 ayS-^0yi = r, 
aByi = df 

^ which means we may determine all thef^fficients of the 
d lme tgnt terms of the prtHluct in question, without knowing 
tl^ roots a, Bf y< But as this rec|uire$ different re- 
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du^tons, whi<^ are not ea«lj performed, we toBy set about 
it, if it be judged more convenient, in the following manner. 

Let us suppose, in general, 

a: + ^ + s^z + = g; 

and, as r is determined by the equation, 

a* — ay’ + 6a* — ca + d = 0, 

let us take away a from these two equations by the common 
rules, and the equation, which results, after expunging a, 
b^ing arranged according to the unknown quantity f, will 
rise to the fourth degree; so that it may be put into this 
form, g* — Nf’ + Pf* — Qf + a = 0. 

Now, the cause of this equation in g rising to the fourth 
deg rec is, that a may have the four values a, /S, 7, f; 
and also that g may likewise have these four corresponding 
values, 

or + 

•*• + %+ /32s 4- /3^t 

,r yy -I- y"z yH 

^ -h ^ 

which arc nothing but those factors, the product of which is 
rcHiuircil. Wherefore, since the last term r must be the 
pnxiuct of all the four roots, or values of g, it follows, that 
this quantity, u, will be the product required. 

But we have now said enough on tliis subject, which we 
might resume, perhaps, on some other occasion. 

I shall here close these Additions, which the limits I pre¬ 
scribed to myself will not permit me to carry any farther; 
perhaps they have already lieen found too long: but the 
subjects 1 ha\c considered being rather new and little known, 
1 thouglit it incumbent on me to enter into several details, 
necessary for the full illustration of the methods which I 
have explained, and of their different uses. 


ADDITIOK^. 


THE END. 
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